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1. Introduction and preliminaries

Throughout this paper, H is assume to be a real Hilbert space with inner
product (-,-) and induced norm || - ||. Let A : H= H be a set-valued oper-
ator on H. D(A) := {x € H: Ax # @} stands for the domain of A and
R(A) :={Az:z € D(A)} stands for the range of A. Recall that operator A :
H=H is said to be monotone iff (xX' —y,x—y) >0 for all ¥ € Ax and
¥y € Ay. Recall that operator A : H—= H is maximal iff the graph, G(A), of
A is not in the graph of other monotone operators properly. For a mono-
tone operator, one also knows that it is maximal iff (x'—y,x—y) >0,
where X' € Ax and y,y’ € H, implies y/ € Ay. For each positive real number
r, one can define the resolvent operator, J,4 : R(Id +rA) — D(A) of A, by
Jua := (Id + rA) ~ ", where Id is the identity operator on H. In this paper, the
zero set of A is denoted by A ~1(0), thatis, A~!(0) := {x € D(A) : 0 € Ax}.
Consider the following inclusion problem, which consists of

finding x € H such that 0 € (A + B)(x), (1.1)

where A: H=H is a set-valued maximally monotone operator and B:
H — H is a single-valued monotone operator, i.e., (B(x) — B(y),x —y) > 0,
(x,y € H) and L-Lipschitz continuous, i.e. [|B(x)—B(y)|| <L|lx—y

>
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(L > 0). The solution set of (1.1) is denoted by (A + B) ~'(0). This problem
includes, as special cases, convex programming problems, split feasibility
problems and minimization problems; see, e.g., [1-5]. Several real world
problems from the areas of signal recovery, image processing, network
communications, location theory, etc, can be formulated as (1.1); see, for
instance, [6-8]. Splitting algorithms are efficient and powerful for dealing
with problem (1.1). Among them, forward-backward and Douglas-Rachford
splitting methods are two fundamental algorithms for solving monotone
inclusion problems; see, e.g., [9-13] and the references therein.

In this paper, we focus our attention on the Douglas-Rachford algorithm
[14], which was first formulated for solving linear equations and general-
ized to monotone inclusions in [15] later. The algorithm is of the form in
a real Hilbert space H

(DR) Xn+1 = ]rA (2]rB - Id)xn + (Id _]rB)xna

where Id is the identity on H. Recently, many authors studied this algo-
rithm and its variants; see, e.g., [16-22]. The Douglas-Rachford method
generates a fixed point sequence as follows

Id + Rj4R;
Xpt1 = (%)xm (1.2)

where R;p = 2];5 — Id denotes the reflected resolvent of monotone operator
AB. The iteration (1.2) can be viewed as a discretization of the continuous
time dynamical system

x(t) = a2l (x(t)) — (1)) = Lp(x(1)), (1.3)
where the discretizations x(t) ~x,,1 —x, and x(t)~x, are used. Denote
2(t) = Jis(x(t)),

y(t) = x(t) — z(t) € AB(z(t)),
and
x(t) = 2(t) + y(1)-
By using these identities in (1.3), we obtain

{2020 = Balel0=3(0) =50, w
y1) € 2B(z(1)).
Recently, Csetnek, Malitsky and Tam [23] proposed the following

shadow Douglas-Rachford splitting algorithm by considering different dis-
cretizations of dynamical system (1.4):

(SDR)  x,41 = Jya(x, — AB(x,,)) — A(B(x,) — B(x,—1))- (1.5)

This algorithm naturally arises from a nonstandard discretization of a
continuous dynamical system associated with the Douglas-Rachford
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splitting algorithm (1.2), which converges to a solution of (1.1) weakly
whenever / € (0, 3;) with L being the Lipschitz constant of B.

In [24], Moudafi and Oliny introduced the following inertial proximal
point algorithm for solving the monotone inclusion problem of the sum of

two monotone operators:

{ Wy = X, + an(xn _-xnfl):

Xnt1 = Jia(wy — AB(x,)). (1.6)

They obtained a weak convergence theorem provided that 0 <A<2/L,
where L is the Lipschitz constant of B.

Inspired and motivated by the mentioned results above, we introduce
inertial shadow Douglas-Rachford splitting algorithms by incorporating the
inertial terms (1.6) in the shadow Douglas-Rachford splitting algorithm
(1.5) to solve inclusion problem (1.1) in the framework of Hilbert spaces.
We obtain the weak convergence of the algorithms and give some numer-
ical experiments to support our main results.

The rest of this paper is organized as follows. In Section 2, we propose
an inertial shadow Douglas-Rachford splitting algorithm for solving inclu-
sion problems and show its convergence. In Section 3, we propose a variant
which solves three-operator inclusion problems. Finally, in Section 4,
numerical experiments are provided to support our algorithms.

2. Two-operator splitting

In this section, we consider the problem of finding a point x € H such that
0 € (A+B)(x),

where A : H — H is set-valued maximal monotone, and B: H — H is sin-
gle-valued monotone and L-Lipschitz (but not necessarily cocoercive, that
is, |[Bx—By||* < (x—y,Bx—By), Vx,y € H, where 7 is a positive real
constant). We next give the inertial shadow Douglas-Rachford splitting
algorithm

Wp =Xy + O‘n(xn _xnfl):
ISDR \ 2.1
( >{xn+1 — T3 (W — 7B(x)) — A(B(x) — B(xa 1) -
where (o,) is non-decreasing with o; =0 and 0<a, <a<l for
each n > 1.

The following lemmas will be useful in the proof of the conver-
gence analysis.

Lemma 2.1. ([23]) Suppose that A: H—=H and B: H=H are maximally
monotone operators. Let A >0. Then the set-valued operator on Hx H

defined by
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()] [ SDE)

is demiclosed. That is, its graph is a sequentially closed set in the weak-strong
topology.

Lemma 2.2. ([25]) Let C be a nonempty set and (x,) C H be a sequence in
H such that the following two conditions hold:

a. limy— i ||%, — x||, for any x € C, exists;

b. every sequential weak cluster point of (x,),cy is in C.

Then (x,),cy converges to a point in C weakly.

To analyze our algorithm, we also need the following tool.

Lemma 2.3. Let A : H= H be a maximally monotone operator. Let (w,) be
given by (2.1) and let (y,) C H be an arbitrary sequence. Let xo,x_1 € H
and (x,) be a sequence defined by

Xnt1 = Ja(Wn = Yu) = Y = Yn—-1),Vn € N, (2.2)
Then, for all x € H and y € — A(x), one has
1241 = XI* 4 200 = 3, %01 = %) + [y = yII*
< [ = xl* 4 20— 1 =320 = %) + yn—1 = Y = o1 — 2l
= 31yn = yn1|1* + 40n = yn— 1 X0 — Xn1) — 20 (X0 — %, X — Xp11)

- 2an<x_xn—1)x_xn+l> + 2an<xn—l _xnayn—l _yn>
—2(Y = Y, X — Xp). (2.3)

Proof. By utilizing the definition of the resolvent and (2.2), one has
Xni1 + n—Vn-1) = Wa+ Y0 € —AXut1 + W —Yn-1))- (2.4)
Since x € H, —y € A(x) and A is monotone, one concludes that
ntt + On = In—1) = Wa +Yu = 32X = X1 — (n —Yu-1)) 2 0,
which can be equivalently rewritten as

0 < (Xpt1 — X X — K1) + X1 — X Yn—1— V) + I — Yn— 15X — Xpp1)
+ <yﬂ —Vn—1)Yn—1 _)’n> + \'xn<xn71 _xnxx_xn+l> + O‘n<xn71 — X Yn—1 _)’n>
+<J’n*}’)x*xn+1>+<)’n*)’:yn—1*)’n>- (25)

To simplify (2.5), one notes that

2 2 2
21— X X — X)) = [0 — X||” = |1 — 2] |” — [[o001 — x| |

2 2 2
20 =Yn-13=Yn) = n—1 =" = lyn = yu-al[" = llyn =",
Wn=Yn-1X—=Xn11)) = Wn = Yn—1>Xn — Xns1) + Yne1 = s Xn = X) 4 (Y = V> Xn — X).
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Combing these formulas with (2.5) gives the inequality

1 = %1* 4200 = 72 %Xn1 = %) + ||y —yII?

< [ —x||2 +2{n—1 =y %0 —x) + yn—1 _)’||2 — [|xn41 _anz

_3||yn _)/n—1||2 +4O’n —Vn—1>%n _xn+1> —20(,,<X,, _x:x_xn+1>

— 20 (X — X 1, X = Xn41) + 200 (Xn—1 = Xn> Yu—1 = V)

—2(y — Y X — Xp).
The proof is complete. O
We are now ready to present our main convergence theorem.

Theorem 2.1. Let A: H=H be a set-valued maximally monotone operator
and let B:H — H be a single-valued monotone and L-Lipschitz with
(A4 B)~'(0) #0. Let xo,x_, € H, >0, and ) € [g, %] Then the
sequence (x,) generated by the Algorithm ISDR (2.1) converges to a point in
(A + B)~'(0) weakly.
Proof. Let x € (A + B)~'(0) and set

y = AB(x) € —AA(x).

Since (2.1) is one of the form specified by (2.2), one applies Lemma 2.3
to the monotone operator AA with y, = AB(x,) to deduce that (2.3) holds.
Since B is monotone, we have (y, — y,x, — x) > 0. Hence

[0 =26/ 4 2(yn = s X1 =) + [ yn = yII*
< ||xn_x||2+2<)’n—l_)”xn_x>+”yn—l_y||2_||xn+1_xn||2
_3||yn_yn71||2+4<yn _ynflaxn_anrl)_zan<xn_xax_xn+l>

— 206, (X — X1, — X 1) + 200 (Xp -1 — X Yn—1—Yn)- (2.6)

Next, one estimates the inner product in (2.6). Using the Lipschitzness of
B, one arrives at

2(yn—1 = 22w = %) < 2L(|J2 -1 = 2l + [|w = (),

200 (%1 = % Y1 = Yn) < G AL(| 1 = X[+ 1501 — %l ),

2001 = X Yu—1 = Yu) < AL(r =2l [* + [ 1 = xa][)- (2.7)
Using Young’s inequality, one can estimate

20t (%0 = 2,5 = Xy1) < |20 — x||* 4 0| — 01|
206 (X —1 = %, X = Xn11) < |[X0 1 _XH2 + ai||x—xn+1||2, (2.8)

1
2<yn _ynfbxn _xn+1> S SHyn _ynlez +§Hxn+l _an2~
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Combining (2.7), (2.8) and 0 < o, < < 1, one asserts that

) 2
(14 AL)||xny1 — x||> + (PL? + 2L 4 1)]|x, — x|* + (5 —)LL) %1 — x| °
< (14 AL) ||y — x|[* 4+ (ZPL2 + L + 1)||x— 1 — x| + (2 + 1) AL||xp— 1 — x| *-

(2.9)
Since A € [g, %], one concludes that
. ) 200+1
(40 =+ 2241Vl + () s =l

200+1
< (14+AL)||x, — L2 4L +1 _ ,
(14 2L) [ —x[|* 4 (2L + 2L +1) | — ]| + (Hl)llxnl Xn
(2.10)
which further yields
(14 AL 11 — x|)* + (L2 + AL+ 1) ||x, — x|
200+1
+ X — x| +sZ||xz+1 x|
( ) i=0
2004+ 1
S(1+/1L)|IXO—x||2+(ﬂ~2L2+iL+1)IIx1—x||2+3(z—11)||x1—xo||2-
(2.11)

From this, it follows that (x,) is bounded and that ||x,; —x,|| — 0 as n
goes to the infinity. Borrowing the Lipschitz continuity of B, one derives
that ||yu+1 — yu|| — 0 as n goes to the infinity. Setting z, = x,, + y,_1, one
also has that ||z,4+1 — z,|| — 0. Since z, = (Id + AB)(x,) + (¥u—1—yn), One
tinds that

Xn = ]/lB(Zn - (yn—l _yn))‘

Since (x,) i Y|l — 0 and J;p is nonexpansive, it then
follows that the sequence (z,) is also bounded. Let X and z be sequential
weak cluster points of bounded sequences (x,) and (z,), respectively. Due
to (2.11), one sees that the following limit exists

20041
hm ((l—i—AL)Han—xH + (L2 4 AL+ 1)||x, — x| + 3 +1)Hxn+1—anz).

(2.12)

Since (x,) i — xp|| — 0, it then follows that limit (2.12)
is equal to lim,_. ||x, — x||*. From (2.4), one has
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[ Znt1—2n c AA n 0 Id Zni1—2Zn+Xp
Zpi1 — Zn ()»B)fl —Id 0 Zni1 —Xnt1— 0 (X —Xn—1) )
(2.13)

Using Lemma 2.1, one finds that its graph is demiclosed. Thus, by taking the
limit along a subsequence of (x,) which converges to X in (2.13), one deduces
that 0 € (A + B)(x). Since the cluster point X of (x,) was chosen arbitrarily,
sequence (x,) is weakly convergent by Lemma 2.2 and the proof is complete. ]

3. Three-operator splitting

In this section, we consider the following inclusion problem of finding x €
H such that

0€ (A+B+C)(x), (3.1)
where operators A, B, C satisfy the following assumption:

Assumption 3.1. Throughout this section the following hold:

i. Operator A : H =3 H is set-valued maximal monotone.
ii. Operator B: H — H is single-valued monotone and L,-Lipschitz.
iii. Operator C:H — H is 1/L,-cocoercive, ie., (C(x)—C(y),x—y) >
Lllcw) —cwlP, & >0).

This problem (3.1) could be solved by using the two-operator splitting
algorithm in Section 2, that is, we consider the two operators: A and (B +
C), where (B+ C) is L-Lipschitz continuous with L =L, + L,. Then,
according to Theorem 2.1, the stepsize 4 should satisfy

1 1
A< = .
3(a+ 1)L 3(x+ 1)Ly + 3(x+ 1)L,

In this section, we give a modification of 1 as 4 < 5573, 5- Then,
our modified ISDR algorithm for solving the monotone inclusion described

above is as follows

{Wn =x, + ‘xn(xn _xn—l);

$ni1 = Jia (W — (B + C) (x0)) — A(B(x) — B _1)). (32)

The following lemma, which play an important role in the convergence
analysis of iteration 3.2, could be derived from [26, Lemma 5.1]. For the
sake of completeness, we still give the proof.

Lemma 3.1. Let x € (A+B+C) '(0), and xo,x_, € H. Let (x,) be a

sequence defined by (3.2). Suppose /. € (0, m) and )*LiL, < 1. Then

there exists an &> 0 such that, for all n € N,
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(1 + AL)||xpsr — x||> 4+ (J2L2 + AL + 1)||x, — x||* + ((2 + 20) L1 + &)||%ps1 — 4| |°
< (14 AL) ||y — x| + (FPL2 4+ 2L 4 1)||x, 1 — x| + (2 4 20) ALy ||x0 - 1 — X2

Proof. Borrowing the definition of the resolvent and (3.2), one obtains that
X1+ A(B(xy) —B(xp—1)) =Wy + A(B(x,) + C(x,)) € —A(xp+1 + A(B(x,) —B(x,-1)))-

Since 0 € (A+ B+ C)(x), one has — (B+ C)(x) € A(x). Combining
this with the monotonicity of A yields that

(%np1 — %0 + A(B(xn) = B(x4—1)) — oty —xn—1) + A(B(x4) + C(x,)) — A(B+ C)(x),
X — Xpp1 — A(B(xy) —B(x,-1))) > 0.

It follows that

(Xn11 — %n + A(B(x4) = B(xn—1)) — 0t (x4 — xn—1) + A(B(xn) — B(x)) + A(C(x,) — C(x)),
x—xp11 — A(B(xy) — B(x,—1))) >0,

which we can rewrite as

0 <(Xn41 — %o X — Xy1) + (X1 — X, A(B(X0—1) — B(x)))
+ (A(B(%n) = B(xn—1))> % = xnt1) + (A(B(xn) — B(xn—1)) A(B(Xn—1) — B(xn)))
F (X — 1 = Xy X = X 1) + 0 (X 1 — Xy A(B(Xn - 1) — B(x4,)))
+ (A(B(xn) — B(x)), x = xn11) + (A(B(x4) — B(x)), A(B(xu 1) — B(xn)))
+ (A(Clxn) — C(x)), x = xn) + (A(C(xn) = C(x)), Xn — Xn41)
+ (A(C(xn) — C(x)), A(B(xn—1) — B(xn)))-
(3.3)

Using the 1/L,-cocoercivity of C, one has
1
(Clm) = Cl)sx =) < = - [ Clava) = C)I%,
and

() = €)= 501) < 51 1Cxn) =~ CW)I + 2 b =l

In view of the Lipschitzness of B, one obtains
2(A(Cxn) = C(x)), A(B(xn—1) = B(xa))) < ALa|xn— 1 = | [* + 2°La]|C(xa) — C() |

A
< ALl 1 =5l + 2 1C) — ORI,
2

which together with (3.3) deduces that
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2
(14 AL)||xps1 — x||* 4+ (Z2L2 + AL + 1)||x, — x])* + (5 — L, —/IL2> %1 — %]
< (1 +/1L)|\xn—x||2 + (/12L2 + AL+ 1)||x, -1 —x||2 + (2004 2) ALy || % -1 —Xn||2-

Put ¢:= (% — ALy — )»Lz) — (2 +2)AL; = % — MLy + (2 +3)Ly) >0. It
follows that

(14 2L)| |1 — x||* + (A2L% + L + 1)|Jx, — x| |* + (2 4 200) ALy + &) |21 — x| °
< (14 AL) ||y — x| + (JPL2 4+ 2L 4 1)||x,— 1 — x||* + (2 4 200) ALy ||x0 1 — Xa||>.

The proof is complete. O

The following theorem is main result of the three-operator splitting
scheme in this section.

Theorem 3.1. Consider Algorithm (3.2) under Assumption 3.1 and assume
(A4 B+ C)~'(0) # 0. Suppose that xo,x_, € H and ) € (0, m).
Then the sequence (x,) generated by modified ISDR algorithm (3.2) con-

verges to a point in (A + B+ C)~'(0) weakly.

Proof. From (3.1) and Theorem 2.1, one can conclude the proof immedi-
ately. So, we omit the details. 0

Now, we present a corollary of Theorem 3.2. Let K be a nonempty closed
convex subset of H, B: H — H be a monotone and Lipschitz continuous
operator, and C: H — H be a cocoercive operator. Then, we consider the
following variational inequality problem of two-operator sum form:

Find x* € K such that ((B+ C)(x"),x—x") >0, VxeK. (VIP1)

Denote by Nk the normal cone of K. The problem (VIP1) is equivalent
to the following variational inclusion problem:

Find x* € H such that 0 € (Nx+ B+ C)(x").

Note that the operator Ny is maximally monotone. Moreover, J;n,(x) =
Px(x) for all x € H. Thus, the following corollary follows directly from
Theorem 3.1.

Corollary 3.1. Let K be a nonempty closed convex subset of H. Let B: H —
H be a monotone and L;-Lipschitz continuous operator and C: H — H be a
1/L,-cocoercive operator. Assume that (Nx + B+ C) ™ '(0) # 0, xp,x_, € H

and A € (0, m) Let (x,) be the sequence generated by the following
manner:

Xpt1 = Px(wy — A(B+ C)(x,)) — A(B(xy) — B(xn—1)). (3.4)

Then, the sequence (x,) converges weakly to a solution of problem (VIP1).
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4. Numerical experiments

In order to evaluate the performance of the proposed algorithms, this sec-
tion reports four numerical experiments (convex minimization, convex
feasibility, signal processing, and variational inequality problem) to illus-
trate the convergence of the Algorithm ISDR (2.1) and the Algorithm (3.4).
Moreover, we compare the suggested algorithms with the Algorithm SDR
(1.5) and the Algorithm (5.2) proposed by Malitsky and Tam [26]. The
codes were written in Matlab R2018a and run on a PC Desktop Intel(R)
Core(TM) i5-8250M CPU@1.60 GHz 1.8 GHz, RAM 8.00 GB.

4.1. Convex minimization problems

Let f and g be two convex, lower semi-continuous functions such that f is
differentiable with L-Lipschitz continuous gradient, and the proximal map
of g can be computed. The convex minimization problem consists of find-
ing xo € H such that

f(x0) + g(x0) < f(x)+g(x),Vx € H.

It is known that the convex minimization problem is a special case of
the inclusion problem (1.1), which consists of finding xy € H such that

0 € Vf(xo) + 0g(x0),
where Vf is a gradient of f and Jg is a subdifferential of g.

Example 4.1. Consider the following minimization problem:

min ||x[% + (3,5, — Dx+ 9 + Il
x€ER3?

where x = (x1,%,%3) € R®. Set f(x) = ||x||> + (3,5, — 1)x and g(x) = ||x||,.
Thus, Vh(x) = 2x+ (3,5, — 1) and
(I+ dg)~'x = (max{|x;| — r,0}sign(x, ), max{|x,| — r, 0}sign(x,),
max{|x3;| —r,0}sign(x3)).
We solve this problem by Algorithm SDR and Algorithm ISDR.

We choose 4 = }L, o, = 0.3. xo and x; are generated in (0, 1) randomly.
From Figure 1, we see that our algorithm converges more efficiently.

4.2. Convex feasibility problems

Let H, and H, be two real Hilbert spaces. Let T:H; — H, be a
bounded and linear operator, and let T* be the adjoint of T. Let C C H;
and Q C H, be nonempty, convex, and closed sets. The split feasibility
problem (SFP) is formulated as follows:


mailto:CPU.60	GHz
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Algorithm ISDR
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Figure 1. Comparison of Algorithms SDR and Algorithm ISDR in Example 4.1.

find a point x € C such that Tx € Q.

Take Ax:= V(%HTx — PQTxHZ) =T*(I — Pq)Tx and B = dic (the
indicator function), where P is the metric projection onto Q. Thus, SFP
has an inclusion structure. It can be seen that A is Lipschitz continuous
with module L = ||T||* and B is maximally monotone; see, e.g., [27].

Example 4.2. Consider H = L?([0,27n]) with

(fg) = L”f(t)g(t)dt,

and the associated norm given as

1

Il = (Jon lf(t)lzdt> , Vf.g € L*([0, 27)).

Consider the half-space
C={xecr*(0,2n]: (x,u) <1},
and
Q={xeL’([0.27]) : [lx — wll, < 4},

where wu:[0,2n] = R, u(t) = 1 for all t€0,2n], and f:[0,27] —
R, w(t) = sin (t) for all ¢ € [0,27]. The set C and Q are nonempty, convex,
and closed sets in L?([0,27]). Suppose that T : L*([0,2xn]) — L?([0,2n]) is
defined by (Tx)(t) := x(t) with (T*x)(¢t) = x(¢) and ||T|| = 1. The problem
in this example is to:

find x* € C such that Tx" € Q. (4.1)
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Table 1. Comparison between proposed Algorithm ISDR, Algorithm SDR and Algorithm YMDR.

Algorithm ISDR Algorithm SDR Algorithm YMDR
Cases Initial points Iter. Time(s) Iter. Time(s) Iter. Time(s)
[ Xo=84q="0 14 10.81 20 42,64 20 18.89
[ Xo=5a="% 31 91.19 43 118.69 43 11346
1 Xo=4xn=50+% 28 12651 39 163.77 39 176.61
v Xo =55, x = L34t 30 123.42 41 191.91 41 2332

Since (Tx)(t) = x(t),Vx € L*(]0,27]), (4.1) is actually a convex feasibility
problem of the form:

find x* € CNQ.

Problem (4.1) can be translate to a inclusion formulation of A + B, where
Ax = V(%HTx — PQTxH2> = T*(I — Pq)Tx and B = Oic. It is clear that

A is 1-Lipschitz continues and B is maximal monotone.
In the specific calculation process, we use the following formula for the

projections onto set C and set Q, respectively (see [27]),

2T
1— t)dt n
Z—ZZ()Jrz, J z(t)dt > 1,
Pc(z) = " S
z, J z(t)dt < 1.
0
For w € L,([0,27], one also has
4 27
sin + = (w—sin), J lw(t) — sin (¢)[*dt > 16,
b . 2
Po(w) = VI wle) — sin (1) P .
W, J iw(t) — sin (£)2dt < 16.
0

We compare our proposed Algorithm ISDR with Algorithm SDR and
Algorithm YMDR (1.11) proposed in [26] via different initial points x, and
x1. We use the stopping criterion

1 2 1 2
E, = 3 |Pc(xn) — Xull5 +5 [1Po(T(x4)) — T(xa)ll; <6
where ¢ = 10~ *. Other parameters are chosen as A = 0.25 and «, = 0.3.
The results are presented in Table 1, Figures 2 and 3.

Remark 4.1.
e The numerical results of Example 4.2 illustrate that Algorithm ISDR is

efficient, easy to implement, and, most importantly, very fast.
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Number of iterations Number of iterations
Figure 2. Comparison Algorithm ISDR, Algorithm SDR and Algorithm YMDR.

e Our proposed algorithm ISDR is consistent in the sense that the choice
of initial points does not affect the required number of iterations
needed to achieve desired results.

e By comparing our Algorithm ISDR with Algorithm SDR and Algorithm
YMDR, we see from the same expected outcome that our algorithm
is better.

4.3. Signal processing problems

Digital signal reconstruction is one of the earliest problems in the file res-
toration, the astronomical imaging, the medical and some other applica-
tions. Many problems in signal processing and image recovery can be
formulated as a linear inverse problem, which is modeled as

b=Az+v, (4.2)

where b € R is the noisy measurement, A € R*! models the acquisition
device, z € R' is the original signal to be reconstructed and v € R’ is the
additive noise. In this example, we restrict our attention to recover an
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Figure 3. Comparison Algorithm ISDR, Algorithm SDR and Algorithm YMDR.

approximation of the signal z. The LASSO problem is particular case of the
linear problems of type (4.2) as

1
min = |[Ax — b||* + A||x]|,, (4.3)
xERi 2

where ||x||, is a regularizer, the /;-norm is defined as ||x||; = >, |x,| and
the parameter A is related to the level of noise ||v||. By substituting A(x) =
1||Ax — b||* and B(x) = A||x||,, we can see that problem (4.3) is reduced to

find x € R such that 0 € (0B + VA)(x).

We see that A is a smooth function satisfying VA(x) = A*(Ax —b) and
VA is L-Lipschitz continuous with L = ||[A*A||. The proximal operator of
B(x) = A||x||, is given as

2y

rox p(x), = max< 0,1 — — >xy.
p yB( )k { |xk|}

Example 4.3. In this example, our aim is to recover a sparse signal z €
R*° with 16 non zero elements. The purpose of our model is to solve b =
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0.5r 1 0.5r
—@® Org.Signal —@® Org.Signal
—@® Recovered by Algorithm SDR —@ Recovered by Algorithm ISDR
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Figure 4. Comparison of Algorithm SDR and Algorithm ISDR for recovery of a sparse k = 16 signal.

Az + v, where v is a realization of Gaussian white noise with the variance
is 10 2. The problem can be rewritten as

1 2
min > [[Ax = blf; + Alldl;.

We take the regularization parameter A = 0.5, the step size y =0.2/L
and the maximum number of iterations is 5 x 10*. The corresponding
parameters in SDR and ISDR are the same as in Example 4.1. Figures 4
and 5 illustrate the recovery results.

The recovery sparse signal (with 16 nonzero elements) z from noise
observation vector b by Algorithm SDR and Algorithm ISDR are given in
Figure 4. In Figure 5, we present the discrepancy of the term 1||Ax — b]|*.
In science and engineering, signal to noise ratio (SNR) is the ratio of signal
power to the noise power, which is a measure that compares the level of a
desired signal to the level of background noise. SNR often expressed in
decibels such that it is defined as follows:

Psi nal
SNR(dB) = 1010g10(P gnal )

where Pggna is Power of signal, Py is Power of noise. The numerical
results show that SNR = 6.7781828138452(dB) in Algorithm SDR and
SNR = 6.7781828138454(dB) in Algorithm ISDR. These images and data
illustrate that both methods are effective in solving the problem, but the
Algorithm ISDR is more efficient than Algorithm SDR.

4.4. Variational inclusion problems

Next, we present a numerical example involving three operators to demon-
strate the Algorithm (3.4) proposed in Section 3.
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Figure 5. Comparison of Algorithm SDR and Algorithm ISDR for  ||Ax — b||>.
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Figure 6. Numerical results for Example 4.4.

Example 4.4. Consider our problem in R™(m = 10,20) with A(x) = Nx(x)
(multi-valued part), B(x) = F(x) (nonlinear component), and C(x) =
Mx + q (linear component), where the polyhedral convex set K is defined
as K={x € R":Gx <f}, F(x) is the proximal mapping of the function
g(x) = 1{|x|*, that is

. yl* 1
F(x) = argmlnyeRm{T+§||y — A’

and M € R™™ (a symmetric semidefinite matrix) with its entries created
randomly in (—2,2), g € R" with its entries in (—2,2). It is easy to
verify that operator B is monotone and Lipschitz continuous with constant
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L, =1, and operator C is monotone and Lipschitz continuous with con-
stant L, = ||M||. We use the proposed Algorithm (3.4) to solve this prob-
lem and compare it with the Algorithm (5.2) proposed by Malitsky and
Tam [26]. Our parameter settings are as follows. In our Algorithm (3.4),
select the inertia parameter o = 0.6 and the stepsize 4 = m, and
set the stepsize 4 = m in the Algorithm (5.2) proposed by Malitsky and
Tam. Since we do not know the exact solution of the problem, we use
D, = ||xy+1 — x|| to measure the iterative error of n-th step. Set the stop
criterion to the maximum number of iterations 500 and the initial values
X_1 = xo. Figure 6(a) and (b) show the numerical behavior of all the algo-
rithms in different dimensions, respectively. From the results obtained, we
can see that our proposed Algorithm (3.4) is efficient and robust.
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