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ABSTRACT. In this paper, we propose a new inertial viscosity iterative algo-
rithm for solving the variational inequality problem with a pseudo-monotone
operator and the fixed point problem involving a nonexpansive mapping in
real Hilbert spaces. The advantage of the proposed algorithm is that it can
work without the prior knowledge of the Lipschitz constant of the mapping.
The strong convergence of the sequence generated by the proposed algorithm
is proved under some suitable assumptions imposed on the parameters. Some
numerical experiments are given to support our main results.

1. Introduction. Let C' be a nonempty closed convex subset of a real Hilbert
space H with the inner product (-,-) and the induced norm || - ||. Let A: H — H
be a nonlinear operator. The aim of this paper is to study the classical variational
inequality problem which is to find a point z* € C such that

(Az*,y—2") >0, VyeCl. (1)

The solution set of (1) is denoted by VI(C, A). In recent years, variational inequal-
ity theory has become an important tool in solving many problems appeared in
some fields such as in transportation, economics, engineering mechanics, and many
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others ([23, 24, 16, 48, 40]). Many iterative methods have been constructed by au-
thors for solving variational inequalities and their related optimization problems(see
[25,47,7,8,9, 21, 29, 30, 35, 36, 41, 3, 4, 5, 13, 15, 34, 18, 42, 43, 38, 26, 37] and the
references therein). For examples, Korpelevich[25] introduced the following double
projection method in Euclidean space:

o € C,
yn = Po(z, — Nzx,),
Tn+1 = PC(xn - )\Ayn)a

here A € (0, %), A is monotone and L-Lipschitz continuous. It is noted that this
method requires us to calculate two projections onto the closed convex subset C' in
each iteration. This may affect the efficiency if C' is a general closed convex set in
numerical experiments. To overcome this drawback, Censor et al. [7] studied the
subgradient extragradient method:

yn = Po(z, — Nx,),
T, = {w €H: <xn7/\A$n7ynaw7yn> < O}a
Tpyl = PTn(xn - AAyn)vvn > 07

where A € (0, %) We observe that the second projection onto C' is replaced by a
projection onto a specific constructible half-space. On the other hand, Tseng [47]
proposed the following method for finding a zero of the sum of two maximal mono-
tone operators:

Tnt1 = Yn — MAy, — Ax,),Vn >0,

where A € (0, %) Very recently, Gibali, Thong and Tuan [19] proposed the following
viscosity projection type algorithm for monotone and Lipschitz continuous operator
in Hilbert spaces:

{ Yn = PC(xn - )\Axn),

Algorithm 1

Initialization: Given A > 0, [ € (0,1), u € (0,1), v € (0,2). Let 29 € C be
arbitrary.

Iterative Steps: Given the current iterative x,,, calculate the next iterative z,11
as follows:

Step 1. Compute

Yn = PC(xn - TnAxn)v

where 7, is chosen to be the largest 7 € {)\, A2, } satisfying
T[Azn — Ayn|| < pllzn — yaull -
If 2, = yn, then stop and y,, is a solution of VI(C, A). Otherwise
Step 2. Compute
Zn = Tp — 'ynndny
where )
[0 — ynll
M o= (1= p)———5—,
[dn]|
and
dp =Ty — Y — Tn(Azy, — Ayp).
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Step 3. Compute
Tpy1 = anf(:rn) + (]- - an)zn'

Set n:=n+ 1 and go to Step 1,

where f : H — H is a contraction and «, € [0,1] satisfies lim, o @, = 0 and
Yoo | oy, = 0o. Recently, the inertial methods have been studied by some authors
(see[2, 1, 28, 14, 39] and the references therein). For instance, Alvarez and Attouch
[2] proposed the following inertial proximal method for finding zero of a maximal

monotone operator:
Tn+l = Jj\4n (xn + en(xn - xnfl)%

where J;\“n is the resolvent of A with parameter \,,, 0,, satisfies 0 < 6,, < 6,6 € (0,1).
On the other hand, it is clear that the variational inequality problem (1) is
equivalent to the following fixed point problem: find a point z* € C' such that

x* = Po(z® — MNAzx™),

where A is positive real number. Let T': H — H be a nonlinear mapping. We
denoted by F(T) the set of fixed points of T. There are some iterative algorithms
for finding a common element of F(T) and the solution set VI(C, A) in Hilbert
spaces or more general Banach spaces. For example, Nadezhkina and Takahashi[31]
proposed the following iterative process:

xg € C,
Yn = PC(xn - )\nAxn)a
Tn+1 = (1 - an)xn + anTPC($n - AnAA:'-/n)a

where A : C' — H is monotone, L-Lipschitz continuous and 7" : C' — C' is nonex-
pansive, {\,} C [a,b] for some a,b € (0, 1) and {a,} C [c,d] for some c,d € (0,1).
Moreover, they proved that the sequence {x,} generated by above proposed algo-
rithm converges weakly to z = limy o0 Pr(rynvi(c,a)(Tk)-

In this paper, we study the classical variational inequality problem (1) for
Lipschitz-continuous and pseudomonotone operators and fixed point problems of
a nonexpansive mapping in a real Hilbert space. Precisely, we introduce a new
inertial viscosity algorithm and obtain a strong convergence theorem under some
suitable assumptions imposed on the parameters. Finally, we give some numerical
examples to illustrate the performance of the proposed algorithm.

2. Preliminaries. In what follows, the weak convergence of {z,} to x is denoted
by z,, — x as n — oo, and the strong convergence of {x,,} to x is written as z,, — =
as n — oo. The fixed point set of T is denoted by F(T'), that is F(T) := {z €
C|Tz = x}. For each x,y,z € H, it is well known that

o+ ylI* < ll2l* + 2(y, @ + ), (2)

and
o + By +v2|* = allz)|® + Bllyll* + 201> — aflle — yl?
—aylz — z[]* — Brlly — 21,

where a, 8,7 € [0,1] with o+ S+ v = 1.
Now, we recall the following concepts. Let T : H — H be an operator.
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(a) The operator T is called L-Lipschitz continuous with L > 0 if
If L = 1, then the operator T is called nonexpansive and if L € (0,1), T is
called a contraction.
(b) The operator T is called monotone if
(Tx —Ty,x —y) >0, Vz,ye<H.
(¢) The operator T is called pseudomonotone if
(Tx,y —x) >0= (Ty,x —y) <0, Vu,ycH.
(d) The operator T is called sequentially weakly continuous if for each sequence
{z,} satisfying x,, — x, then we have that Tz,, — Tz.

For every point © € H, there exists a unique nearest point in C, denoted by Pz,
such that ||z — Pox|| < ||z — y||, Yy € C. P is called the metric projection of H
onto C. It is known that P¢ is nonexpansive.

The following lemmas are very useful for proving our main results.

Lemma 2.1 ([17]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Gvenz € H and z€ C. Then z=Pex < {(x —z,z—y) >0, Vy € C.

Lemma 2.2 ([27]). Let {a,} be a sequence of nonnegative real numbers such that
there exists a subsequence {an,} of {an} such that an; < an,41 for all j € N. Then
there exists a nondecreasing sequence {my} of N such that limy_,comyp = 00 and
the following properties are satisfied by all (sufficiently large) number k € N :
Omyy < G+l Ok < Gyl
In fact, my is the largest number n in the set {1,2,...,k} such that a, < ap41.
Lemma 2.3 ([49]). Let {a,} be a sequence of nonnegative real numbers such that:
an+1 S (1 - an)an + anbna
where {an} C (0,1) and {b,} is a sequence such that

(2) ZZO:O Qp = OO,

(#) limsup,,_, ., b, < 0.

Then lim,,_, a, = 0.

Lemma 2.4 ([32]). Let T : H — H be a nonexpansive mapping and H be a real
Hilbert space. Let {x,} be a sequence in H and x be a point in H. Suppose that
Tp =2 and x, — Tz, — 0 asn — co. Then x € F(T).

Lemma 2.5 ([22]). Let Hy and Hy be two real Hilbert spaces. Suppose A : Hy — Ho
is uniformly continuous on bounded subsets of Hy and M is a bounded subset of Hy.
Then A(M) is bounded.
Lemma 2.6 ([46]). For x € H and o > 8 > 0, the following inequalities hold:

[z = Po(z —adz)| _ |z = Pe(x — fAz)||

a - 8 ’

|z — Po(z — BAZ)|| < || — Po(x — aAz)]|.

Lemma 2.7 ([11],Lemma 2.1). Consider the VI(C, A) with C being a nonempty

closed convex subset of a real Hilbert space H and A : C — H being pseudomonotone
and continuous. Then, x* is an element of VI(C, A) if and only if

(Az,x —z*) > 0,Vz € C.
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3. Main results. In this section, let 7' : H — H be a nonexpansive mapping,
f+ H — H be a contraction with a constant p € [0,1) and let {8,} and {v,} be
two sequences in [0,1) such that 8, + v, < 1 and {«a,} be a sequence in [0, 1).
In order to obtain the convergence of our proposed method, we need the following
assumptions.

Condition 3.1 The feasible set C' is nonempty closed and convex.

Condition 3.2 The operator A : H — H is uniformly continuous, pseudomono-
tone on H and sequentially weakly continuous on C.

Condition 3.3 VI(C,A) N F(T) # 0.

Now, we introduce the following algorithm.

Algorithm 3.1

Initialization: Given A > 0,1 € (0,1), p € (0,1), v € (0,2). Let zg,21 € H be
arbitrary.

Iterative Steps: Calculate x,,4+1 as follows:

Step 1. Set w,, = x,, + a,(x, — x,—1) and compute

Yn = PC<wn - TnAwn)7
where 7, is chosen to be the largest 7 € {\, A, AI2, ...} satisfying
7 | Awn — Aynll < pllwn — yall. (4)

If y,, = w, or Ay, = 0, then stop and y,, is an element of VI(C, A). Otherwise, go
to Step 2.
Step 2. Compute

Zn = Wnp — 'ynndn7
where
dp, = wy, — Yn — Tn(Awn - Ayn)a
and )
”wn - ynH
=1—-pu)—7
Step 3. Compute

Tn+1 = /an(xn) + InTn + (1 — Bn — ’Yn)TZ'm
Set n:=n+ 1 and go to Step 1.

The following lemmas are very important for proving our main results in this
section.

Lemma 3.1. Assume that Conditions 3.1-3.3 hold, then Armijo line search rule
(4) is well defined.

Proof. When w,, € VI(C, A), then we have w,, = Po(w, — AMw,,). We deduce that
Wy, = Yn, and (4) holds. Now we consider the situation w,, ¢ VI(C, A) and assume
that the contrary of (4) holds, then we have for all m

AN™ || Aw,, — APo(wy, — N™ Awy,)|| > pllwn — Po(w, — X™Aw,)||. (5)
It follows that

AP (wn — N Awn) — Aw, || > plFen = AilmA“’") —wall (g
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We consider two cases of w,,. First, if w,, € C, since P¢ is continuous, we have
W}i_r}n@ lwn, — Po(w, — X™ Aw,)|| = 0. (7)
By the fact that the uniform continuity of the mapping A on H, we obtain
n}iinoo |Aw,, — APc(w, — N™Aw,)|| = 0. (8)
It follows from (6) and (8) that
lim lwn, — Po(w, — AN™Aw,) ||

m—o0 ™

Let t,, = Po(w, — Al Aw,,), by Lemma 2.1, we have
(tm — wp + N Awp, x — t,) >0, Va € C,

—0. 9)

which implies
tm — Wp
< Alm
Taking the limit m — oo in (10) and using (7) and (9), we get
(Awy, z —wy) >0, Vo € C,
which implies that w,, € VI(C, A). This is a contradiction.
Second, if w,, ¢ C, then we obtain

& — tm) + (Awy, Wy, — tm) + (Aw,, 2 — wy,) >0, V2 € C. (10)

n}ijrlm llwn — Po(wy, — A" Aw,,)|| = ||w,, — Powy,|| > 0, (11)
and
lim AN™ ||Aw, — APc(w, — X™ Aw,)|| = 0. (12)
m—o0
From (5), (11) and (12), we obtain a contradiction. This finishes the proof. O

Lemma 3.2. Assume that Conditions 3.1-3.3 hold. Let {w,} and {y,} be two
sequences generated by Algorithm 3.1. If there exists a subsequence {wy, } of {wy}

such that {w,, } converges weakly to z € H and limy_,o0 ||Wn, — Yn, || = 0, then
2z € VI(C,A).

Proof. By wy,, — z as k — 00, limg_o0 ||wn, — yn, || = 0 and {y,} C C, we obtain
z € C. From y,,, = Po(wy, — Tn, Awy, ), we have
<wnk = Tnp AWny, — Yy, T — ynk> <0,Vxedl,

which implies
1

<w”k — Yny L *ynk> < <Awnk7x*ynk> Vo e,

T
or equivalently
1

(Wny = Yngr T — Ynp) + (AWny s Yny, — Wiy ) < (Awp,, @ — wy, ), Vo € C. (13)

T
Now we show that
lim inf (Aw,, , & — wy,, ) > 0. (14)

k—o0
We consider two possible cases. Firstly, suppose liminfy_,o 7, > 0. Since {wp,, }
is a bounded sequence and A is uniformly continuous on H, it follows from Lemma
2.5 that {Aw,,} is bounded. Taking k — oo in (13) and by the boundedness of
{Yn,. }, we have

liminf (Aw,, , x — wy, ) > 0.
k—o0
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Secondly, we assume that liminfy_,. 7,, = 0. Put
tn, = Pc(wnk - Tnkl_lAwnk>7

we have 7, [~ > 7,,. By Lemma 2.6, we have
1
”wnk - tnk” < 7 Hwnk - ynkH - 07 as k — oo.

Therefore t,, — z € C, thus we get that {¢,, } is bounded. Noticing that A is
uniformly continuous on H, we have

|Aw,, — At,, || = 0, as k — oo. (15)
By the Armijo linesearch rule (4), we have
Tl HAPC(wnk — T T Awy,)) — Awp, H
> Hwnk — Po(wnp,, — TnklilAw"k)H ,
which implies

|wnk — Po(wn,, — TnklilAU}nk)H .

% HAPC(wnk — Tl Aw,, ) — AwnkH > | (16)

Topl ™t
From (15) and (16), we have

||wnk - PC(wnk - Tnkl_lAw”k)H 0.

k—o0 Tnk171
By the definition of ¢,,, and Lemma 2.1, we get
<wnk — TnklflAwnk —tpy, T — tnk> <0,Vzel,

which implies that

1
W <wnk —lny, T — tnk> + <Aw"k~’t”k - wnk> (17)
<(Awp,,x —wy, ), Vz € C.
Taking the limit & — oo in (17), we have

liminf (Aw,, , x — wy, ) > 0.
k—o0

It implies that the inequality (14) holds. On the other hand, we observe

<Aynk y L — ynk> (18)
= <Aynk - Awnk’z - wnk> + <Awnk’z - wnk> + <Aynk7wnk - ynk> :

By the uniformly continuity of A on H and limg_,o0 [|Wn, — Yn, || = 0, we have

lim ||Awy, — Ayn, | = 0.
k— o0
From (14) and (18), we obtain

lim inf (Ayn, , & — Yn, ) > 0.

k—o0

Finally, we show that z € VI(C,A). Indeed, we choose a sequence {ex} of
positive numbers decreasing and tending to 0 as k — oo. For every k, we denote
Nj, the smallest positive integer such that

<Aynja1’—yn,-> +ep >0, v] > Ng.
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Furthermore, for each k, since {yn, } C C, we can assume that Ayy, # 0 (otherwise,

yn, belongs to VI(C, A)) and let gy, = ﬁ, thus we have (Ayn,,gn,) = 1
N
for each k. Therefore we get '
<AyNk,.T + €ELIN, — yNk> 2 0.

Noticing the fact that A is pseudo-monotone, we obtain

(A(z + ergny): © + exgn, — Yn,) > 0,
which implies
(Az,z — yn,)
> (Ax — A(z + exgn,), T + ergn, — Yn,) — (Az, exgn,) -

(19)

Next we prove that limg_, €xgn, = 0. In fact, it follows from w,, — z as k — oo
and limg_,o0 [[Wn, — Yn, || = 0 that yy, — z as & — oo. Since A is sequentially
weakly continuous on C, then {Ayn,} converges weakly to Az. We can assume
that Az # O(otherwise, z already belongs to VI(C, A)). Since the norm mapping is
sequentially weakly lower semicontinuous, we get

0 < [ Az] < limin | Ay, |
k—oco
By {yn.} € {yn.} and ex — 0 as k — oo, we have
0 < limsup |lexgn, || = limsup(eik)

lim supy,_, o €&

. . = 0.
= liminfg— o0 | Ayn, ||

It implies that limg_,o €xgn, = 0. Letting k¥ — oo, then the right hand side
of (19) tends to zero since A is uniformly continuous, {yn,} is bounded and
limg_y oo €xgn, = 0. Therefore, we obtain

liminf (Az,z — yn,) > 0.

k—o0

Thus, for all z € C, we get

(Az,z — z) = lim (Ax,z —yn,) = liminf (Az, 2 —yn,) > 0.
k—oco k—oc0
By Lemma 2.7, we have z € VI(C, A). This finishes the proof. O

Lemma 3.3. Assume that Conditions 8.1-3.3 hold. Let {z,} be a sequence gener-
ated by Algorithm 3.1. Then

2—vy
Izn — plI* < llwn — plI* = —lwn — zaI*, Vp e VI(C,A).

Proof. Using (4), we have
(wp —p,dn) = (Wn — Yn, dn) + (Yn — P, dyn)
= <wn — Yn, Wn — Yn — Tn(Awn - Ayn)>
+ (Yn = Py wn = Yn — Tu(Awn — Ayn))
> [lwn = ynll* = pllwn — ynll®
+ (Yn — P, wn = Yn — Tu(Awn — Ayn))
= (1= wllwn = yall® + (Yn = Dy wn — Y — TnAwy, + 70 Ayn).
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Since y, = Po(w, — T Aw,,), we get

<wn — T Aw, — Yns Yn — P> > 0. (21)

By p e VI(C, A) and y,, € C, we obtain
(Ap,yn —p) > 0.

Noticing the fact that A is pseudomonotone on H, we have

<Aynayn - p> Z 0. (22)
Combining (20), (21) and (22), we get
(wy, —p,dn) > (1_,“)”“}71_?!71”2' (23)

It follows from (23) that
120 = plI* = llwn = Y0ndn — pl|*
= |Jwn, — pH2 + H'W?ndnHQ = 29wy, — p,dn)
< wn = plI* + y1mdall* = 2y70 (1 = p)l[wn — yn?
= Jwn = plI* + W1dnll® = 270 dn|?
2-7
= [lwn = pl|? = ——lwn — 2n|*.
Y
This completes the proof. O

Lemma 3.4. Assume that Conditions 3.1-3.3 hold and let the sequence {wy,} be
generated by Algorithm 3.1. Then

1+ p)?
[wn = yall* < (((1_/0)7)2”“% — z)%. (24)
Proof. We have

[ymndnll® 1
L= w2, (1= )y,

2 Mn 2 2
Wy, — Y|l = ——||dn||* = Wn — Zn||”- 25

It follows from (4) that
ldnll = lwn — yn — Tn(Awy — Aya)||
< wn = ynll + ol Awn — Ay, ||

(26)
< wn = ynll + pllwn — ynll
= (14 w)llwn —ynl-
Using (26) we have
|wn — yn Wy, — yn|? 1—p
| (S (1= ) I I _ (27)

= (1— = .
= (1= 1) =0 (Tt 02w — gl (1 )2

Combining (25) and (27), we know that (24) holds. The proof is completed. O
Theorem 3.5. Assume that Conditions 3.1 — 3.3 hold. Let {a,}, {Bn} and {v,}

be sequences in [0,1) such that

o0
lim S5, =0, Zﬂn = 00, 0 < liminf~, <limsup~, <1
n—oo 1 n—oo n— oo
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and lim,,_, %‘—"Hxn — Zp—1|| = 0. If Algorithm 3.1 stops in Step 1, then y, is an
element of VI(C, A). Otheruwise, the sequence {x,,} generated by Algorithm 3.1 con-
verges strongly to an element p € F(T) NV I(C, A), where p = Pr(rynvi(c,a)f(p)-

Proof. Claim 1. We prove that {z,} is bounded. Indeed, by Lemma 3.3, we have

[2n = pll < [lwn —pl|- (28)
By (28), we have
1 Znt1 _pH
= 1Bnf(xn) + Ynon + (1 = Bn — vn)T2n — pl|
< Ballf(@n) = pll + v llzn — Il + (1 = Ba — )20 — Pl (29)

< ﬁn”f(xn) - f(p)H + Bn”f(p) _pH +n ||xn _pH + (1 — Bn — 'Vn)HZn _pll
S Bnp”xn _pH + ﬁn”f(p) _pH +'7n ||xn _pll + (1 - 6n - ’Yn)”wn _pH~

We also have

«
wn = pll = |20 + an(zn — Tn-1) = p| < |20 — p| + Bn - anxn — Zp-1|-
n
Since
L«
nlggo F:”xn —n-1] =0,
there exists M7 > 0 such that
%Hﬁn—ffn—l“ §M17 VneN.
Bn
Then
wn = pll < lzn — pll + Bu M. (30)

Combining (29) and (30) we get

|zn+1 — pll
< Bupllzn = pll + Bl f(0) = pll + v llwn — |
+ (1= Bn — w)llwn — pll + B M
= Bupllzn —pl + Bull f(p) — pll + (1 = B)lzn — pll + Bu My

f(p) —pll+ M
— L= (1= )l = ol + (1 - p) LRI
p) —pl+M
< max{ [z, — p] LD PLEA
—p
By induction, we obtain

| If(p) — pll + M
b 1_p

}.

[#nt1 = pll < max{flz; — p|

This implies that the sequence {z,} is bounded.
Claim 2. We prove that

2—9
(1—8n— FY”)T”U)” - ZnH2 + Y (1= Bn = V) | T2n — 1"71”2

< llwn = plI?* = llznts = pl* + Ba s,
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for some M3 > 0. Indeed, by (3) and Lemma 3.3, we have
€41 = plI®
= 1Bu(f(2n) = P) +nlzn —p) + (L = Bu — 1) (T2 — )|
< BullF@n) = pl* + vl = plI* + (1 = Bn = 70) [ T2 — pl®
— YL = B =) [T 20 — |
< Ball £ (@n) = PII” + nll@n — plI> + (1= Bn — ) 12 — p|®
~ (L = Bn = ) I Tzn —
< Ballf(@n) = plI* + mllzn — ol + (1 = Bn = ) [[lwn — pl?
= 2 = 20l = (1= B = 30) T2 = 2l
Owing to (30), we have
lwn = plI* < (lzn = pll + B M1)?
= ||z — plI* + Bu(2M ||, — pl| + 5. MT) (32)
< llzn = plI* + Bn Mo,
where My := sup,,>, {2M; ||z, — p||+ 8, M7 }. Substituting (32) into (31), we obtain
2741 = pl?

2—7
< Ballf(2n) —p||2 + [|2n —p||2 + BuMy — (1 -3, — ’Vn)THwn - Zn||2

— (1 = B — ) | T 20 — 2a|%,

which implies
2—7
(]- - ﬁn - ’Yn)T”wn - ZnH2 + ’Vn(]- - ﬁn - 'Yn) ||T2n - (EnHQ

<lwn = pl* = ll#nar = pl* + BuMs,

where M3 := sup,,>{||f(zn) — p||* + Ma}.
Claim 3. We prove that

lZn+1 —p||2
2 (079 M4
<[ =Bl =p)]llzn —plI” + Bn(1 — P)[EH% - 96n—1||m+ (33)
2
+ =, (f(p) = Py Tnt1 — p)],
where My is a constant. We observe that
Hwn _pH2 = ||xn + an (T — Tpo1) — p”2
< o = Bl + 20nllzn = plll&n — Tu-ll + a2lJn — oot |
= zn = plI* + anllzn — 2aoal|2llzn — pll + anllzn — zn-1ll)
<wn = pl? + anllzn — 2o 1[|2llzn — pll + Ba M)
It follows that
1 Znt1 —p||2
= <ﬁn(f(xn) _p) + ’Yn(zn _p) + (1 — Bn — ’Yn)(TZn —P),»Tn+1 —p>
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= Bn <f($n) - f(p)vxn—&-l *p> +Yn <In — Py Tny1 — p>
+ (1= Bn —vn) (T2 — Py Tnt1 — p) + B (f(P) — P, Tnt1 — D)
< BupllTn = Pl |Zn+1 — Pl + 0 |2 — Il |Tn+1 — pll
+ (1= Bn =) lwn = pll |01 = pll + Bn (f(P) = Py Tns1 — )
2

1 ) b 1

< 5B+ y)lllzn = plI” + lzner = pl7] + 5 (1 = Ba = 7a)lllwn = 2|
+ | 2nt1 — I+ B (f (D) = P, Tnsr — D)
1 ) o 1

< 5 Bnp+y)lllzn = PI” + llznsr = pI7T + 5 (1 = 8o = 70)lllzn —p|?

+ anllzn — 2o [|2llzn — pll + BaMy) + |zt — p|’]
+ Bn (f(p) = D, Tpy1 — )

1 2, 1 2
< 1= 81— p) o — I+ 3 s —p
1
+ ian”xn — Tn1 |||z — pll + B M) + B (f(p) — Py Tny1 — D),

which implies

[#ns1 = pl?

<[1=Bu(l =Pl llzn — plI* + anllwn — zn_1l|2llzn — pl| + Bn M)
+ 2B, (f(p) = P, Tnt1 — )

<[1=Ba(1 = p)]llzn — pII* + nllwn — 201 [| My
+ 2B, (f(p) = P, Tnt1 — )

2
=[1 = Bn(L = p)llzn = plI” + Bn(1 = p)
2

L—p
where My = sup,,~; (2[zn — pl| + B, M1).

Claim 4. Now, we will prove that the sequence {||z,, — p||?} converges to zero by
considering two possible cases on the sequence {||z,, — pl|?}.

Case 1: There exists Ny € N such that ||z,+1 — p||?> < ||z, — p||? for all n > No.

This implies that lim, o ||z, — p||* exists. By Claim 2, 0 < liminf, oo v, <
limsup,, oo 7o < 1, limy 500 B, = 0 and B, + v, < 1, we get

Qp M4
—|Zn ﬂfn*llll P+

Bn

+ (f(p) = pywns1 — p}],

nli,néo [wn =zl =0, (34)
and
nlgrgo |72, — x| = 0. (35)
From Lemma 3.4 and (34), we also get
. L (L)
lim [[w, — yn| < lim —||w, — 2z,|| = 0. 36
Jim =gl < Jim = (36)

Since

lwn — 2|l = |20 + an(Tn — Tno1) = 2ull = |20 — 20|l — anllTn — 2n-1],
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that is
lin = 2ull <l = 2l + 6 - S ln = 2na
It follows from (34) and lim, o 3, = 0 that
nh_}n;o |2 — 2] = 0. (37)

By (35) and (37), we have
T2y — znll < [Tz — Tonll + | T20 — 24|
< zn = znll + | T2 — znll (38)
— 0 asn — oo.
Since lim,,— 0 B, = 0 and (35), we obtain
[Zn+1 — Znll = 1Bnf(@n) + Yn2n + (1 = Br — W) T2n — T4
< Ballf(@n) = @all + (1 = Bn = va) | T2n — 20|
< Ballf(zn) — xall + | T2 — 24|
— 0 as n — oo.

(39)

Since the sequence {z,} is bounded, there exists a subsequence {z,,} of {z,}
that weakly converge to some z € H such that

HIrfup(f(p) —pyxp —p) = lim (f(p) — p,Tn, — )

k—o00
We note that
[wn = znll = llan(Tn — Tp-1)||
o
= Bn . F:”mn - xn—l”

— 0 asn — oco.

Then we have w,, — z € H as k — oo. From (36) and Lemma 3.2, we have z €
VI(C,A). By (38) and Lemma 2.4, we get z € F(T). Hence z € F(T)NVI(C, A).
By Lemma 2.1, we have

limjup<f(p) —p,xn —p) = (f(p) —p,z—p) <0. (40)
By (39) and (40), we have
lim_>sup<f (p) = DsTpg1 — D)

S hmsup<f(p) — P Tp41 — xn> + thUp<f(p) — P, Tn — p>

= (f(p) —p,z—p)
<0.
Using (41) and limp, 00 G [|2n — 2n—1]| = 0, we get
. Qo M 2
s (5210, = 20l {25 + 12 (70) ~ powis ~3)) <0
n—o00 n 1-— P 1-— P

Apply Lemma 2.3 to (33), we obtain x,, — p as n — oo.
Case 2: There exists a subsequence {[|z,,, — p||*} of {|lz, — p||*} such that |z, —
pl? < ||zn,+1 — p|/? for all j € N. In this case, it follows from Lemma 2.2 that
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there exists a nondecreasing sequence {my} of N such that limg_,, my = oo and
the following inequalities hold for all sufficiently large number k € N:
|z, = pI* < [Zmp1 = pl%, (42)

and
k= pI* < llzmy41 = 2l (43)
According to Claim 2 and (42), we have
2—v 2
(1 - Bmk - ’Ymk)inwmk — Zmy ||2 + 7mk(1 - Bmk - ’ymk) ||szk — Tmy, ”
Y (44)
< llem, = pI* = llzmers = plI? + By Ms.
It follows that

B, — 2| =0, i [Tz, — 20, = 0.

By Lemma 3.4, we have
nlgrc}o ||wmk = Ymy, ” =0.
Using the same arguments as in the proof of Case 1, we obtain

lim sup(f(p) — p, Tm,+1 —p) < 0. (45)

k—o0

In the light of Claim 3, we have

[m+1 = Il

M, M
<1 = (1= p)BmelllEme — P> + (1= p)Bong (==

1— ||xmk - xmk—ln
mi

+ 7<f(p) — D, Tmy+1 _p>)

M4 Otmk

<1 =@ =p)Bmllzm+1 = plI* + (1= p)Bin, ( [€my, = Tl

+ T ) = Pt = 1),

which implies

1—p B,

M4 A, 2

By (43), (45) and lim,, s o %Hxn — Zp_1]| =0, we have

||xmk+1 - p”2 <

limsup [z, — p|| < limsup [£,0,+1 — pll <0,
k—o00 k—o0
which implies zj, — p as k — oo. This completes the proof. O

Remark 3.6. It is easy to see that the condition lim,,_ ‘;—"Hzn — Zp—1]| = 0 of
Theorem 3.5 can be implemented easily in the numerical computation as the value
of ||z, — p—1]| is known before choosing «,,. Indeed, the parameter «, can be
chosen such that
0, }
min{ — ap, ifx, # 1z, 1,
Qpn = { |Zn — Tn_1l| " " (46)

« otherwise,

7
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where « is a constant such that 0 < @ < 1 and {6,,} is a positive sequence such
that lim,, oo % =

Remark 3.7. Theorem 3.5 improves and extends Theorem 3.2 of Gibali, Thong
and Tuan [19] in the following aspects.

(i) From monotone operator to more general psudomonotone operator.

(ii) From Lipschitz continuous operator to more general uniformly continuous
operator.

(iii) We add an inertial term in our proposed algorithm which improve the conver-
gence speed of the generated sequence.

(iv) Our iterative Algorithm 3.1 is more general than ones of Gibali, Thong and
Tuan [19] since it can be applied to solve variational inequality problems and
fixed point problems of nonexpansive mapping.

4. Numerical experiments. In this section, we provide some numerical examples
occurring in finite- and infinite-dimensional spaces to demonstrate the efficiency of
the proposed algorithm compared to some known ones in the literature. We update
the inertia parameter a;, by (46). All the programs are implemented in MATLAB
2018a on a Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz computer with RAM 8.00
GB.

Example 4.1. Let the linear operator A : R™ — R™ be defined by Az = Gz
and G = BBT + S + E, matrix B € R™*™_ matrix S € R™*™ is skew-symmetric,
and matrix £ € R™*™ is diagonal matrix whose diagonal terms are nonnegative
(hence G is positive symmetric definite). The feasible set C' is given by C' = {z €
R™:—-2<x; <54=1,2,---,m}. It is easy to see that A is monotone (hence it
is pseudomonotone) Lipschitz continuous with its Lipschitz constant L = ||G]|. In
this example, all entries of B, E are generated randomly in [0,2] and S is generated
randomly in [—2,2]. Then the solution set is {0}. We compare the proposed
algorithm with the Algorithm 3.1 introduced by Cholamjiak, Thong and Cho [10]
(shortly, CTC Alg. 3.1) and the Algorithms 3.1 and 3.2 presented by Gibali, Thong
and Tuan [19] (shortly, GTT Alg. 3.1 and GTT Alg. 3.2).
The parameters of all algorithms are set as follows.

e In the proposed Algorithm 3.1, we take 6,, = 100/(n + 1), a = 0.4 in (3.43),
A=051=05 p=04,v=15, 6,=1/(n+1), v, = 0.58,, f(z) = 0.1z
and Tx = z.

e In the CTC Alg. 3.1, we choose 7, = 100/(n + 1)%, a = 0.4, A = 0.9/L,
Brn=1/(n+1) and 6, = 0.5(1 — B,).

e In the GTT Alg. 3.1 and GTT Alg. 3.2, we pick A = 0.5, ] = 0.5, u = 0.4,

v=15a,=1/(n+1), B, =0.5(1 — o) and f(x) =0.1z.

The maximum number of iterations 200 as a common stopping criterion for all
algorithms. We use D,, = ||z, — *|| to measure the iteration error at the n-th
step. Fig. 1 and Table 1 show the numerical results of all algorithms with different
dimensions, where “CPU” in Table 1 denotes the execution time in seconds for all
algorithms.

Example 4.2. We consider an example in the Hilbert space H = L?([0,1]) with
inner product

(x,y) :z/0 z(t)y(t)dt, Vx,y € H,
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T T
—=—GTT Alg. 3.1
GTT Alg. 3.2
—e—CTC Alg. 3.1
—4A—Qur Alg. 3.1

Dy = ||z — ||

0 20 40 60 80 100 120 140 160 180 200
Number of iterations

FIGURE 1. The behavior of our Algorithm 3.1 in Example 4.1 (m = 200)

TABLE 1. Numerical results of all algorithms with different dimen-
sions in Example 4.1

m =20 m =50 m = 100 m = 200
Algorithms -~ = cpy  p. cpU D, CPU D, CPU

Our Alg. 8.1 4.47E-05 0.0303 1.70E-04 0.0316 3.17E-04 0.0707 5.00E-04 0.1119
CTC Alg. 8.1 3.836E-04 0.0227 9.95E-04 0.0227 1.69E-03 0.0250 2.64E-03 0.0273
GTT Alg. 3.1 2.80E-03 0.0310 6.86E-03 0.0361 1.08E-02 0.1044 1.63E-02 0.1393
GTT Alg. 3.2 3.38E-03 0.0483 9.78E-03 0.0379 1.64E-02 0.0704 2.56E-02 0.1027

and induced norm
1
]| = (/ w2d)2, Vo e H.
0

The feasible set is given by C' = { € H : ||z|| < 1}. Define an operator A : C — H
by

(Az)(t) = /0 (z(t) — G(t,s)g(x(s))) ds + h(t), te[0,1],z € C,

where
2tselts 2tet
G(t,s) = ———, z)=cosz, h(t)=—.
)= o=t 9@ W= et

It is known that A is monotone (hence it is pseudomonotone) and L-Lipschitz
continuous with L = 2 (see [20] for more details), and z*(t) = {0} is the solution of
the corresponding variational inequality problem. The parameters of all algorithms
are the same as those set in Example 4.1. We choose the maximum number of
iterations 50 as the common stopping criterion for all algorithms and use D,, =
|z (t) — z*(t)|| to measure the iteration error of the n-th step. The numerical
behaviors of all algorithms with four starting points z(t) = x1(¢) are reported in
Fig. 2 and Table 2.
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. .
—=—GTT Alg. 3.1
, 1& GTT Alg. 3.2
10° R, —e—CTC Alg. 3.1
R —A—Qur Alg. 3.1

10—]5 L i

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Elapsed Time [sec]

FIGURE 2. The behavior of our Algorithm 3.1 in Example 4.2
(o = z1 = 10exp(?))

TABLE 2. Numerical results of all algorithms with different initial
values in Example 4.2

1 =108 1 = 10sin(2¢) z1 = 101og(t) z1 = 10exp(t)
Algorithms ——p ~¢cpy D, PU D, CPU D,  CPU
Our Alg. 3.1 1.47E-15 87.7392 J.04E-15 38.5818 7.26E-15 39.9932 3.16E-15 44.6711
CTC Alg. 8.1 3.16E-13 22.8652 2.55E-13 24.3823 3.36E-12 25.0381 J.39E-12 30.0801

GTT Alg. 3.1 9.04E-06 33.7345 1.54E-05 34.5784 2.31E-05 36.9545 2.01E-05 45.1488
GTT Alg. 3.2 6.25E-11 33.5898 7.40E-10 36.0191 1.04E-09 37.5059 1.06E-09 44.7099

Example 4.3. Consider the Hilbert space H = ly := {z = (z1,22,...,%i,...) |
S Jil® < +oo} with inner product (z,y) = 3°°, ziy;, Yo,y € H and induced
norm ||z|| = /(z,x), Vo € H. Let C := {x € H : |z;| < 1/i}. Define an operator
A:C — H by

Az = ([lz] + 1/l|lzl + @) =, >0

It can be verified that mapping A is pseudo-monotone on H, uniformly continuous
and sequentially weakly continuous on C' but not Lipschitz continuous on H (see
[45]). In this example, we take ¢ = 0.5, H = R™ for different values of m. We com-
pare the proposed Algorithm 3.1 with several convergent algorithms that can find
an element of VI(C, A) with uniformly continuous operators, which including the
Algorithm 4 proposed by Reich et al. [33] (shortly, RTDLD Alg. 4), the Algorithm 3
suggested by Thong et al. [44] (shortly, TSI Alg. 3) and the Algorithm 3.1 intro-
duced by Cai et al. [6] (shortly, CDP Alg. 3.1). The parameters of all algorithms
are set as follows.

e The parameters of the proposed Algorithm 3.1 are the same as those set in
Example 4.1.

e In the RTDLD Alg. 4, we take | = 0.5, p = 0.4, A = 0.5/p, a0, = 1/(n + 1)
and f(xz) =0.1z.
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e In the TSI Alg. 3, we pick v = 0.5, l = 0.5, u = 04, o, = 1/(n + 1) and

f(z) =0.1x.
e In the CDP Alg. 3.1, we choose v = 0.5,1 = 0.5, =04, 3, =1/(n+1) and
f(z) =0.1z.
The maximum number of iterations 200 is used as a common stopping criterion.
The numerical behaviors of D,, = ||, — z,—1] of all algorithms with four different

dimensions are reported in Fig. 3 and Table 3. Furthermore, this stopping criterion
is applicable if the algorithm converges superlinearly( see [12] for more detail.)

101(J

H$n+l - an

Dy, =

—=—RTDLD Alg. 4
-50 |- TSI Alg. 3
—e—CDP Alg. 3.1
—A—Qur Alg. 3.1

0 20 40 60 80 100 120 140 160 180 200
Number of iterations

FIGURE 3. The behavior of our Algorithm 3.1 in Example 4.3 (m = 500000)

TABLE 3. Numerical results of all algorithms with different dimen-
sions in Example 4.3

m = 500 m = 5000 m = 50000 m = 500000
Algorithms - p " cpy  p.  c¢PU D, CPU D,  CPU

Our Alg. 3.1 7.13E-57 0.0249 8.76E-57 0.1079 3.77E-57 0.4058 8.89E-57 13.8430
CDP Alg. 8.1 8.97E-27 0.0406 7.89E-27 0.127} 7.25E-27 0.5290 J.78E-26 13.9558
TSI Alg. 3 8.38E-13 0.0318 7.96E-13 0.1270 8.17E-13 0.4180 6.62E-13 15.0426
RTDLD Alg. 4 4.72E-10 0.0312 3.07E-07 0.1132 1.64E-03 0.4540 2.59E-02 19.2562

Remark 4.4. From Figs. 1-3 and Tables 1-3, we know that our algorithm has a
higher accuracy than some known methods in the literature [19, 10, 33, 44, 6] when
performing the same stopping criterion, and this result is independent of the size
of the dimension and the choice of the initial values. Therefore, our algorithm is
efficient and robust.
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