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ABSTRACT
This paper introduces and analyzes two novel iterative algorithms for
addressing the monotone bilevel split equilibrium problem in real

Hilbert spaces. The problem encompasses a general system of vari- KEYWORDS

ational inequalities and a common fixed point problem involving a
countable family of uniformly Lipschitzian pseudocontractive map-
pings alongside an asymptotically nonexpansive mapping. Our algo-
rithms are predicated on a novel subgradient extragradient implicit
method that utilizes the strong monotonicity of one bifunction at
the upper-level equilibrium and the monotonicity of another bifunc-
tion at the lower level. We establish strong convergence results for
the proposed algorithms under mild conditions. A detailed example
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demonstrates the practicality and effectiveness of our methods. 65K15: 47H05

1. Introduction

The theory of variational inequalities has been extensively applied in recent decades to
address a wide range of problems encountered in various fields such as engineering, eco-
nomics, mathematical programming, optimization, and finance. In particular, variational
inequality problems (VIP) have become indispensable tools for modelling and solving
problems involving equilibrium, optimization, and game theory, among others. The con-
cept of variational inequalities is rooted in the study of fixed-point theory and monotone
operator theory, providing a natural and unified framework for tackling these diverse
problems.

Let ‘H denote a real Hilbert space with the inner product (-, -) and the induced norm
| - |I. A self-mapping A is defined on H, and we consider a nonempty closed convex subset
C of H. The classical variational inequality problem (VIP) seeks to identify a point b € C
that satisfies the following inequality:

(Ab,d — b) >0, VdeC.
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The solution set of the VIP is denoted by VI(C, A). This problem is of great importance in
optimization, where the goal is often to find equilibrium points or to solve constrained
optimization problems. The mapping A can often represent a gradient or an operator
describing the relationship between the decision variable and the system’s constraints.
Therefore, solving the VIP can lead to the identification of optimal solutions in various
applied settings, such as resource allocation problems, traffic equilibrium, and market
equilibrium models.

In addition to the VIP, fixed point theory plays a crucial role in modelling a variety of
real-world problems. Fixed-point problems (FPP) are fundamental in the study of iterative
processes, where the goal is to find a point x € H such that T(x) = x for a given mapping
T. This can be used to represent problems where the system’s behaviour at each step is
influenced by its state at the previous step, which is common in economics, game theory,
and engineering. Let Fix(T) denote the set of fixed points of the mapping T. These problems
often arise in optimization and equilibrium theory, where the search for a fixed point of
a mapping corresponds to finding a steady state or equilibrium condition of the system
under study.

The theory of equilibrium problems (EP) provides a powerful and cohesive framework
for addressing a diverse array of real-world challenges that encompass VIPs, FPPs, comple-
mentarity problems, and Nash equilibrium problems. In an equilibrium problem, we seek
to find a point d € C that satisfies the following condition involving a bifunction ®:

O(d,b) >0, VbecC.

Here, ® : H x H — R U {400} is a bifunction that typically models the interactions
between different agents or components of a system. It is often used to capture the con-
straints and interactions within an equilibrium system, such as market forces, optimization
constraints, or the behaviour of agents in a game. The condition ®(d,d) = 0foralld € C
ensures that the equilibrium condition holds when the system is in balance. EPs general-
ize many classical problems in optimization and equilibrium theory, and their solutions
correspond to points where the system’s components are in a stable state or equilibrium.

One of the most effective methods for solving VIPs is the extragradient method intro-
duced by Korpelevich [1]. This method, for any initial point fy € C, generates a sequence
{fn} according to the following iterative scheme:

by = ch(fn —CAf),  fay1 = ch(fn — (Ab,), Vn>1,

where Pj. denotes the metric projection of H onto C, A is an L-Lipschitz continuous
operator, and ¢ € (0, %). The sequence {f,} weakly converges to an element of VI(C, A).
Extensive research on the extragradient method has highlighted its effectiveness and led to
numerous extensions and improvements in various settings [2-14]. The convergence rate
and convergence behaviour are crucial characteristics of any iterative algorithm. While
weak convergence is often satisfactory in finite-dimensional spaces, strong convergence
is often more desirable in infinite-dimensional settings. Furthermore, the extragradient
method has been successfully applied to a variety of other optimization problems, includ-
ing saddle-point problems, variational inequalities in machine learning, and network
equilibrium models. In these contexts, the extragradient method’s robustness and ability
to handle large-scale problems with complex constraints have made it a preferred choice.
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The algorithm’s flexibility in adapting to different types of mappings, such as monotone
or non-monotone operators, has contributed to its widespread adoption across multiple
domains, including economics, optimization, and game theory.

Let By, B, : H — 'H be two nonlinear mappings. The general system of variational
inequality problem (GSVI) aims to find (d*, b*) € C x C such that

(1)

(1 B1b* +d* —b*,d—d*) >0, VdeC
(uaBrd* +b* —d*,b—b*) >0, VbeC(,

where 1, us € (0,00) are constants. Notably, when B; = B, = A and d* = b*, the
GSVI(1) reduces to the aforementioned VIP. Importantly, problem (1) can be reformulated
as a FPP, enabling the application of fixed point techniques for its solution.

Let Z denote the set of common solutions to the GSVI (1) for two inverse-strongly
monotone operators B; and B, as well as the common fixed point problem (CFPP) for a
countable family of £-uniformly Lipschitzian pseudocontractive mappings { Z,},° ; and an
asymptotically nonexpansive mapping 2. In 2019, Ceng and Wen [4] proposed a novel
hybrid extragradient-like implicit method to identify an element in E. Starting from an
arbitrary initial point f; € C, this method generates a sequence {f,} through the following
iterative process:

Un = Ynfn + 1 — xn) Zntin,

dn = Pjc(un — p2Bruy),

'n = ch(dn — u1B1dy),

for1 = Piclang(fn) + @ — anpF)Z§ry], Vn>1,

where 7 is the identity operator,and g : C — Cisa¢-contraction with¢ € [0, 1). Cengand
Wen [4] proved the strong convergence of {f,,} to an element g* € E. Recently, He et al. [15]
investigated the monotone bilevel equilibrium problem (MBEP), which is constrained by
the GSVI and CFPP. Specifically, they considered a strongly monotone equilibrium prob-
lem EP(Q, T"), where Q is the common solution set of another monotone equilibrium
problem EP(C, @), the GSVI, and the CFPP. By leveraging the subgradient extragradient
implicit scheme, He et al. [15] developed two iterative algorithms to solve the MBEP. They
established strong convergence theorems for these algorithms under suitable assumptions.

Let H; and H;, be real Hilbert spaces, with C € H;and Q C H;.Let K : H; — H; bea
bounded linear operator, and A, F : H; — H; and B: H, — H; be nonlinear mappings.
The bilevel split variational inequality problem (BSVIP), as introduced in [16], seeks a
point g* € Q such that

(Fg*,z—g") >0, VzeQ,

where Q denotes the solution set of the split variational inequality problem (SVIP) defined
as

Q:={z e VI(C,A) : Kz € VI(Q, B)}.

Censor et al. [17] proposed a method for solving the SVIP with the following iterative
procedure:

fas1 = Pic@ — AA)(fu + pK* (Ri(T — AB) = DIKf,), Vn = 1,
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where A and B are inverse-strongly monotone mappings. Under suitable conditions, They
demonstrated that f,, converges weakly to g* € Q. It is worth noting that the VIP can be
reformulated as a FPP. Consequently, we can now rephrase the BSVIP as follows. Let A :
‘H1 — 'H) be L-Lipschitzian and quasimonotone, F : H; — H; be x-Lipschitzian and #-
strongly monotone, and Z : H, — H; bea d-demimetric mapping withd € (—o0, 1). The
problem seeks g* € Q satisfying:

(Fg*,z—g¢") >0, VzeQ,

where Q is now defined as: Q := {z € VI(C, A) : Kz € Fix(Z)}. This particular BSVIP
is often referred to as the bilevel split quasimonotone variational inequality problem
(BSQVIP).

This paper explores the use of a novel subgradient extragradient implicit method to
solve the monotone bilevel split equilibrium problem (MBSEP), which is subject to the
GSVI and CFPP constraints. In this context, the CFPP involves finding a common fixed
point for a countable family of uniformly Lipschitzian pseudocontractive mappings along
with an asymptotically nonexpansive mapping. Our proposed method leverages the strong
monotonicity of one bifunction at the upper-level equilibrium, while also incorporating the
monotonicity of another bifunction at the lower level. Under relatively mild conditions,
we establish strong convergence results for the algorithms we introduce. An illustrative
example is provided to demonstrate the applicability and feasibility of the methods.

The paper is structured as follows: In Section 2, we introduce the basic concepts and
tools that will be used throughout the study. Section 3 is devoted to proving the strong
convergence of the proposed algorithms. Section 4 discusses the application of our main
theorems to approximate a common solution to the GSVI, VIP, and split feasibility problem
(SFP). In Section 5, we present an illustrative example that highlights the applicability and
practical implementation of the proposed methods. Finally, we conclude with a summary
in the last section.

2. Preliminaries

We denote strong convergence by the symbol — and weak convergence by the symbol —.
Given a sequence {f,} C 'H, the weak w-limit set of {f,}, denoted by w,(f,), is defined as
follows:

oyw(fn) = {x € H : f,, — x for some subsequence {f,;} C {f.}}.
A normal cone to C at a point b € C is defined as the set:
Nc(b) ={we H:(w,d—b) <0, VdeC}

Similarly, the subdifferential of a convex function g : C - R U {400} at a point b € C is
defined by:

ogby={weH:g2(d) —gb) > (w,d—0b), VdeC}.

Definition 2.1: A bifunction ® : C x C — R is said to be:
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(i) y-strongly monotone if there exists y > 0suchthat ®(b,d) + ©(d,b) < —y||b —
d||?, Vb,d € G;
(i) monotone if @(b,d) + ©(d,b) <0, Vb,d e C;
(iii) Lipschitz-type continuous with constants c1,c; > 0 if

O(b,d) + O(d,w) > O(b,w) — c1||b—d||* — c2]|ld — w||>, Vb, d,we C.
Definition 2.2: An operator Q : C — H is said to be:

(i) L-Lipschitz continuous if there exists L>0 such that ||Qd — Qb| < L||d —
b\, vd,b € C;
(ii) x-strongly monotone if there exists y > 0 such that (Qd — Qb,d — b) > x||d —
b||?, ¥d,b € C;
(iii) a-inverse-strongly monotone if there exists & > 0 such that (Qd — Qb,d — b) >
a||Qd — Qb||?, vd,b € G;
(iv) monotone if (Qd — Qb,d — b) > 0, Vd,b € C.
(v) pseudomonotone if (Qd,b—d) > 0= (Qb,b—d) > 0, Vb, d € C;
(vi) quasimonotone if (Qd,b—d) > 0= (Qb,b—d) >0, Vb,d € C;
(vii) -demicontractive if there exists d € [0,1) such that ||Qb—d|? < ||b—d|?* +
dllb— Qb||>, VbeC, de Fix(Q) # 0;
(viii) OJ-demimetric if there exists d € (—oo,1) such that (b — Ob,b — d) > 1%5”19 -
Qb||%, Vb e C, d € Fix(Q) # 0.

Definition 2.3: A mapping T : C — Cis classified as asymptotically nonexpansive if there
exists a sequence {6,,},2, C [0, 00) such that lim,_, o §, = 0 and the following inequality
holds foralld,b € Cand n > 1:

Onlld — bl + lld — ]| = I T"d — T"b|l.
If6, = 0 for all n > 1, the mapping T is referred to as nonexpansive.

Definition 2.4 ([18]): Let Z : C — C be a self-mapping. The operator (Z — Z) is said
to be demiclosed at zero if, for any sequence {b,} in C such that b, — b e Cand (Z —
Z)b, — 0,then (Z — Z)b = 0.

Definition 2.5 ([4]): Let {Z,}7°, be a sequence of continuous pseudocontractive self-
mappings on a nonempty, closed, and convex set C in a real Hilbert space H. The sequence
{Z,)52, is called a countable family of £-uniformly Lipschitzian pseudocontractive self-
mappings on C if there exists a constant £ > 0 such that each Z,, is £-Lipschitz continuous.

For every point b € 'H, there exists a unique nearest point in C, denoted by Pjb, such
that [|b — Pjob|| < ||b —d|| for all d € C. Recall the following properties of the metric
projection for all b,d € H (see [18]):

(i) (b—d,Pjcb—Pjcd) > ||Pjcb — Pj.d||*;
(i) d=Pjcb & (b—d,w—d) < Oforallw € C;
(iii) 16— dl* > [lb = Pjcbll*> + Ild — Pjcbll
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(iv) I1b—d|I*> = 16> = 4> = 2(b - d, d);
V) llsb + (1 = )d|)> = s|blI* + (1 = 9)[|d]I* = s(1 — 5)I|b — d]|*.

Lemma 2.6: Let Q : H — 'H be an a-inverse-strongly monotone mapping. Then, for any
u >0, we have

IZ — 1 Q)d — (T — uQ)blI* < ||[d = b||*> — u(2a — w)||Qd — Qb|>, Vd,b e H.

In particular, if 0 < u < 2a, then (T — p Q) is nonexpansive.
Using Lemma 2.6, we immediately acquire the following lemma.

Lemma 2.7 ([6]): Let By : H — H and B, : H — H be a-inverse-strongly monotone and
x -inverse-strongly monotone mappings, respectively. Let the mapping G : . — C be defined
as G := Pj(Z — u1B1)Pjo(Z — u2B). If0 < 11 < 2a0and0 < pp <2y, then G:'H —
C is nonexpansive.

Lemma 2.8 ([19]): Let C be a nonempty, closed, and convex subset of a Banach space X. If
Z : C — Cisacontinuous and strong pseudocontraction mapping, then there exists a unique
fixed point of Z in C.

Lemma 2.9 ([3, Theorem 2.1.3]): Letg: C — R U {400} be a subdifferentiable function.
Then, i1 is a solbtion to the convex minimization problem: min{g(b) : b € C} if and only if

0 € ag(b) + Nc(b).

Lemma 2.10 ([6]): For given d*,b* € C, the pair (d*,b*) is a solution of the problem
GSVI (1) if and only if d* € Fix(G), where G := Pj-(L — u1B1)Pj-(L — u2B) and b* =
ch(d* - ,uszd*).

Lemma 2.11 ([20]): Let C be a nonempty, closed, and convex subset of a Banach space X.
Let {Z,)°° | be a sequence of self-mappings on C such that 3", | sup{[| Z,41b — Z,ul| :
b € C} < oo. Then, for each d € C, the sequence { Z,d} converges strongly to a point in C.
Define Z : C — Cby Zd =limy_, 0 Zpd for all d € C, then lim,_, o, sup{|| Z2b — Z,ul| :
beC}=0o.

Lemma 2.12 ([21]): Let C be a nonempty, closed, and convex subset of a Banach space X
admitting a weakly continuous duality mapping. If Z : C — C is an asymptotically non-
expansive mapping with nonempty fixed-point set, denoted by Fix(Z), then the operator
(Z — 2) is demiclosed at zero. In other words, if {d,,} is a sequence in C such that d,, converges
weakly to d € C and (Z — Z)d,, converges strongly to 0, then (I — Z)d = 0.

Lemma 2.13 ([22]): Suppose {Oy} is a real sequence that does not decrease at infinity,
meaning that there exists a subsequence {®y, } C {Oy} satisfying O, < O, 4 forallm >
L. Define the integer sequence {y (k)}k>k, as follows: y (k) = max{m < k: @, < @41},
where ko > 1 is an integer such that the set {m < ko : O, < Opy11} is nonempty. Then, the
following properties hold:

(i) wko) < wlko+1) <--- and y (k) = oo;
(ii) ®y/(k) < ®l//(k)+1 and Oy < ®z//(k)+1a Vk > ko.
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3. Main results

In the rest of this paper, let H; and H, denote two real Hilbert spaces. Consider a
nonempty, closed, and convex feasible set C C H;. To address the MBSEP with GSVI and
CFPP constraints, we make the following assumptions:

(A1)

(A2)

(A3)

(A4)

Zy:H; — C is an asymptotically nonexpansive mapping, with associated

sequence {0,}. {2k}, is a countable family of £-uniformly Lipschitzian pseu-

docontractive self-mappings on C. Z is a J-demimetric self-mapping on H;

such that 7 — Z is demiclosed at zero, where d € (—00,1). K : H; — H, is a

non-zero bounded linear operator with adjoint *. Let By, B, : H; — H; be a-

inverse-strongly monotone and y -inverse-strongly monotone mappings, respec-

tively. Define G: H; — C as G = Pj-(Z — u1B1)Pjo(Z — u2B2), where u; €

(0,2a) and o € (0,2y).

pya) SUPpep | Zk+1p — Zkpll < oo for any bounded subset D C C. Define S by

Su = limy_, o0 Zxu for all u € C, such that Fix(S) = Nie; Fix(Z).

I':CxC— RU{+oo}and @ : H; x H; = R U {400} are two bifunctions. We

impose the following assumptions on ® and I':

Assp:

(®;) The set 2 = Fix(G) N QN (ﬂ,fio Fix(Z)) is nonempty, where Q := {z €
Sol(C, @) : Kz € Fix(2)}.

(®,) The bifunction @ is monotone and Lipschitz continuous with constants
c1,¢2 > 0,and @ is weakly continuous in the sense thatifu, — wand v, — v,
then limy,— oo @ (uy, v,) = O (u, v).

Assr:

(I'1) The bifunction I' is v-strongly monotone and weakly continuous.

(T'2) For every k € {1,...,m}, there exist mappings I Y% : Cx C— Hjp such
that:

(i) Tk(b.d) + Tk(d,b) = 0and | Tk(b,d)|| < lkllb—d| forall b,d € C;
(i) 7k(b,b) =0 and [|yk(b,d) — yk(m, p)Il < €ill(b — d) — (m — p)|| for all
b,d,m,p € C;
(iii) T'(b,d) +T(d,w) > T'(b,w) + Z,Tzl(fk(b, d), yx(d, w)) for all b,d,w e

C.
I'(o,
(I'3) For any sequence {v,} C C such that v, = v, we have lim sup M
+ n—oo |[on — 0|l
0.

We select sequences {¢n}, { xn}s {pn} {En} C (0,1) and {a,}, {04} C (0, 00) that sat-
isfy the following conditions:
H1) yn+pn+én=1 for all wn>1 and 0 <liminf,— yu,
0 < liminf,_, o &,
(H2) 0 <liminf, o pp <limsup, ,  psn <1, and 0 <liminf, ;o ¢y <
limsup,_, ¢ < 1.
(H3) >0, 04 = 00, limy 500 0 = 0, limy5 00 /0, = 0,and D2, 0, < 00.
(H4) {an} C (a,a) C (0, min{%, 2—;}) and lim,_, . a, = &, where ¢; and ¢,
are the Lipschitz constants of ®.
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(H5) The inequality 20,v — aﬁTz < 1 holds, where 0 < 4 < min{v, Y}, and

0 < 0, < min{ %, %,”2;_2})5, % }, with v being the strongly monotone constant

of Fand Y =3[, Oilr.

The MBSEP with the GSVI and CFPP constraints is formulated as follows:

o
Findg* € E = Fix(G)N QN (ﬂ Fix(Zk)), such that x* € Sol(E,T),
k=0
where Q := {z € Sol(C, @) : Kz € Fix(2)}.
Now, we propose a novel subgradient extragradient implicit approach, as shown in
Algorithm 1.

Algorithm 1
Initialization: Given f; € Cand ¥ > Oarbitrarily. Let {¢,}, {xn}, {pn}, {En} C (0,1),and
{on}, {on} C (0, 00) be such that hypotheses (H1)-(H5) hold.
Iterative Steps: Calculate f,,; as follows:
Step 1. Compute

Up = Cnfn + (1 - Cn)Znun’

. 1 (2)
r, = argmin {an(l)(un,y) + EH)/ - un||2 1y € C] .
Step 2. Choose w,, € 6, ® (uy, r,), and compute
Co={v eHi:(up—anWy — 14,0 —1,) <0},
(3)

1
Vv, = argmin {and)(rn,z) + E”Z —ul’:z e Cn} .

Step 3. Compute t, = v, — V,K*(Z — Z)Kvy,, where for any fixed € > 0, ¥, is chosen

to be the bounded sequence satisfying

(L= I = DKvall®
I1K*(Z = 2)Kvu?

0<e<d, <

if (T — 2)Kvy #0. (4)

Otherwise, set ¥, =9 > 0.
Step 4. Compute
qn = ch(dn - ,UZBZdn))
Pn = Pjc(qn — p1B1gn),
dn = ann + pupn + énzgtn-

Step 5. Compute f,; = argmin{o,I'(d,, t) + %llt —d,|I?:teC).
Step 6. Set n := n + 1 and return to Step 1.
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Remark 3.1: Suppose the bifunction I' satisfies the condition Assr(I';). Then, for all
u,v,we C:

C(u,0) +T(v,w) > T(u,w) + z<fk(u, v), 7k(v, w))
k=1

m
> T(u,w) — > Lxlillu— oo —wl
k=1

1 21 2
Er(u,W)—ETIIu—DII — 5 Tllo —wi%,

where T = Z,’:’zl ¢ kZ k- Thus, I is Lipschitz continuous with constants c; = ¢; = 5.

1
2
We are now in a position to state and prove the first main result of this paper.

Theorem 3.1: Let the sequence {f,} be generated by Algorithm 1, and suppose that the con-
ditions (A1)-(A4) hold. The sequence {f,} converges strongly to the unique solution g* of the
problem EP(E, T'), provided that Z{'f, — Z5t'f, — 0.

Proof: By Lemma 2.7, it follows that G is nonexpansive. Therefore, using Lemma 2.8 and
Banach’s contraction mapping principle, we deduce from the sequences {¢,,}, {pn} C (0,1)
that for each n > 1, the following hold:

(i) Ju, € Csuch that u, = ¢ufy + (1 — Cu) Zntin, and
(i) 3d, € Csuchthatd, = yufu + puGdy + $uZtn.

We claim that the stepsize 9, defined in (4) is well-defined. Indeed, it is sufficient to
show that ||K*(Z — Z)Kv,||> # 0. Take an arbitrary fixed point p € E. Since Z is a J-
demimetric mapping, we have

lvy —P||||’C*(I - Z)]CV,,H > (vy — D> K:*(I - Z)ICVH>
1—0
2

= (Kvy — Kp, (T — 2)Kv,) > 1T — 2)Kvall*.

When (Z — 2)Kv, # 0, it follows that ||(Z — Z)Kv,|> > 0. Asaresult, we have || *(Z —
ZYKv,|l? > 0. Since lim,,_, o0 0, /0, = 0, we assume that 6, < %/lan forall n > 1. In what
follows, we divide the remainder of the proof into few claims below.

Claim 1. We show that the following inequality holds:

s — plI* < llun — plI* = EXIK* (T — 2)Kvall* = (1 = 2anc1) |7n — unl?

— (1 = 2auc2)llvn — rn”Z’ Vn > L.
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Indeed, by Lemma 2.9, we know that for r,, there exists w, € 9, ® (uy, r,) such that a,w, +
tn — Uy € —Nc(r,). This leads to the inequality

(apWn + 1y —uy,x —1y) <0, VxeC.
From the definition of w, € 9, ® (uy, 1), it follows that
0n[@(up, x) — ©(upy, 1)) > (apwy,x — 1), Vx € Hj. (5)
Adding the last two inequalities, we get
On[ D@ (U, x) — @ (U, 19)] + (1 — Up,x —14) >0, VxeC. (6)

It follows from v, € C, and the definition of C, that (u, — a,w, — 4, v, — ) < 0, and
hence

O Wiy Vg — 1) = (Up — Ty Vi — 1) (7)

Substituting x = v, into (5), we obtain o, [P (uy, Vi) — ©(Un, )] > an(Wn, v — tn).
Adding this inequality to (7), we conclude that

O[O (Ups viy) — O (U, 1)) = (uy — 15 vy — 1), (8)

By Lemma 2.9, we know that for v, there exist h, € 6,®(r,, v,) and g, € N¢,(v4) such
that

anhn+vn_un+Qn =0,
which leads to the inequality

On(hnsy = vu) = (Un = Y,y —vn), Yy € Gy,
and
O (rn, y) = ©(rns Vi) = (husy — V), Yy € Hi.
Substituting y = p € C C C, into the last two inequalities and adding them, we obtain
an[@(rp, p) — O (rps vi)] = (n — Vi p — V).
By the monotonicity of @, the fact that p € Sol(C, @), and that r, € C, we conclude that
O(rp,p) < =@ (p,1a) < 0.
Thus,

=0, D (ry, Vi) > (Uy — Vi P = Vn).

Note that the Lipschitz-type continuity of ® implies
@ (up, rp) + O (rn, vn) = @ (un, va) — c1llun — rn”z —cllrn — Vn||2-
Therefore, it follows that

(Un — Vi, Vi _P> > an(D(rn: Vn)
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2 2
> 0[P (Un, Vi) — (s 10)] — ancillun — rall™ — anca|lrn — vall”.
This, together with (8), yields
2 2
(Up — VsV — P) = {Uy — Ty Vi — 1) — Gpc1lluy — rall” — ancallry — vall ™

Accordingly, applying the equality
1
(w,u) = (o +ull” = [l = lul®), Vo,ueH 9)

to the terms (4, — vy, v, — p) and (r, — uy, v, — r,) in the last inequality, we obtain

v = plI* < llttn — pI* — (1 = anc)) l1n — tnll* = (1 — otnc2) v — rall*, V> 1.
(10)

Furthermore, we have

”tn —P||2 = ”Vn - ﬁnK*(I - Z)Kvn _p||2
= ||V — plI* = 20n(vn — p, K*(T — Z2)Kvn) + I IK* (T — 2)Kvyl?
= [[vy — pII* = 204K (v — p), (T — 2)Kvp) + 91 IK* (T — Z2)Kvull*.

Since the operator Z is d-demimetric, it follows that

Ity = plI* < llve — plI* = Fu(1 = OIIT — 2)Kvull* + 92K T — 2)Kval?
= ||V — pII* + InlOnllK* (T — 2)Kvull® — (1 = HIIT — 2)Kv,l*]. (11)

A=) T=2)Kvu]2

From the stepsize ¥, in (4), we have 9, + € < ( K (T=2) K2 if and only if

Il KT = Z2)Kvall> = A = DT = 2)Kvall> < —€|K*(T = 2)Kval*.
This is equivalent to

In(Onll T = 2)Kvall* = A = I — 2)Kvall*) < =l K*T — 2)Kvull®.

Using 0 < € < ¥, from (4), we derive —€% > —V,€, thus obtaining .
~0ne|K*(Z = 2)Kvall® < =€ IIK* (T = Z2)Kval. (13)
By combining (11), (12), and (13), we arrive at
It = pI? < 1va = pII* = Dne | K*(Z = 2)Kval?
< lva = plI* = E1K* (T = Z2)Kval. (14)

Therefore, substituting (10) into (14), we establish the desired claim.
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Claim 2. We show that the following inequality holds for all x € C:

”fn-l—l - x”2 < |ldn — tz - ”fn-l—l - dn||2 + 20, (dy, x) — F(dnrfn—i-l)]-

To prove this, we note that f,4; minimizes the function ¢, I'(d,, x) + %Hx — d,||? over the
set C. Therefore, there exists m, € d,I'(dy, fu+1), the subdifferential of I' with respect to
its second argument, such that

0€aoa,my +fn+1 —d,+ NC(fn—H)a

where N¢(f,+1) denotes the normal cone to C at f,,+ . By using the definitions of the normal
cone and the subgradient, we derive the following inequalities for all x € C:

(onmy +fn+1 —dp,x _fn+1> >0,
and

onlI (dn,x) — r(dn:fn—i—l)] > (opMp, X _fn+1>-

Adding these two inequalities, we obtain

204 (dn, %) — U(dys fur )] + 2{fng1 — dnyx — fut1) > 0, Vx e C. (15)
Next, we substitute v = f,41 — d, and u = x — f,4 into (9), leading to:
204[T (A ) = T (ds furs )] + lldn = x1I* = [[fus1 = dull® = fo1 — I 20, VxeC.

This inequality directly establishes the desired claim.
Claim 3. We demonstrate that if g* is a solution to the MBSEP with the GSVI and CFPP
constraints, then

fas1 — gill < nulldn — g* 117 < (1 = Aaw)lldn — g* 1,

where g* = argmin{o,['(g*,v) + 3lv—g*I>:ve C}, ny=/1 =200 +02Y2, 0 <

A <min{v,Y},0 <0, < min{%, ?’2;_2;5}, and Y = > ", Exlr. By applying similar rea-

soning to that utilized in (15), we obtain
onlT(g"x) —T (g% gD+ (g —¢x—g,) >0, VxeC. (16)
By substituting x = g;; € Cinto (15) and x = f,4; € Cinto (16), we derive the inequalities
o[l (dn g) = T(dns fat D] + {fat1 — dns gy — fag1) = 0,

and
onlT(g" fur1) = T(g% g + (g — & fur1 — 1) 2 0.
Adding these two inequalities yields
0 < 20,0 (@ g}) = T(dnfor)) + T @ for1) — T (e8]
+ 211 —dn— g, + 85,80 — frur1)
= 204[T(dn.g3) = T(dns fur1) + T fur1) = T (" g1 + lldn — g I



OPTIMIZATION 13

—fos1 —dn — g + & 1* = 1 — &21I% (17)

where the last equality follows directly from (9). Utilizing the assumption Assr(I'2), we
derive the following inequalities:

T(dngy) —T(g"g0) < T(dng") — D _(Tk(dn g, Tr(g" &)
k=1
and
L@ fu1) = T(dnfur1) < T(g% dn) — D (Tk(g”s dn) Taldus for))-
k=1

Thus, we can conclude that

F(dn)g::) - F(dn’fn—i—l) + F(g*’fﬂ-i-l) - F(g*’gz)

< T(dwg") + T(g% dn) — D (Fildn %), T1(g" g1)
k=1

(fk(g*’ dn)> ?k(dnafn—i-l))-

m
k=1
Using Assumptionz Assr(I';) and Assp(I'z), which states that I'(o,u) + I'(4,0) <
—vl|lo — u||? forall v,u € C, we derive the following:

['(dn gy) — Tdns fur1) + T fur1) = T(g" &)

—vlldy — g 1> + D _(Fkldn g, Taldns frrs1) — Tk (8",

<
k=1
m —~
< —vlldy = g*1* + D Lelilldn — g* 111 (dn — fur1) — (8" — g
k=1
= —v|dy — g 1>+ Ylldy — g*llldn — fur1 — & + 5. (18)

Combining (17) and (18), we obtain:
0 < (1 =200)lldn — g*II* + 20, Y lldn — g*lllldn — fat1 — & + I
= fat1 — dn — g + 12 = fus1 — G211
— (1 = 20,)llds = " 17 = (Ifyt1 — du — &, +&"l = 0Tl — g11)°
+ oV ldy = I = o1 — gl
< (1 =200 4627 dn — g*I1* = lfar1 — g1

From the range of A and o,,, we have 0 < 1, < 1 — A0y, This establishes the desired claim.
Let us further review how we obtain 7, = /1 — 26,,v + ¢2Y2. By combining inequal-
ities (17) and (18), we get the following

0 < (1=20)lldy — g*II* + 20, Y lldy — g*llldn — fas1 — & + g5l
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W1 — dn — g + &I = for1 — g2 11

IA

IA

(1 =20, +037%) ldn — "7 = fur1 — 2 lI*-
This leads to the following estimate

lfi+1 —g:ll < #ulldn _g*”,

where 7, := /1 —20,v + 022 Given that 0 < < min{v,Y} and 0 <o, <

min{%, ?’2;_2/1’2}, we obtain

0< 71n=\/1—20'nv+03T2 <1— Aoy,
Claim 4. We demonstrate that the sequence {f,,} is bounded. Specifically, we define
X:=C Y:=[0,1], G:=C, s:=o0, VxeV,
W(z,s) = —sI'(g",z) — %llz —g*llz, V(z,5) e X x Y.
It follows that
M(o,) = argmax{W(z,0,) : z € C}
= argmin{o,I' (g%, 2) + %HZ —g'IP:zeC = &)

It is important to note that M is continuous and that lim,_, «, g = g*. Given the continuity
ofI' on C, we havelim,, o, I'(g*, g5) = I'(¢*,¢*) = 0.Inaccordance with Assr(I'3), there
exists a constant M(g*) > 0 such that

IT(g" el < M@l —g"l, V= 1.
Substituting x = ¢* into (16) and utilizing I'(g*, g*) = 0, we derive
—0ul' (g% 8,) + (8, — 88" —8n) 20,
which implies
gy — &7 < —0ul(€",8)) < 0uM(g)llgy — €, Vn= 1.
This result assures that
gy — g*ll < 0aM(g"), Vn > 1.

Furthermore, invoking Lemma 2.6, it can be established that 7 — 41B; and Z — u2B;
are nonexpansive mappings for x; € (0,2a) and u, € (0,2y). We denote y* = Pj-(Z —
u2B)g*. Consequently, by applying Lemma 2.10, we obtain ¢g* = Pj-(Z — u1B1)y* =
Gg*. Given that each mapping Z,, : C — Cis a pseudocontraction, we derive

|EZ% —g*||2 = Cn(fn _g*’”n _g*> + (1 = &) (Znun _g*>”n _g*>
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< Cullfn — & Mlun = g1l + (1 = G llun — g*11%,
which leads to
lun —g"I < Ifu —g", Vn>1 (19)
It follows from (10), (14), and (19) that
It —g*lIl < lve —g° Il < lun — "l < e —g"I, Vn > 1 (20)

Considering the nonexpansivity of G and the asymptotic nonexpansivity of Zy, we deduce
from (20) that

Iy — g1
= tnlfn — &5 dn — &) + pn(Gdy — ", dn — §*) + Eul 2ty — &"dn — &)
< xnllfa — & Mdn = 1l + plldn — g* 17 + & (1 + 00 lItn — g*[llldn — g* |
< n@+ ) fa — g Mdn = 51l + pulldn — 8511 + Ea(1 + O Ifn — g* Il — ¥
= (1= p) A +0)fu — &"lldn — g1l + pulldn — g"11%,
which immediately leads to ||d, — g*|| < (1 4+ 6,)||f. — &I, Vn > 1. Therefore,
a1 — &"ll
< Wfur1 —gull + gy — &7 < A = Aon)lldn — g° 1l + llgy — &7l
< (1= 2a) (L +0)lfn — &'l + 0 M(g")
< (1= Aon + Oullfa — &'l + 00 M(g")

1 —~
<[1—ldo,+ Eian]nfn —g*ll + O'nM(g*)

. 2M(g")
< max { [lfn — &I, ig ’
. . * xy 2M(gY)
By induction, we conclude that |[|f, —¢g*|| < max{||fi —g*|l, =—;—},Vn > 1. Conse-

quently, the sequence {f,,} is bounded, and similarly, the sequences {p,}, {gn}, {rn}> {dn}
{u,}, {vn}, and {t,} are also bounded.

Claim 5. We demonstrate that if f, —u, — 0 and u, —r, = 0, then w,(f,) C
Sol(C, ®@). To illustrate this, let us consider an arbitrary fixed element z € w,(f). Then,

there exists a subsequence {f,,} C {fs} such that f,, — z. Given that f, — u, — 0 and
u, —r, — 0, we obtain

|Lfnk - rnk“ < |lfnk - unk“ + ||unk - rnk” 4 0> (k — OO)

Thus, it follows from f,, — Z that u,, — zandr,, — z.Since {r,} C C,andr, — Zz, with
C being weakly closed, we conclude thatz € C. Employing (6), we have

U @ (U, X) > Oy O (g Ty) + (T — Unys Ty — %), Vx € C.

Taking the limit as k — oo and using the conditions that lim,_, oo a, = @ > 0, ®(z,2) =
0, the boundedness of {r;, }, and the weak continuity of @, we deduce that a®(z,x) >
0, Vx € C. This demonstrates that z € Sol(C, @).



16 . LU-CHUAN CENG ET AL.

Claim 6. We demonstrate that f, — ¢, a unique solution of the MBSEP with GSVI and
CFPP constraints. To begin, we define %, = ||f, — g*[|*. By acknowledging the nonexpan-
sivity of the operator G and the asymptotic nonexpansivity of Zy, we derive the following
inequality:

ldn = "I = Znlfu = 8w = ") + puiGedn = g", dn = &) + En( 2ty — g",dn = &)
< 20 (o = &1+ N = g1 = Il = dul’] + pullds = 8"

5 * *
+ 5” (125t — g* 1> + ldn — g*1I> = 1 24 ta — dul?]

X N I+p N ¢ .
=2 —g*I* + “dy — g I + 2N 28t — g7 I
2 2 2
&
—%|Lfn—dn||2—3”||zgtn—dn||2
x . 1+p ez En(140,)? .
< 7”|Lfn—g ||2+—2 “ld, — g ||2+%||tn—g |12
&
—%ufn—dnnz—E”Hthn—dnnz.
That is
1+ &

X p 0. M
Id, — "1 < 7"|Lfn —g"I*+ “lldy — gt I + =t - g I*+ ”T

2

¢
= 2o = dall® = 12t —

where sup, -1 (2 + 0n)lfn — &* |2 < M for some M > 0. This leads to the conclusion that
1

1 — pn

+0,M = xnllfa = dall® = Eall 25 tn — dull?]. 21)

By the results presented in Claims 1 and 2, we can deduce from Equations (20) and (21)
that

fas1 — ¥ 17 < ldn — g1 = Wfat1 — dull® + 204[T (dn, &%) — T(dns frt1)]

Id, — g*|1> < Lnllfo — 51 + Eallts — g°112

1, [tnllfo = 817 + Ealltn — 5117 + 0uM = gallfs — dull® = Eall Z5'tn — dull’]
— fat1 = dnll +204[T(dn, g*) = T (dns frr41)]
1
1, Uinllfn = 1% + Ealllun — 117 = EIKH (T = 2)Kvall> = (1 = 2a01)

X |l = tnl|* = (1 = 2022) v = 7ull*] + 0uM — yullfs — dnll?
— &l 20t — dull®} = Wfas1 — dull® + 204(T (@dn, &) — T(dus frr1)]-
Hence,

. N ¢
1 —&* 1% < Ify — g7117 — —

ﬁ[GZIIK*(I — 2)Kvall® + (1 = 2anc)llrn — unl?
— Fn
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0,M 1
+ (1 = 2042 vy — 1ull*] + —— — Utnllfn = dnll® + Ell Z8tn — dull?]
L—=pn  1—=pan

— fut1 — dnll* + 04K, (22)

where sup,,-{2|I'(dn, ") — I'(dn, fut1)1} < K for some K> 0. In the following, we
demonstrate the convergence of the sequence {3} to zero from two distinct perspectives.

Aspect 1. Let us assume that there exists an integer ng > 1 such that the sequence {R,}
is non-increasing. Consequently, we have lim, 500 Ry, = 7 < 400 and lim,— (R, —
Ru+1) = 0. From Equation (22), one can derive the following inequality:

& [E1K (T = 2)Kvall* + (1 = 2anc1) Irn — tnll* + (1 = 2a02) 1V — rul?]
+ xnllfn = dull® + Ell 28ty — dull® + lfa1 — dnll?

¢ .
< ] np [ezlllC (Z — 2)Kval? + (1 = 2anc) 1rn — tnl® + A = 2a062) |V — rn||2]
— FPn
1=, Ll =l + &l 2t = dull*] + s =l
n
On
<R, — EKn-i—l + + o,K.
1—py

Since 0, > 0, 6, > 0, R,, — Ry+1 — 0, 0 < liminf, , yu, 0 < liminf, 500 &y, 0 <

liminf, (1 — py), 0 < €, and {a,} C (a,a) C (0, min{%, ﬁ}),we have

lim |K*(Z — 2)Kv,ll = lim ||fy — dyll = lim || Z{t, —du| =0, (23)
n— 00 n— 00 n— 00

lim ||ry, —uyll = lim vy, — ryll = lim ||fu41 — dull = 0. (24)
n—o0 n—o0 n—o0

Next, we demonstrate that ||d, — pu|l = 0 as n — oco. To this end, we define y* =
Pjo(g* — u2Bog™). It follows from the definitions of g, and p,, that p,, = Gd,,. By applying
Lemma 2.6, we have the following inequality:
g = y*11* < lldw = g*1I* = u2(x = 12)1|B2dn — Bag” |, (25)
pn = &*11% < l1gu = y* I = w12 — 1) 1B1gn — Buy* 1% (26)
Substituting (25) into (26), and utilizing (20) and (21), we obtain

Ipn — g 1* < Ildn — g*1* — u2y — p2)||Badn — Bag* |l
— u12a — w1)|Bign — Biy*|1?

On

l_pn
— w1Q2a — 1) |1Bign — Buy*|I1%. (27)

< s — g*II* + — 122y — 12)1Bady — Bag*|1?

Furthermore, by substituting (27) into (22) and referencing (20), we derive

a1 — €517 < ldw — g*1* + 0K



18 . LU-CHUAN CENG ET AL.

< snllfn = 1% + pullpn — &1 + Ell Ztn — 11> + 04K
< (L4002 — & I1F + pullpn — 517 + E( + 0)* It — g*I1* + 04K

0,M
<A =p)1+6,2+ 0n)]|lfn —g*||2 + pn[”fn _g*”Z + li—

Pn
— w22y — 12)|1Bady — Bag*|I* — 120 — u1)1B1gn — Biy* 1?1 + 04K

PnenM
1—pn

+ 11Q2a — p1)|1Bign — B1y*|I*] + 04K,

< |lfn _g*”Z + gnM+ - pn[ﬂz(ZX - ,UZ)”BZdn - Bzg*”z

Therefore,

0,M

1—py
+ w120 — 11)l1Bign — Biy*|I] + 0K,

— pulpt2Q2y — w2)||1Bady — Bag*|I?

Wfur1 — g* 1% < Ifu — g° 1> +

which consequently yields

puli22y — p2)|Bady — Bag*I* + p1(2a — 1) 1Bign — Biy*II*]

On

< SRn_ERn-H‘f‘ 1 + o,K.

Pn

Given that 6, > 0,6, —> 0,R,, — R,4+1 = 0, liminf, 5 py > 0 and liminf, (1 —
pn) > 0, we deduce from u; € (0,2y) and u; € (0,2a) that

lim [|Bady — Bog"|| = lim [|Bign — Biy*|l = 0. (28)
On the other hand, it can be observed that

Ipn —g*1* < (gn — ¥*.pu — &) + 1(B1y* — Bign, pn — ")

A

1 E3 % * *
< Sllign =y 124+ o — & N1* = llgn — pn +&* — y*1I%]
+ u1111B1y* — Bigullllpn — g7 1.

This leads to the conclusion that

Ipn — & I1* < gn — ¥* 11> = IIgn — pn +&* — ¥*I* + 211 1B1y* — Bigullllpn — g* |-
(29)

In a similar manner, we derive that

Ign — ¥ 1> < ldn — g*1* = ldn — qn + y* — & 1I* + 2121 B2g™ — Badnllllgn — "I
(30)

By combining (29) and (30), we can infer from (20) and (21) that

Ipn —g 1% < ldn —g*1* = lldn — qn +y* — 11> = llgn — pn + 8" — ¥*II?
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+ 2u1lIBiy* — Bigullllpn — "Il + 21211B2g”™ — Badnlllign — * |

0. M ,

1—pp
+ 2u1lIBiy* — Bigullllpn — "Il + 2u211B2g”™ — Badulllign — y*II. (31)

—lldn = gu+y* =g 1> = lgn —pu+g* — ¥l

<\fn —g*I* +

Substituting (31) into (22), we find from (20) that
i1 — €117 < ldn — g* 11> + 04K
< U+ 0w — &1 + pullpn — €517 + E(1+ 0 NIty — g*II* + 04K

On

1 — pn

< (1= p)[1 460,240 — g 117+ pulllfn — g*1I* +
—Ndn = @n+y* =g 1* = llgn — pn + & — y*II* + 211 B1y* — Bigall
X [lpn — &* | 4 21211B2g”* — Badnllllgn — y*1I] + 04K

p,ﬁnM
1—py

< |lfu — g1 + 0,M + — pullldn — qn +y* — g* 117

+ llgn = pn+&* — ¥ 1’1+ 21111B1y* — Bigallllpn — gl
+ 242|B2g" — Badullllgn — y* 111 + 04K

6,M
1—py
+ 2u11|Biy* — Bigullllpn — &1l + 21421|B2g™ — Badullllgn — y* |l + ouK.

— pallldn — @n +y* = 1> +11gn — pn +¢* — ¥*II]

= s — g*II* +

This thus results in

6,M

pullldn = qu+y" = g1 + lgn = pu+ 8" =y I°] < Ry = K1 + 5 p
n
+2p111B1y* — B1gulllpn — &°Il + 2u211B2g”™ — Badullllgn — y* Il + onK.
We can conclude from (28) that
A i = ut " = g7 = lim llgn = pn+g" =yl =0
As a result, we obtain

ldn — Gdull = ldn — pull < lldn — qn +)/* —g*ll + 1gn — pn +g* _)/*”
-0, (n— o0). (32)

Noting that u, = ¢nfu + (1 — (u) Zntin, from (20) and the pseudocontractiveness of Z,,,
we arrive at

|7 _g*”z = {nifa _g*’“n _g*) + (1 = &) (Znun _g*>“n _g*>
<Gnlfa — g5 un— &%) + (L= G llun — g*11%
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which consequently leads to
* * * 1 * *
lttn = g"I* < fo = &7t = ") = Slfu = 8717 + ltn = 7I° = Ilfa = wnll”):

Hence, it follows that ||u, — g*||> < IIfa — &*I* — Ilfus — unll*>. This together with (20),
(21), and (22) implies that

1 — €517 < ldn — g*I* + 04K
< Xn“fn —g*llz + Pn”dn —g*llz +fn(1 + Hn)zutn —g*||2 + 0,K

SXn”fn_g ||2+pn[|tfn_g ”2‘{‘11/) ]
n

+ an(l + en)z[nfn —g*llz - ”fn - un”z] + o,K

annM

<102 . TV
_(+n)||fn g||+1_pn

— &L+ 0,)2fn — unll* + 04K

pnenM
1 - pn

< fo — g 1? + 6.M + — &L+ 02 fn — unll® + 04K
6,M

— &L+ 0)2fn — unll® + 0,K.
1= pn

= s =" 1> +

Thus, it follows that &, (1 + 8,)?||fu — unll* < Rn — Rug1 + % + 0,K. Hence lim,,_, oo
Ifs — unll = 0. It is noteworthy that

(1 - Cn)”Znun —uyl = Cn”fn —uy| < |lfn — uyll = 0, (1’1 4 OO)
Utilizing lim inf,— oo (1 — &) > 0, we establish

lim || Zyuy — un|l = lim ||fy — unll = 0. (33)
n—00 H—00

Employing (23) and (24), we obtain

”fn _fn+1|| < |Lfn - dn” + ”dn _fn-‘r-l” - 0> (7’1 4 OO))

(34)
Ve — tnll < llvi = 1ull + lItn — unll = 0, (1 — 00),

and

s _fn” < ity = vull + v — unll + |lug _fn”
= 19n||’C*(I - Z)ICVVI” + Ve — unll + llu, _fn” — 0, (7’1 - OO) (35)
By combining (23) and (32), we have

Ifn — Gfull < fu — dnll + lldn — Gdull + 11Gdy — Gfall
< 2||fn —dull + lldy — Gdyull = 0, (n— 00). (36)

We assert that ||f, — ?fnﬂ — 0 as n — 00, where Z = (27 — 22)_1. It is evident that
Z : C— Cis pseudocontractive and ¢-Lipschitzian, defined by Zx = lim,_;, o, Z,x for
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all x € C. We also claim that lim,,_, oo ||§fn — full = 0. By utilizing the boundedness of the
sequence {f,} and denoting D = conv{f, : n > 1} (the closed convex hull of the set {f, :
n > 1}), we infer from the assumptions that > 2, sup,.p [ Zpt1x — Zyx|| < oo. Con-
sequently, by invoking Lemma 2.11, we obtain limy,— o sup,cp [|Z,x — Zx|| = 0, which
further implies that lim,_, || Znf, — Zfsll = 0. This, combining with (33) yields

e = Zfall < Wx = tnll + Ntin — Znttnll + 1| Znthn — Zufull + 1| 2afn — Zfll
< (1 + Ofy = tnll + N1t — Zntinll + | Znfys — Zfall = 0, (n = ).
(37)

Noting that Z.=0I - g)_l, we establish that Z is nonexpansive and that Fix(Z) =
Fix(2) = ﬂzozl Fix(Z,) as a consequence of Theorem 6 of [23]. From (37), it follows that

o= Zhll =122 fo—Zfl <12 fu—full
= 1QZ = 2)fu — ful = lfy = Zfull > 0 (n = o). (38)

By combining (23) and (35), we acquire

”Z(Slfn _fn” < ||Z(§lfn - thn“ + ”Z(;ltn - dn” + ”dn _fn”
< A4+ 0)lfn = tall + 1120tn — dull + ldp = full > 0 (n = o0).

This, together with the condition || Z[/f,, — ZSH |l = 0, implies that

e — Zofall < Wfu — Z8fall + 1280 = Z8 full + 1257 0 — Zofal
< Q40— Zell I 25— 28Tl > 0 (n— 00).  (39)

Next, we demonstrate that lim,_, s [|f, — £*|l = 0. Indeed, since the sequences {d,} and
{fn} are bounded, there exists a subsequence {d,, } C {d,} such thatd,, — z € C, and

minf(T (g", du) + I (d o)) = lim [T(g", ) + T (drofocsn)]. (40)

From (23) and (24), it follows that f,, — Z and f,;, +1 — Zz. Consequently, by the result
stated in Claim 5, we conclude thatZ € Sol(C, ®). We note that G and Z are nonexpansive,
and that Z; is asymptotically nonexpansive. Given that (Z — G)f, — 0, (T — Z)f, — 0,
and (Z — Zo)fy, — 0 (due to (36), (38), and (39)), we can invoke Lemma 2.12 to deduce
that Z € Fix(G), Z € Fix(2) = Fix(2) = 32, Fix(2;), and Z € Fix(Zy). As a result, we
have Z € Fix(G) N Sol(C, ®) N Nz, Fix(Zx). Additionally, we demonstrate that Kz €
Fix(Z). Specifically, utilizing the 6-demimetric nature of Z, it from (23) follows that
1—

0
T“(I - Z)’Cvnnz <A@ = Z2)Kvp, (v —g*))

< IK*Z = 2)Kvalllve —g" = 0, (n — 00). (41)

Observing that v, — f, — 0 and f,,, — Z, we conclude that v,, — Z. Since K is a bounded
linear operator, it is readily apparent that X is weakly continuous on H;. Thus, we
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obtain Kv,, — Kz. Based on the assumption regarding Z, we know that 7 — Z is demi-
closed at zero. Consequently, from (41) we infer that Kz € Fix(Z). Hence, it follows
thatZ € Fix(G) N Q N N2, Fix(Zx) = E, where Q = {z € Sol(C, ®) : Kz € Fix(Z)}.In
terms of (40), we have

lim inf(T"(g", d) + T fur1)] = T(g",2) > 0. (42)
Given that I is v-strongly monotone, from f,, — d, — 0 (due to (23)), it follows that

lim sup[T'(g*, dy,) + T (dy, g*)] < limsup(—v||d, — g*||*) = —vA. (43)

n— o0 n— o0

By combining (42) and (43), we arrive at
lim sup [["(dy,g*) — T (dps fus1)]
n— oo
x lim sup [T (dy, g*) + T(g*, dn) — T(g*, dn) — T(dn, fri1)]

n— 00

< limsup[I'(dy,g") + T (g%, dy)] + limsup[—T' (g%, dy) — T'(dp, fut1)]

n—00 n— 00
= lim sup[I'(dy,g") + T'(g", dn)] —hmlnf [T(g*, dn) + T'(dn, fut1)] < —Vvh.
n— o0

Next, to achieve the objective, it is sufficient to demonstrate that 7 = 0. Conversely, we
assume that 2 > 0. Without loss of generality, we can assume the existence of ny > 1 such
that:

vh
F(dn,g ) - F(dn)fn—',-l) < _7: Vn > ny.

This condition, in conjunction with (22), guarantees that for all n > ny,

6
fas1 — &*1° < Ifu — 711 — - [21K*(T — Z2)Kvall* + (1 = 2anct)llrn — unl?
0,M 1
+(1 = 2an02) vy — rall*] + —— — [nllf = dull® + Ell 2ty — dnll?]

IL—pn 1—pa

- |lfn+1 - dn||2 + 20n[r(dn,g*) - F(dn»fn-i-l)]

< fn—

[F(dn,g*) - F(dn’fn-i-l)]

. 0,M
s|tfn—g||2+1jp — oh.

n

This thus establishes that for all n > ny,

n—1
—vh Z OF. (44)

k=ny

—iKnOsJT/IZ_:
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Given that > (2 0 =00, > )2 6k <00, and 0 < liminf, o (1 — p,), as well as
lim,,_ o R, = A, we take the limit in (44) as n — o0 to obtain:

n—1 n—1
. . ~ Ok
~00 < =%y, = lim Ry = Ryp) < lim- M;:LW%—ME:@ = —o0.
=M =no

This leads to a contradiction. Therefore, we conclude that lim,_,,, R, = 0 and conse-
quently f, — ¢* € Sol(E, I'), where ¢* is the unique solution to the problem EP(E,T).

Aspect 2. Suppose that there exists a sequence {R,,} C {R,} such that R, < R, 11
forall k € N. We define the mapping ¢ : N — Nby ¢ (n) := max{k < n: Ry < Rg41}. By
applying Lemma 2.13, we obtain:

Ry < Rp+1> and - Ry < Ryy41-
Using similar reasoning as presented in (24) and (34), we can infer that:
lim gy = upenll = Hm (1vge = o0l = Hm llfpen+1 = dpmll =0, (45)
Hm f ) = fpmll = 0. (46)

Since the sequence {d,} is bounded, there exists a subsequence of {dy ()}, which we will
still denote by {dy ()}, such that dg(,) — Z. Subsequently, utilizing the same reasoning as
in Aspect 1, we deduce thatz € Z. From dy(,) — z and (45), we conclude that f ()41 —
z. Given the assumption on {ay}, it follows that 1 — 2ag(syc1 > 0 and 1 — 20 (nyc2 > 0.

Thus, from (22), we can infer that

204y [T (dpnys fpmy+1) — T (dgp(n)> &)1

< .
< Rty — Rgpmat — —2 2 [E1K*(T — 2)vp(m I

L= pg(n)
Op(mM
+0—”%wqmwm—“MMV+U—2%mwﬁwwo—wwWT+1fg<)
n
v el 200, g
! X fpm = dpa ™+ Cpm 1 20 tp ) — dgw |
— Pg(n)
— fptm+1 — dg(mylI*
< %wM’
L= pgm)
which leads to the conclusion that
o O M
T (@ fypny 1) — T(dgnyp87) < 22 (47)

apmy 21— pp(m)

Note that I is v-strongly monotone on C. Hence, we obtain

Vlidpoy — g°N1* < =T (g &) — T(g*, dg(ny)- (48)
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By combining (47) and (48), we derive from Assr(I';) and z € E that

[_%(n) _
opmy  2(1 = pp(n))

< limsup [=T (dgpm)> fpm+1) — T (" dgn) ]
n— o0

=-T(z72) -Tg.2) <.

Thus, it follows that lim sup,,_, .. l[fs() — &*[I* < 0, leading to

v lim sup [|dg n) —g*ll2 = lim sup
n— oo n—oo

+ vl dp ) —g*||2]

. k2 —
Jim iy — 717 = 0.
From (46), we can express

fpm+1 — &1 = lfpemy — g* 117
= 2fptm+1 — fpmpSfpom — &) + g1 — fpm I’
< 2fpom+1 — fpam sy — €51 + Wfpm+1 — fpamll> = 0 (n — o0).

Given that R, < Ry (n)41, it follows that

o — &1 < Wpm+1 — &7
< o — &1 + 2Wfpm+1 — fpm Ifpem — &1+ Wfpem+1 — fpim I

Consequently, from (46), we conclude that f, — ¢* as n — oo. This completes the proof.
[ |

In the case when {Z;};2, is a countable family of 1-uniformly Lipschitzian pseudo-
contractive self-mappings on C, we propose another iterative algorithm through a new
subgradient extragradient implicit approach.

Theorem 3.2: Let the sequence {f,} be generated by Algorithm 2, and assume that the con-
ditions Assgp—-Asst hold for bifunctions I and ®. Then, under hypotheses (H1)-(H5), the
sequence {f,} converges strongly to the unique solution g* of the problem EP(E, T") provided
that Ziif, — ZiT'f, — 0.

Proof: According to Lemma 2.7, it follows that G is nonexpansive. Thus, employing
Banach’s contraction mapping principle, we derive from the sequence {p,} C (0, 1) that
for all n > 1, there exists d,, € C such that

dn = xntin + pnGdy + énZ(l)qtn-

Let us arbitrarily select a fixed point p € E = Fix(G) N QN (2, Fix(Zk). Given that
lim,— 0 6, /0, = 0, we may assume that 8, < %/10,1, Vn > 1. We will divide the remainder
of the proof into several claims presented below.

Claims 1-3. We demonstrate that the results in Claims 1-3 of the proof of Theorem 3.1
continue to hold. Indeed, by utilizing the same inferences as those in the proof of
Theorem 3.1, we derive the required results.
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Algorithm 2
Initialization: Given f; € Cand ¢ > 0 arbitrarily. Let {¢,}, {xu}, {pn}> {En} C (0,1) and
{an}, {on} C (0, 00) such that hypotheses (H1)-(H5) hold.
Iterative Steps: Calculate f,, as follows:
Step 1. Compute u, and r,, by (2).
Step 2. Choose w,, € 6, @ (uy, 1), and compute C, and v, according to (3).
Step 3. Compute t, = v, — V,K*(Z — Z)Kvy,, where for any fixed € > 0, ¥, is chosen
to be the bounded sequence satisfying (4); otherwise set ¢, = 9 > 0.
Step 4. Compute

qn = Pjc(dy — u2B2dy),
Pn = ch(‘]n - ,ulqu;ft)>
dn = yntin + PnPn + anz(;ltn-

Step 5. Compute f,; = argmin{o,I'(d,, t) + %llt —d,||?:teC).
Step 6. Again set n := n + 1 and return to Step 1.

Claim 4. We establish that the sequence {f,} is bounded. Specifically, by employing rea-
soning analogous to that in the proof of Theorem 3.1, we assert that the relationship (20)
remains valid. Noting the nonexpansivity of G and the asymptotic nonexpansivity of Zy,
we infer from (20) that

Idn — g*I* = xnltn — g dn — g*) + pn(Gdy — g*,dn — &) + El 2ty — g" dn — &)
< gnllun — N dn = g1l + pulldn — g* 17 + & (1 + 0 lItn — g*Illldn — g*
< xn(L+ O)lfw — gl dn — g° 1l + pulldn — g* 117
+ &+ 0 — g Ildy — g7
=1 =p)A+0)fu — & M dn — g*ll + pulldn — g*11%,

which immediately implies that ||d, — g*[| < (1 + 8,)||fux — &*ll. Consequently, we have

fos1 = &°N < W1 — dyll + ldyy, — 71 < (1 = Aon)lldn — g* 1| + lldy, — &7

_ M(g*
s(1—zan>(1+9n)ufn—g*ll+0nM<g*>fmax{”f”_g*”’z at

By induction, we conclude that ||f, — ¢g*|| < max{||fi —¢*|, ZMig*)}, Vn > 1. Therefore,

the sequence {f,} is bounded, as are the sequences {p,}, {gn}, {rn}, {dn}, {tn}, {vs}, and
{tn}.

Claim 5. We demonstrate that if f, —u, — 0 and u, —r, — 0, then w,(f,) C
Sol(C, ®). In fact, by applying the same reasoning as in the proof of Theorem 3.1, we obtain
the desired result.

Claim 6. We establish that f,, — ¢*, which is a unique solution of the MBSEP with GSVI
and CFPP constraints.




26 . LU-CHUAN CENG ET AL.

To that end, we define %, = ||f, — g*[|>. By observing the nonexpansivity of G and the
asymptotic nonexpansivity of Zy, we obtain

”dn —g*||2 = xnlUn —g*, dy —g*) + pn<Gdn —g*, dy —g*) + fn(Z(’)/ltn —g*, dn —g*)

Xn w2, L4 Pn w2, Sn %2 0,,]\7[
< == — —||d, — =t — -
_2””71 g+ > lldn g||+2||n g||+2

¢

— it = dyll® = SN2t —

where sup, -1 (2 + 0n)lfn — &* |2 < M for some M > 0. This ensures that

* 1 * * Iy
ldn =117 < = Lenllun —g 12+ Ealltn — 11> + 0uM — gullun — dnll?
n

— Gl 2ty — dal®). (49)
By the results presented in Claims 1 and 2, we derive from Equations (20) and (49) that

s — €517 < Ndn — g1 = Wfur1 — dull® + 204 (dnog*) = T(dns frg1)]

. ¢
S [ o e
— Fn

(KT = 2)Kvall® + (1 = 2anc)llrn — unl?
0, M 1
1—pn 1—py
X Utnlltn = dnll® + Gall Z5tn — dull?] = Wfasr — dal® + 00K, (50)

where sup, - {2|T'(dn, g*) — T'(dn, fu+1)1} < K for some K> 0. Finally, we establish the
convergence of the sequence {3} to zero in the following two respects.

Aspect 1. Suppose there exists an integer nyp > 1 such that the sequence {R,} is
non-increasing. Under these conditions, it follows that lim,_» R, = 7 < 400 and that
limy— 00 (R, — Ry41) = 0. From Equation (50), one obtains:

+ (1 = 2042) Vs — rall*] +

g .
#[EZHIC (Z = 2)Kvall® + (1 = 2001 lrn — tnll> + (1 = 2a,62) v — 7ll?]
- n
o el dal® + Ell 25 tn = dull’] + lfsr — dull?
n
< 9{” - ER;H_I + + O'HK
1—pn

Sinceo, — 0,6, > 0,R,, — Ry+1 = 0,0 < liminf, 500 xy, 0 < liminf, o &, and 0 <

liminf, (1 — p,), we deduce from 0 < € and {a,} C (a,a) C (0, min{%, Z_iz}) that

lim |K*(Z — 2)Kvnll = lim lup — dnll = lim || 258, —dull =0, (51)
n— 00 n— 00 n— 00

lim |[ry — uyl| = lim |[lv, —ryll = lim |[fy41 —dull = 0. (52)
n— 00 n— 00 n— oo
Next, we aim to demonstrate thatlim,—, « [|fs — ¢*|l = 0. Indeed, by employing analogous

reasoning to that presented in (27), we obtain

lon = &*17 < Ifu — " 17 + ljp — 122y = w2)|1B2dy — Bog*|1?
n
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— w12a — w1)|Bign — Biy* 1%

which together with (50) arrives at

a1 — €17 < ldw — g* 1> + 04K
< gullun — g1 + pullpn — &1 + Eal Z8tn — g5 1> + 04K
< xn(L+02)%Mlfu — &°11° + pullpn — g°1° + &1+ 0,)21tn — g° 11> + 04K

* * 0 M
< (L= p) 1+ 0,2+ O)]Ilfn = g I + pullfe = 8" 17 + 77—

n
— w22y — 12)1Bady — Bag* 1> — 120 — w1)1B1gn — Biy* 1?1 + 04K

On

1—py
+ 11(2a — 11)1Bign — Biy* 1’1 + 04K,

<fn —g*I* +

— pulpt22y — p2)|B2dy — Bag*|I?

which hence leads to

puli22y — p2)|Bady — Bag* I + p1(2a — 1) 1Bign — Biy*II*]

On

<Ry — Rup1 + 1 + o,K.

Pn

We conclude from u; € (0,2y) and u; € (0,2a) that
Tim_[[Bady — Bag”ll = lim_[[Bign — B1y"l| = 0. (53)

On the other hand, applying the same reasoning as in Equation (31), we obtain

lon — €17 < IIfn — ¢ ||2+lj—p— ldn = qn +y* = & 1> = llgn — pu +&* = ¥*II?

n

+ 24111B1y" — Bigullllpn — &° Il + 21211B2g™ — Badullllgn — "I,

which combined with (50) yields

Ifur1 — g*17 < lldn — g*1> + 0K

< Jn(U4 0 Mlun — 8* 17 + pallpn — &*11° + Ea(1 4 0) [1tn — g* 11 + 04K
0,M
1 — pn
—ldn —gn+y* =g 1° = gn — pn + & — ¥*II> + 21111B1y* — Bigul
X [lpn — &* Il + 21211 Bag* — Badullllgn — y* |1l + 04K

< (1= p)1 4 60,2+ O)Ilfa — *I1> + palllfy — g* 11 +

On

L= pn
+2u111Biy” = Bignllllpn — 8" Il + 2p4211B2g"™ — Badnllllgn — y*1l + onK.

< fu —g*II> + —pullldn — @n +y* = &1 + 11gn — pn + " — ¥ I*]
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This leads to
6,M

pawn—%ﬁqﬁ—gw2+n%—4m+g“—fw]s%n—mﬂ4+1

+ 2u111B1y" — Bigullllpn — &° Il + 214211B2g™ — Badullllgn — y*Il + 0uK.

We obtain from (53) that lim,_yeo ldn — gn +¥* — ¢ = limy_s00 1gn — pn +&* —
¥*|l = 0. Consequently,

ldn — Gdull = lldy — pull < lldn —qn+y* =g + lgn —pn +&" = ¥*|l
-0 (n— ). (54)

Applying the analogous reasoning to that of (33), we obtain lim,— o | Znfn — unll =
limy— o ||fn — unll = 0, which hence leads to

o = Zufull < Wfn — unll + ly — Zufull > 0 (n — 00).
Concurrently, (51) and (52) imply that
”fn - dn” < ”fn — Uyl + llun — dn” -0 (” - OO)> (55)

and hence

”fn _fn+1|| < |[fn —dyull + lldn _fn-H” -0 (n— 00).

We assert that || Zof, — full = 0and [|Gf, — full = 0asn — oo. Notably, by acknowledg-
ing the nonexpansivity of G, we can infer from Equations (54) and (55) that

”an _fn” < ”an - Gdn” + ||Gdn - dn” + ”dn _fn”
< 2\fn —dull + 1Gdy — dull = 0 (n — 00).
We infer from (51), (52), and (55) that
Ve = fall < ve = rull + llrn — tnll + llun — full > 0 (n — 00),

Ity fnl < Ity — vull + llva _fn” =1, ||IC*(I Z),Cvn||+||vn _fn”

-0 (n—> o),
and hence

|Z(I)1 n fn | < ||Z(I)1 n Zntn” + ”Zntn - dn” + ”dn _fn”
< (T4+0)fn — tall + ||Zo th — dull + ldn — full > 0 (n — 00).

Using the same reasoning as in (39), we obtain
Tlim_ [y — Zofull = 0.

Furthermore, employing the same reasoning as presented in Aspect 1 of the proof of
Theorem 3.1, we establish that lim,_, o, R, = 0. Consequently, it follows that f, = ¢* €
Sol(E, I'), where ¢g* denotes the unique solution of the problem EP(E, I').



OPTIMIZATION 29

Aspect 2. Suppose there exists a subsequence {R,,,} C {R,} such that R, < R, 41 for
all k € N. We define the mapping ¢ : N' = N by ¢(n) := max{k < n: Ry < Ri41}. In
the remainder of the proof, we will utilize the same reasoning as presented in Aspect 2 of
the proof of Theorem 3.1 to derive the desired result. This concludes the proof. n

Our algorithms are more general and refined than the existing ones, as they address the
solution of the MBSEP under GSVI and CFPP constraints. The theoretical results obtained
in this paper extend and improve upon those found in [4, 15]. In comparison to the findings
presented in Ceng and Wen [4], and He et al. [15], our results offer improvements and
extensions in several key aspects.

(i) Theaccelerated subgradient extragradient method is particularity useful for solving
the more general problem that is MBSEP with GSVI and CFPP constraints. Specif-
ically, the original iterative step d, = v, — ¥,K*(Z — 2)Kv, is transformed into
the composite Mann implicit iteration d,, = ynfy + pnGdy + &2 ts, where t, =
vp — 0, K*(Z — Z2)Kv,. Additionally, the original hybrid deepest-descent step
Jfn+1 = pafa + (1 — pu)L — xnpF)d, is developed into the projection iteration
fat1 = argmin{o, I (dy, t) + 3lIt — dy|> : t € C}.

(ii) The hybrid extragradient-like implicit approach for approximating an element
of Fix(G) N (N2, Fix(Zk)) developed in [4] has been extended to create a new
subgradient extragradient implicit approach for solving the MBSEP with GSVI
and CFPP constraints. Furthermore, it was demonstrated in [4] that f, — ¢* €
Fix(G) N (ﬂiio Fix(Z)). In this paper, we show that f, — ¢* € Fix(G) N QN
(N Fix(Z)), where g* is a solution of EP(E, I').

(iii) The problem of finding an element of the MBEP with the GSVI and CFPP
constraints in [15] is expanded to formulate the MBSEP with the same GSVI
and CFPP constraints. The subgradient extragradient implicit rule from [15]
is generalized to establish a novel subgradient extragradient implicit approach
for addressing the MBSEP with the GSVI and CFPP constraints. For instance,
the original Mann implicit iteration given by u, = ¢ufy + (1 — &) Wyhu, (with
W, being nonexpansive) in [15] is refined into the new Mann implicit iteration
Up = Cnfn + 1 — Cn) Znuy (where Z,, is an C-uniformly Lipschitzian pseudocon-
traction). Similarly, the original Mann implicit iteration d, = yufy + pnGd, +
En 2 v with vy, = argmin{a, @ (1, z) + %llz — uy||? : z € C,)} is transformed into
the composite Mann implicit iteration d, = yufu + puGdy + i 20ty with t, =
vy — V(T — 2)Ky,.

4. Applicability and implementability

Define mappings B;, B, : H; — H; as a-inverse-strongly monotone and y-inverse-
strongly monotone, respectively. Furthermore, define G: H; = C as G:=Pj-(Z —
u1B1)Pj-(Z — u2B,) for uy € (0,2a) and uy € (0,2y). Let Zy : H; — C be an asymp-
totically nonexpansive mapping with a sequence {f,}, and let Z, = Z,: C— C be a
nonexpansive mapping for all n > 1. Assume that X : H; — H; is a non-zero bounded
linear operator with adjoint IC*, and that Z is a -demimetric self-mapping on H; such
that 7 — Z is demiclosed at zero, where § € (—o0, 1). Let & = Fix(G) N Q N VI(C, A) #
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Algorithm 3
Initialization: Given f; € Cand ¢ > 0 arbitrarily. Let {¢,}, {xu}, {pn}> {En} C (0,1) and
{an}, {on} C (0, 00) such that hypotheses (H1)-(H5) hold.
Iterative Steps: Calculate f,, as follows:
Step 1. Compute

Up = Cnfn + (1 - Cn)Zluna
rn = Pjc(un — anAuy).

Step 2. Choose w, = Auy,, and compute

Co={v eHi:{up—anwy —ry, 0 — 1) <0},
vn = Pjc, (un — anAry).

Step 3. Compute t, = v, — V,K*(Z — Z)Kvy,, where for any fixed € > 0, ¥, is chosen
to be the bounded sequence satisfying (3); otherwise set ¢, = ¢ > 0.
Step 4. Compute

qn = Pjc(dy — u2Brdy),
Pn = Pjc(gn — 11B1gn),
dy = ann + pupn + é:nzgtn-

Step 5. Compute f,,+1 = argmin{o,['(d,,t) + %llt —d,||?:teC).
Step 6. Set n := n + 1 and return to Step 1.

@ where Q ={z € ﬂilzo Fix(Z;) : Kz € Fix(Z)}. Assume that A satisfies the following
conditions:

(B1) A is monotone.
(B2) A is weakly to strongly continuous, i.e. for all {u,} C H;, it holds that u, — u =
Au, — Au.

(B3) A is L-Lipschitz continuous for some constant L > 0.

Let bifunction I' and the positive sequences {ay}, {on}, {n}, {xu} {pa}, and {&,}
as defined in Algorithm 1. We define the bifunction @ : H; x H; — R as follows:
O (u,v) := (Au,v — u), Vu,v € H;.Itis readily verified that the bifunction ® satisfies
the conditions Assg (P1)-Asse (P2) and is Lipschitz continuous with constants ¢; = ¢; =
%. Thus, the subgradient extragradient implicit Algorithm 1 simplifies to the following
Algorithm 3 for solving the GSVI, VIP, and SFP.

Using Theorem 3.1, we can immediately derive the following result.

Theorem 4.1: Let the sequence {f,} be generated by Algorithm 3. Then {f,} converges
strongly to the unique solution g* of the problem EP(ZE, I') provided that Z'f, — Zg“ n—>
0.
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Algorithm 4
Initialization: Given f; € Cand ¢ > 0 arbitrarily. Let {¢,}, {xu}, {pn}> {En} C (0,1) and
{an}, {on} C (0, 00) such that hypotheses (H1)-(H5) hold.
Iterative Steps: Calculate f,, as follows:
Step 1-Step 3 are the same as Algorithm 3.
Step 4. Compute

qn = Pjc(dn — p2Bady),
Pn = Pjc(qn — 11B1gn),
dy, = XnUn + Pnpn + fnz(;ltn-

Step 5. Compute f,; = argmin{o,I'(d,, t) + %Ilt —d,||?:teC).
Step 6. Set n := n + 1 and return to Step 1.

Similarly, the subgradient extragradient implicit Algorithm 2 can be reduced to the
following Algorithm 4 for solving the GSVI, VIP, and SFP.
Using Theorem 3.2, we derive the following result.

Theorem 4.2: Let the sequence {f,} be generated by Algorithm 4. Then {f,} converges
strongly to the unique solution g* of the problem EP(Z, T) provided that Zl'f, — ZJT'f, —
0.

5. Numericalillustration

This section showcases a set of numerical experiments aimed at evaluating the perfor-
mance of the proposed methods through a representative example. The main goal is to
offer practical insights into the parameter selection process for the algorithms under con-
sideration. The proposed algorithms were implemented using MATLAB and executed on a
machine equipped with an Intel(R) Core(TM) i5-6200 CPU @ 2.30 GHz and 8 GB of RAM.

Example 5.1: In this example, the proposed Algorithms 1 and 2 are applied to solve
the GSVI, VIP, and SFP. Let C = [—-2,2] and H; = ‘H, := H = R. Define the map-
pings Z,:C—> C, Zy: H—>CA:H— H,By: H—> H((k=12),T,71:CxC—
H,T:CxC— Ryaswellas Z,K : H = H, as follows:
5 1
Z1(u) =sinu, Zo(u) = A sinu, A(u)=u+sinu, Br(u)=u-+ 3 sin u,
1 ~ 1

I'wu,v)=(u+ 2 sinu,v —u), TI'i(wv)=u—ov+ E(Sinu — sin v),

~ 1 3.

nwo)=u—ov, Zu)= gu + B sin(u),, K(v) =vo.

According to the above definition, we have

(1) Z; is nonexpansive with Fix(Z;) = {0}, and Z; is asymptotically nonexpansive
with 6, = (5/6)" for all n > 1, such that ||Zg+1 w— Zofull = 0asn — oo.
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(2) The set Fix(Zy) = {0} is well known. Furthermore, the operator .A is monotone
and L-Lipschitz continuous with L = 2.1t can be verified that¢; = ¢; = % = land
0 e VI(C, A).

(3) For k = 1, 2, the operator By is %—inverse-strongly monotone. Note that G(0) =
Pjo(Z — 1B1)Pjc(Z — 1B,)0 = 0, and thus 0 € Fix(G).

(4) K isabounded linear operator on H. It is clear that Z is a d-demicontractive map-
ping with 6 = %, and Fix(Z) = {0}. In fact, Z is J-strictly pseudocontractive with

1
5=§

Note that Q = {z € ﬂllc:o Fix(Zy) : K(2) € Fix(£)} = {0}. Therefore, E = Fix(G) N
_o)I(T— 2 )

QN VI(C,A) = {0} # 0. Observe that 0 < % =<V, < (1||1C0*)(‘g{2‘;jl)clfxf:;\|)2” —€= % if
Z-2)K(vy) #0, and 9, =9 = é otherwise. Hence, we set 9, = é for all n > 1.

Moreover, it is readily known that:

(a) T isv-strongly monotone with v = %;

(b) For 72 1= % and ¢ 1 = 1, the mappings fl and 7 satisfy the following proper-
ties: T'1(u0) + T1(0,u) = 0, T3 0)I| < Erllu— ol 72ty u) = 0, 171w, 0) —
eyl =ill(u—v) = (x—y),and

1 1
F(u,v)+F(v,w)=<u+Esinu,v —u>+<v+§sinv,w—v>

1 1
=<u+isinu,w—u>+<u—o+E(Sinu—sinv),v —w>
= T (uw) + {[1(, 0), 71 (0, w))
> T(uw) — O lu—ollllo —wl

1 21 2
EF(M,W)—ETHM—DH —ET”U—WH ,

where T = 3121 = %

(c) For any sequence {v,} C C such that v, — v, we have: limsup,,_, ., IT(v,00)]

lon—oll

|<1)+% sin 0,0, —0

. ) 1 5
limsup,_, o =] <o+ 3sino| < 3 < +o0.

Let
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Note that lim,_ o 6,/0, = 0, 2211 0, < oo.In addition, it is evident that the sequences
{Cn}s Lxnds {pn), {&a) € (0,1) and {a,}, {on} C (0,00) satisfy the hypotheses (H1)-(H4).
Next, we verify that (H5) holds as well. Indeed, observe that

- 1 3001
204V — 0, 1" = 1—-- <1,
3(n+1) 4 n+1
2 1 13
0 <Al=—-<<-=min{—-, -1 =min{v, T},
9 2 22
and

. 1 _1_1620 1-5 [9 1—-% 1
<Op=5 < S- < ——— =gy =mMNy -, g7
3(n+1) 6 6417 24 29 _ L3

(1 20—=21 2v
=min|—, ——,—1.
A Y2 —)2° 12

In this case, Algorithm 3 can be reformulated as follows:

Uy = gfn + gzlun’

rn = Pjo(u, — %Aun),

v = Pic, (i — ;A

=v= 2@~ D

= (s *5) i+ (G —3) g%
qn = Pj¢ (dn - %BZdn) ,

1
Pn = Pj¢ (% - 5BIQn) ,

1
n = i —F n> - - n 2: >
fn+1 = argmin [ D (dp, 1) + e dall®:t e c}

where C, is chosen as in Algorithm 3 for each n > 1.
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On the other hand, Algorithm 4 can be reformulated as follows:

'un = gf” + gzlfn,
rn = Pjc(un — %Aun),
vn = Pjg, (un — %Arn),
== 2@ = 2w
{
dy = (3(}1—1“) + é) tn + (;Z—ﬁ) - %)Pn + ézé’fm
qn = Pjc (dn - %BZdn) ,

1
pn=Pjc (Qn - gqun) ,

1
ntl = in{ ———T'(dy,t)+ It —dull*: t € CY,
for1 argm1n[3(n+1) ( )+ I“:te }

where C, is chosen as in Algorithm 4 for each n > 1.

Next, we present a series of numerical experiments based on Example 5.1 to evaluate
the performance of Algorithm 3 and Algorithm 4. The performance is assessed in terms
of execution time (t, in seconds) and the number of iterations (n) required for convergence.
Specifically, we aim to examine how the performance of our algorithms is influenced by
variations in the following parameters:

(i)
(ii)
(iii)
(iv)
(v)
(vi)

Different initial values of f;;

Different values of the sequence {¢;,} C (0, 1).

Different values of {a,} such that 0 < a, < min{%, i} = %;

Different values of {#},,} such that é <V, <3

Different values of u; € (0,2a) such that0 < u; < %;

Different combinations of the sequences { y,}, {pn}, and {&,}, where each sequence
belongs to (0, 1) and satisfies Conditions (H1)-(H2).

In all numerical experiments, the stopping criterion is set to E,, = ||[fy+1 — full < 107°.
Unless otherwise specified in the individual experiments, the default values for the param-
eters and sequences are as follows:

2 1 1 1 1

hi=2 G=5 =3 h=% n=3poghte

3n+2 1 1 1 1
pn=—3(n+1)—§, él/t:g) lulzluzzg, Un::—}(n—_i_l)'

Experiment 1. (Impact of the chosen initial point f;). Table 1 summarizes the numerical
results obtained for six distinct values of f;.
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Table 1. Numerical data for Experiment 1.

Algorithm 3 Algorithm 4
f‘| n t n t
—1.87 46 0.653 50 0.666
—1.23 45 0.561 49 0.660
—0.54 42 0.510 47 0.566
0.79 43 0.533 48 0.576
1.46 45 0.550 49 0.588
1.92 46 0.550 50 0.609

Table 2. Numerical data for Experiment 2.

Algorithm 3 Algorithm 4
n n t n t
0.05 45 0.544 42 0.525
0.25 46 0.548 45 0.571
0.45 47 0.585 46 0.585
0.65 47 0.551 47 0.596
0.85 47 0.588 47 0.570
0.95 48 0.598 48 0.633

Table 3. Numerical data for Experiment 3.

Algorithm 3 Algorithm 4
an n t n t
0.05 84 0.669488 82 0.655022
0.15 49 0.382301 47 0.412077
0.25 42 0.333577 41 0.331343
0.35 48 0.394391 47 0.390338
0.45 82 0.653176 80 0.622670
0.48 121 0.943851 116 0.913177

Based on the data presented in Table 1, we have: (i) Both the number of iterations
and CPU time demonstrate minimal sensitivity to changes in f;. This indicates that Algo-
rithms 3 and 4 exhibit relative stability with respect to this parameter. (ii) For a majority of
f1 values, the iteration count (1) for Algorithm 4 is slightly higher than that of Algorithm 3.
The CPU time (¢) follows a similar trend, generally decreasing as f; increases.

Experiment 2. (Impact of the chosen parameter ;). Table 2 presents the numerical results
obtained for six distinct values of (.

Based on the numerical data in Table 2, we obatin: (i) Both algorithms exhibit sta-
ble iteration counts as (, increases. Algorithm 3 generally requires more iterations than
Algorithm 4 for smaller values of ;. (ii) Generally, lower values of ;, appear more
advantageous for both algorithms in terms of achieving reduced CPU time and iteration
counts.

Experiment 3. (Impact of the chosen parameter a,). Table 3 gives numerical results for six
distinct values of a,,.

The data in Table 3 reveal the following trends regarding the impact of a,, on the iteration
count n and CPU time ¢ for both algorithms: (i) For both Algorithms 3 and 4, the iteration
count n decreases as a, increases from 0.05 to 0.25, reaching a minimum of 42 iterations
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Table 4. Numerical data for Experiment 4.

Algorithm 3 Algorithm 4
Un n t n t
0.20 46 0.373672 45 0.358463
0.35 46 0.369676 44 0.351850
0.45 45 0.376370 44 0.348053
0.50 45 0.376668 43 0.328172
0.55 45 0371132 43 0.335943
0.60 44 0.346172 43 0.326724

Table 5. Numerical data for Experiment 5.

Algorithm 3 Algorithm 4
y23 n t n t
0.05 46 0.578 45 0.513
0.12 46 0.592 45 0.583
0.23 46 0.553 45 0.567
0.30 46 0.586 45 0.561
0.37 46 0.584 45 0.568
0.42 46 0.581 45 0.566

for Algorithm 3 and 41 iterations for Algorithm 4 at a,, = 0.25. The CPU time ¢ exhibits a
similar trend. (ii) In both algorithms, a,, = 0.25 consistently results in the lowest iteration
count and CPU time, making it the most efficient choice for convergence.

Experiment 4. (Impact of the chosen parameter 1,)). Numerical results for six distinct
values of ¥, are presented in Table 4.

Based on the numerical data in Table 4, we have: (i) For Algorithm 3, the performance
remains largely unaffected by variations in ¥, both in terms of the number of iterations
and CPU time. (ii) For Algorithm 4, higher values of 1}, lead to a reduction in the number
of iterations and faster convergence in terms of CPU time. This suggests that the range
¥, > 0.50 is optimal for Algorithm 4, as it results in faster execution and a lower number
of iterations.

Experiment 5. (Impact of the chosen parameter x;). Numerical results for six different
values of u; are displayed in Table 5.

Based on Table 5, we obtain: (i) Both Algorithms 3 and 4 maintain a stable iteration
count across all tested values of u;. (ii) In terms of CPU time, Algorithm 4 generally
performs slightly faster than Algorithm 3, with the lowest CPU time observed at ; = 0.05.

Experiment 6. (Impact of the chosen sequences y,, p,, and &,). Table 6 presents the
numerical results obtained for ten distinct sets of values for y,, p,, and &,.

Based on the numerical results presented in Table 6, several key observations can be
made regarding the behaviour and performance of the proposed algorithms under vary-
ing values of the parameters {y,}, {pn}, and {&,}: (i) The numerical experiments indicate
that a balanced approach to selecting the sequences { y,}, { p}, and {&,} is key to optimizing
the convergence rate of the proposed algorithms. The optimal sequences typically involve
values that are moderate or gradually decreasing, which allows the algorithms to achieve
both stability and efliciency. (ii) The most efficient sequences for achieving faster conver-
gence are as follows: {y,} should have moderate, slowly decreasing values around }L or %;
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Table 6. Numerical data corresponding to Experiment 6.

Algorithm 3 Algorithm 4
Case Xn Pn &n n t n t
1 L. ! 1.1 77 0.991 73 0.991
¢ 2" 3 6 4k : '
2 L ! ! ! 50 0.607 48 0.688
¢ 47 ak+ 2 ak+1) 4 : '
11 11 1
a3 LI L - 51 0618 49 0.631
37" 6k 37 6k 3
4 L. L L 53 0.655 51 0.624
¢ 37" 3k 37 6k 37 6k ' '
1 2 2
5 - ‘ ‘ 41 0.502 41 0518
5 5 5
6 ! ! ! ! ! 48 0.549 47 0.638
C - — = - .. .
4 12k+1) 2 PR PY RN
11 1 11
7 LI - LI 70 0.826 67 0.753
¢ PR 4 4 4k
8 3 3 _ ] 4 47 0.537 45 0518
¢ 10 " 10k 10 10k 10 ' '
11 11 1
9 LI L - 49 0575 48 0.572
¢ PR 27 8k 4
10 L. ! ! ! 58 0.707 57 0715
C - _— - — = . .
37 6k+1) 2 6k+1) 6

{pn} should maintain stable values between % and %; and {&,} should hold fixed or stable

values around i or % This conclusion is supported by the best-performing cases, such as
case c5.

6. Conclusions

In this article, we have introduced two novel iterative algorithms based on the subgradient
extragradient implicit approach to solve the monotone bilevel split equilibrium problem
(MBSEP), which incorporates the generalized split variational inequality (GSVI) and com-
mon fixed point problem (CFPP) constraints. Our approach leverages the subgradient
projection onto a constructible half-space, circumventing the need for a second mini-
mization over a closed convex set typically required in traditional methods. Additionally,
by employing Mann’s implicit iteration scheme, we have developed a new methodology
for tackling the GSVI and CFPP within the context of bilevel optimization. This has led
to the derivation of iterative algorithms that can efficiently solve the generalized varia-
tional inequality (GSVI), variational inequality problem (VIP), and split feasibility problem
(SFP), thus extending the scope of applicability of extragradient methods to a wider range
of equilibrium problems. Through rigorous theoretical analysis, we have established strong
convergence results for the proposed algorithms under suitable conditions.

The current approaches primarily address monotone bilevel split equilibrium problems.
However, future work could focus on extending the proposed algorithms to non-monotone
settings, where the equilibrium conditions are not guaranteed to satisfy monotonicity.
This would require the development of new convergence analysis techniques and the
exploration of alternative strategies for non-monotone equilibrium problems. Potential
strategies include adapting the algorithms to handle weakly monotone or quasimonotone



38 (&) LU-CHUAN CENGETAL.

operators, which could be achieved by modifying the projection steps or incorporating
relaxed conditions for convergence. Furthermore, dual inertial methods or other alterna-
tive minimization techniques could be integrated to improve convergence in the absence
of strict monotonicity.

In conclusion, the methods presented in this work lay a strong foundation for solving
complex bilevel equilibrium problems. Future advancements could further expand their
applicability and efficiency, particularly in challenging real-world contexts. These include
the potential adaptation to non-monotone problems and the incorporation of additional
techniques to handle a broader range of equilibrium conditions.
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