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1. Introduction

Let E be a Banach space with dual space E*. Recall that the generalized duality
mapping J, is defined by

Jo) = 1{z € E": (z,x) = |x||% ||zl = |x1"7"), Vx€E,

where (-, -) is the duality pairing between E and E*. If g = 2, then J; is called the
normalized duality mapping. Usually, we denote the normalized duality mapping
J> by J. From now on, we use j; to denote the single-valued generalized duality
mapping. Let U be a nonempty subset of E, and let T : U — U be a mapping. We
use Fix(T) to denote the fixed point set of T, that is, Fix(T) = {u € E : Tu = u}.
Recall that T is L-Lipschitz continuous if there exists a constant L > 0 such that

|Tu — Tv|| < L|lu—v|, VYuvel.

If L € (0,1), then T is called a contractive mapping. If L = 1, then T is called a
nonexpansive mapping. T is k -strictly pseudocontractive if there exists a constant
k € (0,1) such that

(Tu — Tv, jg(u—v)) < lu—=v||? — kl[(u=Tu) — (v =1, VYuvel,
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648 (&) Y.LUOETAL
for some j;(u—v) € J;(u—v). T is pseudocontractive if
(TM - TV,jq(l/l_V)> = ”u_V”q) v u,v e U;

for some Jjq(u—v) € Jg(u—v). T is strongly pseudocontractive if there existsak €
(0, 1) such that

(Tu — Tv, jg(u—v)) < kllu—v||%, Yuvel,

for some j;(u—v) € J;(u—v). One knows that « -strictly pseudocontractions are
K+1
Tk
contractive mappings is independent of the class of « -strict pseudocontractions
(see, e.g. [1,2]).

Approximating fixed points of nonexpansive mappings and their extensions,

Lipschitz continuous with constant L = and the class of strongly pseudo-

which is an important issue in nonlinear analysis and convex optimization, find
wide applications in signal processing, medical imaging, economics, traffic net-
works and so on. Recently, many authors have done a lot of extensive research
on nonexpansive mappings via iterative methods (see, e.g. [3-6]). Mann iterative
process is efficient and attractive for dealing with fixed points of nonexpansive
mappings

Xnt1 = AnTxy + (1 — Ap)xy, ¥Yn >0,

where {A,} is a real sequence in (0, 1) and T is a nonexpansive mapping. How-
ever, there is a flaw in this method that it is weakly convergent even in Hilbert
spaces. In fact, in practical applications, we prefer strong convergence results to
weak convergence results. A common way to obtain strong convergence results
is to approximate a nonexpansive mapping with the aid of contractive mappings.
In 2000, Moudafi [7] proposed a viscosity method for nonexpansive mappings
and gave strong convergent results in Hilbert spaces. After that, many authors
studied this method and extended it to Banach spaces (see, e.g. [8-10]). In par-
ticular, Qin etal. [11] introduced a splitting method and obtained its convergence
analysis in the setting of real Banach spaces. However, from the viewpoint of the
convergence speed, their method needed to be improved. In 1964, Polyak [12]
introduced an inertial extrapolation for solving the smooth convex minimiza-
tion problem. Later, this method was applied to accelerate the convergence speed
of various iterative algorithms (see, e.g. [5,13-16]). Recently, various algorithms
with inertial effects were studied in Banach spaces. In particular, Cholamjiak
and Shehu [15] proposed a splitting algorithm with inertial extrapolation for
inclusion problems in Banach spaces. In 2020, Shehu and Gibali [16] introduced
an inertial Krasnoselskii-Mann algorithm for finding fixed points of nonexpan-
sive mappings. A strong convergence was obtained for their inertial generalized
forward-backward splitting method.

In this paper, we propose four viscosity-type splitting algorithms with iner-
tial extrapolation for common solutions of the fixed-point problems of strictly
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pseudocontractive mappings and the inclusion problems of two accretive opera-
tors in uniformly convex and g-uniformly smooth Banach spaces. We give some
applications and numerical examples to illustrate the convergence efficiency of
our algorithms. It is worth noting that the mappings involved in our algorithms
are k -strictly pseudocontractive and accretive, which are more general than the
above results. The main results presented in this paper extend and complement
the recent results obtained in [11,15,16].

The structure of this paper is as follows. In Section 2, we give some lemmas,
which will be used in our convergence analysis. In Section 3, we present two weak
convergent splitting algorithms and two strong convergent splitting algorithms
for our common solution problems in Banach spaces. In Section 4, some appli-
cations and numerical examples are proposed. Section 5, the last section, is the
concluding remark of this paper.

2. Preliminaries

Let E be a real Banach space. The convex modulus of E is defined by the following
function:

8g(r) = inf {1 _ —2|_ i

cu,v €E ull = vl =1L [lu—v| = r},
which maps (0, 2] to [0, 1]. If §g(r) > 0 for any r € (0, 2], then E is a uniformly
convex Banach space. For any p > 1 and r € (0, 2], if there exists a constant x, >
0 such that 6g(r) > u,r?, then E is a p-uniformly convex Banach space. We see
from [17] that E is a uniformly convex Banach space if there exists a convex,
strictly increasing, continuous function v : [0, 4-00) — [0, +00) with ¢/(0) = 0
and

ltu+ @ = OvIP + A =)+ A = POy (lu—vI) < thull? + 1@ = Olv|P

forallu,v € B,(0) :={u € E: ||u|| < r}andt € [0, 1], where p>1andr>0are
two fixed real numbers. Particularly, we have

ltu+ (1 = OvII* + tQ — OY(lu—vl) < tlull®* + 1 = Hlv|*

Let {x,} be a sequence in E. Recall that E is said to satisfy the Opial condition if
whenever {x,} is a sequence in E which converges weakly to x as n — 00, then

liminf ||x, = x|| < liminf ||x, — y|, Vye€E, y#x
n—oo n— oo

Let B(0) = {u € E : ||u|| = 1}. The norm of E is Gateaux differentiable if

I lu+ vl — [lul
im ——
T—0 T
exists for each u, v € B(0). In this case, E is a smooth Banach space. In smooth

Banach space, J; is single-valued and strongly weak* continuous. The smooth
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modulus of space E is defined by

[+ tv]| + |lu — tv||
2

pE(t)={ —1:u,veE,||u||=||V||=1}»

which maps [0, +00) to [0, +00). If lim;_,¢ pET(t) = 0, then E is said to be uni-
formly smooth. For all >0 and g > 1, if there exists a v; > 0 such that pg(t) <
vgtd, then E is a g-uniformly smooth Banach space. Xu [17] proved that there
is no g-uniformly smooth Banach space with g > 2. It is obvious that every g-
uniformly smooth Banach space is uniformly smooth. It is known that J; is
uniformly continuous on bounded sets of uniformly smooth Banach spaces.

Let A : E — 2F be a set-valued operator and I be the identity operator on E.
The domain of operator A is denoted by D(A) = {u € E : Au # {} and the range
of operator A is denoted by R(A) = U{Au : u € D(A)}. Recall that A is accretive
if, for all u, v € D(A), there exists j;(u — v) € J4(u — v) such that

(U —=V,jg(u—v) >0, YueAu, VeA

If the range of I + rA is precisely E for any r > 0, then A is an m-accretive operator.
If A is an m-accretive operator, then the resolvent of A, which maps R(I 4 rA) to
D(A), is a nonexpansive single-valued mapping and defined by J4 = (I + rA)~!
for all r > 0. Recall that operator A is a-inverse strongly accretive if there exists a
constant & > 0 such that

(Au — Av, jg(u —v)) > a||Au — Av||,

forallu,v € Eand some j;(u — v) € J4(u — v). Itis easy to see that each ar-inverse
strongly accretive operator is accretive and é-Lipschitz continuous.

Let U be a closed and convex nonempty subset of E and let Q: E — U be
a mapping. Q is called sunny if Q(tru+ (1 — 7)Qu) = Qu for all u € E and
7 € (0,1). Qisaretraction of Eto Uif Q* = Qforallu € E. Qisa sunny nonex-
pansive retraction if Q is sunny, nonexpansive and a retraction onto U. In Hilbert
spaces, one knows that the sunny nonexpansive retraction Q coincides with the
metric projection from E to U. If Q : E — U is a retraction, then the following
statements are equivalent:

(i) Qissunny and nonexpansive;
(i) [1Qu—Qv||1 < (u—v,j(Qu — Qv)) forall u,v € E;
(iii) (u — Qu,ju(v — Qu)) < Oforallu € E,v € U.

Next, we list some necessary lemmas, which play a significant role in the
convergence analysis of our iterative algorithms.

Lemma 2.1 ([8,9]): Let U be a nonempty convex closed subset of a uniformly
smooth Banach space E. Suppose that T : U — U is a nonexpansive mapping
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with Fix(T) # 0, and f : U — U is a contraction. If x; is the unique solution of
the equation x; = (1 — ©)Tx; + tf(x;) for each T € (0, 1), then {x;} converges
strongly to a fixed point x* = Qgix(nf (x*), where QgiX(T) is the unique sunny
nonexpansive retraction from U onto Fix(T) ast — 0.

Lemma 2.2 ([17]): For each real q-uniformly smooth Banach space E, the follow-
ing inequality holds:

lu+vI9 < [[ull + q(v.jg(w) + vgllvll%, Vu,veE,
where vy is some fixed positive constant.

Lemma 2.3 ([11]): Assume that E is a g-uniformly smooth Banach space, and U
is a nonempty convex subset of E. Suppose that T : U — E is a k-strict pseudocon-
traction, and G : U — E is a mapping defined by G = tT + (1 — 1)I, where T €
(0, min{(Z—{;)q_l, 1}). Then G is a nonexpansive mapping, and Fix(G) = Fix(T).

Lemma 2.4 ([11]): Suppose that E is a uniformly convex Banach space. Then there
exists a strictly increasing continuous convex function ¢ : [0,00) — [0, 00) with
©(0) = 0 such that
alB + BPa
low + Bv + nzll? < allull? + BlIvIF + nllzllP — ————9(lu —v|),
(o + )P

where u,v,z € B,(0) := {x € E, ||x|| <1}, p>1 is a real number and a, B,n €
[0,1] such thata + B +n = 1.

Lemma 2.5 ([11]): Let U be a nonempty closed convex subset of a real uniformly
convex Banach space E, and let T : U — E be a continuous pseudocontractive
mapping. Then I-T is demiclosed at zero.

Lemma 2.6 ([18]): Let E be a real Banach space and A be an m-accretive operator.
Fora > 0 and A > 0, the following equality holds:

JjA (gx—i— (1 — g) ]g}x) =J4x, VxeE

Lemma 2.7 ([19]): Suppose that {t,} is a sequence of nonnegative real numbers,
{an} C (0,1) and {y,} is a sequence of real numbers. Let {s,} be a sequence of
nonnegative real numbers such that s,11 < (1 — ap)sp + Vn + T, Y 1 > L If

(i) limsup, . 2 < 0,302 gan = 00;

(i) D02y Th < 00,

then lim,_ o0 s, = 0.
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Lemma 2.8 ([20]): Let q> 1. Then, for any positive real numbers a and b, (ab) -
q
q<(@-1) b1 +al

Lemma 2.9 ([17]): Let E be a real Banach space. Then, for any u,v € E, the
following inequality holds: ||u + v||1 < q(v,jq(u + v)) + |ull9, where jo(u +v) €
Jq(u + v) is the generalized duality mapping.

Lemma 2.10 ([3]): Let E be a real uniformly convex Banach space, and let U be a
nonempty closed convex bounded subset of E. Then, for every nonexpansive map-
ping T: U — E and t € [0,1], there exists a strictly increasing and continuous
convex function ¥ : [0,00) — [0, 00) with ¥ (0) = 0 such that

[(tTu+ (1 —)Tv) — T(tu+ (1 — Ol < ¥ (lu— vl — (Tu — Tv)),
YuvelU.

Lemma 2.11 ([21]): Let {an}, {b,} and {&,} be sequences in [0, +00) such that
ny1 < an+by(ay —an—1)+&, Vn>1,

where Y 2 &, < +00. Suppose that there exists a real number b such that 0 <
b, < b < 1foralln € N. Then the following statements hold.

(1) Y02 [an — an—1l+ < 400, where [t]4 := max{t,0};
(ii) there exist a* € [0, +00) such that lim,_, 5 a, = a*.

3. Main results

In this section, the framework of Banach spaces is restricted to be uniformly
convex and g-uniformly smooth. Weakly and strongly convergent inertial split-
ting algorithms are proposed and investigated for the common solution of the
fixed point and inclusion problem. In order to obtain our main results, we always
assume that the following conditions hold.

Condition 3.1: Let E be a uniformly convex and g-uniformly smooth Banach
space with constant vy, and let U and V be two nonempty closed convex subsets
of E. Suppose the following assumptions hold.

(i) A:V — 2F is an m-accretive operator, and B: U — E is an «-inverse
strongly accretive operator;
(i) T:U — Eisa«k-strict pseudocontraction with Fix(T) # ¢;
(iii) Fix(T) N(A + B)~1(0) # @ and there exists a sunny nonexpansive retrac-
tion Qfmv fromEonto UNV.
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Condition 3.2: Suppose that {€,} {§,} and {p,} are real number sequences in
(0,1),and {6,} and {y,} are two sequences in (0, +00). Assume that the following
conditions are satisfied.

(i) 0 <liminf, o0 pn <limsup, , pn < land ) 2 pn = 00;
1

(ii) 0 <liminf, €, <limsup,_, €, < min{(';—g)qj, 1}
1
(iii) 0 < liminf,— o0 ¥u < limsup, ,  ¥n < (?)(—Z)q_l;

(iv) limy,_ o6, = 0.

Algorithm 1 The inertial splitting algorithm I.
Initialization: Let § € (0,1) and fix xp,x; € U N V arbitrarily.
Iterative Steps: Given the current iterators x, and x,_i, calculate x,y; as
follows:
Step 1. Compute §,, such that 0 < §,, < 4, where

0 0
* mln {8) ‘ > - } > xl’l - xl’l—l # Oa
8, = lxn — xn—1ll" llxn — xu—111 (1)
S, otherwise.
Step 2. Compute

Pn =Xy + On(Xn — Xn—1),
Zpn = enTpn + (1 - Gn)Pm
xnt1 = Qury (L= pu)J5y, (Pn — YuBpn + €n) + Pnzn),

where {e,} is a sequence with >0 ||e, | < oco.
Step 3. Set n <— n + 1 and go to Step 1.

Remark 3.1: By Condition 3.2 and (1), one deduces that lim,_, o &,[x, —
Xy—1]l = 0and lim,_, 5 % lxn — x4—1]] = 0. In fact, it easy to find that

lim 8,|x;, — x4—1]| < lim 6, = 0.
n—oo n— oo

Since 0 < liminf,, o py < limsup,_, . pn < 1, one gets

) 0
lim —2|x, — xp—1]| < lim — = 0.
n—oQ pn n— o0 pi’l
Theorem 3.1: Assume that E satisfies the Opial condition. Suppose that Con-
dition 3.1 and Condition 3.2 satisfied. Then the sequence {x,} generated by
Algorithm 1 converges weakly to some points in Fix(T) N(A + B)~1(0).



654 Y.LUO ET AL.

Proof: Step 1. We show that {x,,} is bounded. Take x* € Fix(T) N(A + B)~1(0).
Then

Ipn — x| < llxn — x|l + 8nllxn — xp—1ll. (2)
For all x,y € U, we find from Lemma 2.2 and Condition 3.2 that
I — yuB)x — I — VnB)y”q
vV | Bx — By||? — qyu(Bx — By, jg(x — ) + [lx — y||

IA

IA

VgVl Bx — Byl|? — qynat||Bx — By||9 + ||x — yll?
-1)

IA

e = Y19+ gy Y — aq)yallBx — By|d
< llx —y| . (3)

Hence, I — y,B is nonexpansive. It is easy to see that x* = Tx* = ]J’fn (x* —

YnX*Bx*) € UN V. Taking T,, = €,T + (1 — €,)I. By Lemma 2.3, we get that T},
is a nonexpansive mapping and Fix(T) = Fix(Ty). We yield from (3) that
x%ns1 = x| < 11 = )5, (Pn — YaBpn + €n) + pnTupn — x*||
< (1= p) I, (Pn — YuBpn + €n) — x*|| + pullx™ = Tupall
< (L= p)llpn = x* [l + pullpn — x*I + llenll
< llpn — x|l + llenll. (4)
Combining (2) and (4), we obtain that

lxnt1 — X < Nlxn — 21 + 8nllxn — X" = llxn—1 — ™D + lleall. (5

This together with Remark 3.1 and Lemma 2.11 gives that {||x,, — x™[|} is conver-
gent. Hence, {x,} is bounded. Inequality (2) implies that {p,} is also bounded.
Step 2. We show that w(x,) C (A + B)~1(0) N Fix(T), where w(x,) denotes
the weak accumulation set of {x,}. From Lemma 2.9 and (3), we can deduce that
|(Pn — vuBpn) — (x* — ynBx™) + eq||1
< | = yuB)pn — (I — yuB)x™||1
+ qlens jg((I — yuB)pn — (I — ynB)X" + ey))
< qlleall | = yuB)pn — I — yuB)x* + e, 7" + [|pn — x*|17
+ yu(vgvi " — )| Bpy — Bx*||. (6)

Let w, = ])‘f‘n (pn — YnBpn + en). Using the definition of the activeness of A and
Lemma 2.4 yields

&(Pn — VnBpn+en —wn  X* —yBx* —x*

lwy, — x*”q < |lwn — X+
2 Vn Vn

K
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(Wn —x*) + (I — VnB)Pn - - VnB)X* +ey) ”q
2

A

IA

1 g o 1 . .
S = X194 S = uBlpn — (L= yuB)x" + e

1
- E‘p(”(l - VnB)pn - - VnB)x* +en— (wy — x*)”)
<|Id - VnB)pn - - VnB)x* + en”q
1
= 59Ul = yuB)pn — (I = YuB)X* +en — (wy — O, (7)

where ¢ : [0,00) — [0, 00) isastrict increasing continuous convex function with
¢(0) = 0. Substituting (6) into (7) gives

lwn = x*117 < qlleall I = yuB)pn — I — yuB)x* + enll 7" + llpy — x* |17
— Vulaq — gy )IBpy — Bx* |4
— %w(ll(l — YuB)pn — (L — YuB)x* + ey — (wy — xH)[). (8)
Using the convexity of || - [|9, we get that
I%n41 = 217 < (1= pu)wn — x*[|7 + pull Tupn — ¥4
< llpn — x* 17 + qlleallll T — yuB)pn — (I — yuB)x™ + €417
— (1= pw)yu(@q — vyt HlIBpy — Bx*||4
~ A= 0l = vaBp
— (I = yuB)x* + &5 — (wy — ). 9)
Since
lpn — X9 = ot + 8n(tn — xn—1) — x*[|4
< (1% — 217 + q8n(xn — Xn—1,jqCen — X)) + Vg8 Ixn — X1l
and
q(xn — Xn—1,jq(%n — x)) < 150 — x* 7+ vgllxn — xa—1 19 — a1 — x*[1%,
we have

q
lpn = 2" 17 < llxn — 2" 17 4 vg(Sn + ) llxn — xp—1l?
+ 8n(llxn — X = llxn—1 — x*[|D)
<l — X"+ 2Vq5n||xn — xp—1l1

+ 8n(llxn — x*N7 = llxn—1 — x™||. (10)



656 Y.LUOETAL.
Substituting (10) back into (9) gives
%41 — 29 < llxn — x| 4 2048 l1x0 — X011
+ 8n(llxn — x*[|1 — [Ixp—1 — x™||)
+ qllealll = yuB)pn — (I — yuB)x* + €477}
—1
— (1 = pw)yulaqg — vy HIIBpy — Bx*||
1
- (- ,On)z_q@(“(l - VnB)pn
— (I — yuB)x" + ey — (wy — X)), (11)
which yields
—1
(1 — pu)yn(etq — vgyit )lIBpn — Bx*|?
< (I — x™19 = llxn1 — x*19) + 2vg8nllxn — xu—1 1|7
+ 8n(llxn — x™ 11 = llxp—1 — x|
+ qlleallll(I = yuB)pn — (I — yuB)x* + en]| 77" (12)

We see from Step 1 that {||x, — x*||} is convergent. Combining Condition 3.2,
Remark 3.1 and (12), we get

lim ||Bp, — Bx*|| = 0. (13)
n— 00

On the other hand, inequality (11) also implies that

(1= o) 55010 = YaB)pn = (I = yuB)%* + 0 = Owy = X))
< (lxn = 219 = llocnt1 — X9 + 2048l — xu—1 1
+ 8n(llcn — 2" = llxn—1 — x*(|)
+glleall|(I = yuB)pn — (I — yuB)x* + eql|T™". (14)
Similarly, we deduce from (14) that
lim Ipy — yuBpy + yaBx" — wall = 0. (15)
Since w,, = ];‘n (Pn — YnBpn + en), by (13) and (15), we have
Tim {|pn = Jy,, (pn — yaBpw) [l = 0. (16)
Using the uniformly convexity of E and Lemma 2.4, we get

Xp41 — x4

< pull Tupn — X*”q — Pn(1 = p) @I Tpxn — wyll) + (1 — pp) Wy — x*”q
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= Pn”Pn - x*”q + (1 - Pn)”(pn - VnBPn) - (x* - Van*) + en”q
— n(L = p)@ (I Tupn — wall). (17)
Combining (2), (6) and (17), we obtain
IXn4+1 — X" 19 < (Ixn — x| + Snllxn — x0—11DT — Pn(1 — p) @I Tupn — wall)
+ qlleall (I = yuB)pn — I — yuB)x* + e[| 7"
-1
+ Yu(vgyn  — aq)l|Bpn, — Bx*||9. (18)
This implies that

Pn(L = o) @I Tyupn — wall) < (|lxn — x*” + Sullxn — xn—l”)q — llxn+1 — x*”q

+ qllenll | (T = yuB)pn — (I — yuB)x* + e, 971
(19)

We deduce from (19) that lim,_, o || Tnpn — wall = 0. This together with (16)
yields lim,—, o0 || Tnpn — pull = 0. In addition, we find that

| Tyxn — xull = I Tnxn — npPn + Tnpn — Pn+DPn— xall
< 2llpn — xull + I Tppyn — pull

= 28nllxn — Xu—1ll + | Tupn — pull. (20)
Combining Remark 3.1 and (20), we have lim,_, oo || TnX, — x4|| = 0. Using the
definition of T,, we get that || Tx, — x,| = éHTnxn — x,||. Hence, by Condi-
tion 3.2, we get that lim,_, || Tx, — x,|| = 0. We see from Lemma 2.5 that

w(x,) C Fix(T). Without loss of generality, we assume that there exists a real
number r such that 0 < r < y,, for all n > 0. Since A is accretive, we have

0 < <xn —J5 (I = yaB)Xn  x, — JAU — B
Yn r
JaUip @ = yuB)xn — JH — rB)xn)> : (21)

This implies that

175, (I = yuB)xy — JA(I — 1B)x,|9

|Yn — 1| .
< ”y—u;‘n (I = YuB)xXn — X, jqUsp, (I = yuB)xn — JA-(I — B)xy))
n
lyn — 1| _
< ”y 175, = yuB)xn — xull 1T, (I = yuB)xn — JH(I — B)x, |77

n

(22)
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Inequality (22) can be expressed as

lyn — 7l

Vn

75, (I = yaB)xn — JAI — rB)x, || < 175, = yuB)xXn — Xl (23)

Therefore, by the triangle inequality of norms and (23), we can obtain

A = rB)xn — x|
< J5 (I = yuB)xn — xull + 15, (I — yuB)xn — JA (I — rB)xy |

s(hﬂ”‘”)%ﬂ—m&&—%w (24)

Vn

On the other hand, we see that

175, = yuB)xn — xa
=I5, = yuB)xy — J5 I = YuB)pn + T L = YuB)pn — P + pn — %all
< W, (I = yuB)xy — J5 (I = yuB)pall
+ 17, (I = YuB)pu — pull + lIpn — %nl
< 28ullxn — X1l + 175, = ¥aB)pr — pall.

This together with (16) and (24) yields lim,_, ||];4(I —rB)x;, — x|l = 0. In
view of Browder’s demiclosedness principle, we obtain that w(x,) C Fix(];4 I -
rB)) = (A + B)~1(0).

Step 3. We show that w (x,,) is a singleton. Suppose that {x,,} converges weakly
to x] and {x,;} converges weakly to x3, respectively. By Step 2, we have x7,x; €
Fix(T) N (A 4+ B)~1(0). Let us show x] = x5. Assume x} # x;. Applying the
Opial condition on the space E gives

liminf ||x, — x7 || = lim inf ||x,, — x|
n—o0 1— 00
< liminf ||x,, — x5 || = liminf ||x,, — x5 |
1—> 00 n— 00

= lim inf ||x,; — 3| < liminf |lx, — x{||
]*)OO ]*)OO
= liminf |lx, — x{].
n—oo
This is a contradiction. So, we have x| = x;. Therefore, we conclude that {x,}

converges weakly to an element of Fix(T) N (A + B)~!(0). This completes the
proof. |

If mappings T, A and B are defined on space E, then the sunny nonexpansive
retraction in Algorithm 1 can be removed.
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Algorithm 2 The inertial splitting algorithm II.
Initialization: Let § € (0, 1) and fix xo, x; € E arbitrarily.
Iterative Steps: Given the current iterators x, and x,_i, calculate x,4; as
follows:
Step 1. Compute d,,, such that 0 < §,, < &, where 6, is defined in (1).
Step 2. Compute

Pn=xn+ On(Xn — Xn—1),
Zy = enTPn + (1 - Gn)Pna
Xpp1 = (1 — pn)]An (Pn — VYnBpn + en) + PnZns
00

where {e,} is a sequence with ) "~ |le,|| < oo.
Step 3. Set n <— n + 1 and go to Step 1.

Corollary 3.1: Assume that E satisfies the Opial condition. Suppose that Con-
dition 3.1 and Condition 3.2 satisfied. Then the sequence {x,} generated by
Algorithm 2 converges weakly to some points in Fix(T) N(A + B)~1(0).

In the following, we introduce a strong convergence inertial algorithm for
common solutions in Banach spaces. It is worth noting that the Opial condition is
not necessary in our convergence analysis. Before that, we give some constraints
on the parameters.

Condition 3.3: Assume that {6, } and {y, } are real number sequences in (0, +00)
and {€,}, {na},{on} and {p,} are sequences in (0, 1) such that n, + p, + 0, = 1,
and

1
. .. . . Kq~\g—1
(i) 0< liminf, €, <limsup,_, €, < mln{(v—g)q 1.1}, ZZOZO [1—
< 00;
(i) 1My o0 70 = 0, 3520 10 = 00, 3170 |1 — N1 | < 003
(iii) liminf_, o pyoy, > 0, ZZ.;O |on — pnt1| < 00, ZZ‘;O lon — Ont1] < 003
1

€n+1
€n

(iv) 0< liminf, o ¥» < limsup,_, . ¥n < (‘i—g)ﬁ, ZZOZO |V — Yna1| < 003

(V) 0, = 0(ny), thatislim,_, z—’:’ =0.

Remark 3.2: By Condition 3.2 and (25), one deduces that lim,_, o §,|x, —
Xy—1]l = 0and lim,_, 5 3—'; lxn — xn—1]] = 0. In fact, it is easy to find that

) 0
lim =2 x, — xp_1]| < lim —= = 0.
n—oo n n— oo nn
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Algorithm 3 The inertial splitting algorithm III.
Initialization: Let § € (0,1) and fix xp,x; € U N V arbitrarily.
Iterative Steps: Given the current iterators x, and x,_i, calculate x,4; as
follows:
Step 1. Compute 8, such that 0 < 6, < 5, where

0 0
min {8 n L }, Xy — Xp—1 #£ 0,

b bl
8= lxn — xn—1ll " llxn — Xp—111

n

(25)
S, otherwise.

Step 2. Compute
Pn=xn+ On(Xn — Xn—1),
Zp = enTPn + (1 - En)Pm
Xn+1 = nglmv(nnf(xn) + Un]}én (Pn - Vann + eu) + pnzn),

where {e,,} is a sequence with > 7 [le,|| < oo.
Step 3. Set n <— n 4 1 and go to Step 1.

This implies that

lim 8yllxn — %411l = 0.
17— 00

Theorem 3.2: Suppose that Condition 3.1 and Condition 3.3 satisfied. Let f :
U — E be an h-contraction. Then the sequence {x,} generated by Algorithm 3
; * _ HUNV *
converges strongly to some points to x* = Qbix(T) (A +B)—1(O)f (x*), where
Qll:]ig(‘;)n(AjLB)*l(O) is the unique sunny nonexpansive mapping from UNV to
Fix(T) N(A + B)~1(0), that is, x* is the unique solution of variational inequality

(f(x*) — x*,jq(y — x*)) < 0 forall y € Fix(T) N(A + B)~1(0).

Proof: We split the proof into three steps.

Step 1. We show that {x, } isbounded. Forall x, y € U, we find from (3) that I —
¥aB is nonexpansive. For all x* € (A + B)~1(0) N Fix(T), we easily see that x* =
I+ ynA)I — yuB)x* = Tx*. Put T, = €, T + (1 — €,)I. By Lemma 2.3, we get
that T, is nonexpansive and Fix(T) = Fix(Ty). Fixing x* € (A + B)~1(0) N
Fix(T), we obtain

%1 — X"l
< nan(xn) - x*” + O—i’l”]}én (Pn — YuBpn + en) — x*” + onll Tupn — x*”
< Nullf Gen) = FOE N+ nallf () — 7|



OPTIMIZATION (&) 661

+ 0ull(pn — yuBpn +en) — I — VnB)x*” + onllpn — x*”
< hnallxn — x5l + (L= n)llpn — x| + nallf (°) — X"l + oullenll. (26)

Since
Ipn — x| < llxn — x| + 8ullxn — Xn—1ll,
we have from (26) that
%041 — X"l < (1 = na(1 = W)llxy — x| + (1 = 0)8nllxn — xn—1]
+ 0allf () = x| + onllenll
< (1= a1 = ) llxn — ™| + llenl

||f(x*) - x*” (1 = nu)éullxn — xp—1ll
+ 1—h + .
in€ )< 1—h na(l —h)
(27)

From Remark 3.2, we conclude that

1i (I = nw)dnllxn — xn—1l

im =0.
n—>00 Nn(1 — h)
1—n,)é — Xp_

Hence, there exists an My > 0 such that ( ) dnllXn = Xn—1 < M for all

Na(l — h)
n > 1. By using the mathematical induction, we get from (27) that

o0
+ Mo} + ) _ llenll < oo.

n=0

lxp+1 — x| < max{||xo — x

o If (x*) — x*||
’ 1—h

This implies that {x,} is bounded. By (2), we see that {p,} is also bounded.
Step 2. We show that limsup, ,  (f(X) — X,j4(x, — X)) <0, where x =

Qg&‘é) N(ALB)-1 (O)f (%). Since Fix(T) N(A + B)~1(0) is convex and closed, and E

is uniformly convex and g-uniformly smooth, we conclude that the sunny non-
expansive retraction onto it exists since this set can be viewed as the fixed point
set of some nonexpansive mappings. Taking ¢, = py — vuBpn + en, we have

1$n = Ent1ll < 1P — YnBpn + €n) — (Pnt1 — Yn+1Bpnt1 + ent1) |l
< [1(Pn — Yn+1Bpn + ent1) — (Pn+1 — Vnr1Bpnt1 + ent) |l
+ 1(pn — YnBpn + €n) — (Pn — Vnr1Bpn + ent )|l
< Npnt1 = pall + [¥nt1 — vall Bpall + llenall + lleall.  (28)

By the definition of z,, we further have
”Zn-i-l - Zn” =< ||Tn+1pn+1 - Tn—l—lpn” + ”Tn—HPn - Tnpn”

€n
) T — pal (29)

=< ”pn—H _an + Il -

n
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and

1Xn+2 — Xp41ll < 77n+1||f(xn+1) _f(xn)” + M1 — 77n||Lf(xn)||

A A A
+ Un+1 ”]yné'n - ]yn+1 {T’l-}—l ” + |6n+1 - Unl ”]yn §n||

€n+1
+ pnt1Ulpnt1 — pull + 11 — W Tnpn — pall)
n
+ |pnt+1 — paulllzall- (30)
From Lemma 2.6 and (28), we obtain that
WA = T2 Gl = W2 6w = T2 (L + (1 = L2972 )l
" " " " Va1 Y1 T
Vn Yn ;A
<len = (&1 + (1A - Wy Sn Dl
Vn+1 Vn+1
1Vn — Va1l lSnp1 — ]An Sl
< fotl + 1150 = Lnl
Yn+1
1Vn = Ynt+1lll$ns1 — ];1"“ Cnprl
= + ||pn+1 _pn”
Yn+1
+ [Vnt+1 — ValllBpall + llent1ll + lleanll. (31)

Substituting (31) into (30), we get

lXn+2 — Xnt1ll
< pp1lXn41 — Xl + 1001 — Nl lf e | + Va1 — vl Bpall
¥n = Yorr &1 = T3, Cn
Vn+1

+ lonsr = onl 15, Call + (1 = gD pr1 — Pall

Entl
z |||Tnpn _Pn” + |Pnt1 — pn|||TnPn||- (32)
n

+ llens1ll + lleall

+1-

By the definition of p,, we have
Ipn+1 = Pull = 1Gtnt1 + Snp1 (Xng1 — Xn)) — (xn + Sn(xn — xp—1)) |l
< xn+1 = Xnll + Snt1llxnt1 — Xnll + Snllxn — x0—1ll.  (33)
We deduce from (32) and (33) that
X042 — Xpt1l

<Q1- 77n+1(1 - h))”xn-i-l — Xl + |77n+1 - 77n|||f(xn)||

A
1Vn = Yat1ll1Snt1 — ]yn+1§n+1”

Vn+1

+ Va1 = ValIBpull + llent1ll + llenll
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€n+1
+ lonyr — Unlllfﬁné“n” +[1— Z N Tnpn — pall + [ont1 — palll Tupall
n
+ Ont1llxXng1 — Xnll + Snllxn — xp—1l. (34)

Combining Condition 3.3, Remark 3.2 and Lemma 2.7, we get that lim,_,
|Xn+1 — x4|| = 0. Setting p = 2 in Lemma 2.4, we have

a1 — X% < 7allf Cen) — X517 + 0ullTy 00 — x*|1
+ oull Tupn = X% = 0non@ (15, ¢ — Tupul)
< floew — X1 + 2nallxn — x [ 1F °) = x| + nallf (") — x*|1?
+ oullenll® + 20ullpn — x*lllenll = onpn@(1J5, &n — Tupull)
+2(1 = 0w)8ullxn — xu1 1 — X* 1+ 1 = 0 llxn — x01[1%.
This is equivalent to
onpn (175 &n = Tupll)
< tn = 2712 = llxngr — 1% + 20nlln — A7) — 27
+ 1allf ) — x° + oullenll” + 200l pn — x| [lenl]
+2(1 = 00)8ullxXn — a1l — x| + (1 = n)llxn — xu1 % (35)
Combining Condition 3.3, Lemma 2.4 and Remark 3.2, we conclude that
Jim (1]5, & = Tupull = 0. (36)
In addition, we also have
75 & = pall < Ixns1 = T3 Eull + [Xn1 — Pall
< allf en) = I, Eull + ol Tupn — T2 Cll
+ lxn+1 — Xl + ullxn — xp—1ll.
Hence,
Jim ]3¢0 = pall =0, (37)

due to the facts thatlim,_, o 7, = 0, {x,,} and {p,,} are bounded, f is a contraction
and ];fn is nonexpansive. We can also get from (36) and (37) that

nll{go ||Tnpn _Pn” = 0. (38)
Observe that

I Tyxn — xull = I Tnxn — Tnpn + TnPn —Pn+DPn— Xl
< 2llpn — xull + I Tppyn — pall
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= 20u 1% — xp—11l + ||Tnpn _Pn”- (39)

By Remark 3.2 and (39), we have

lim ||T,x, — x,|| = 0. (40)
n—oo
By the definition of T, we see that ||Tx, — x,|| = éHTnxn — x,||. Hence, it

follows from Condition 3.3 that
lim || Tx, — x,|| = 0. (41)
n— oo

Using Lemma 2.5, we have w (x,,) C Fix(T). Without loss of generality, we assume
that there exists a real number r such that 0 < r < vy, for all n > 0. Since A is
accretive, we have

Vn r
JaUsp @ = yuB)xn — JH(I — rB)xy)) > 0. (42)

<xn — ],‘;‘n (I —yuB)xn  x, — JA(I — rB)xy,

This implies that

175, = yuB)xn — JA(I — rB)x, |17

= 1l |
< PTG (1 = 1By — X jg U (T = yuB)x — JAU = rB)x,)
n
Iy — 1l )
< R A (= yuB)xw — xallITA (T = yuByxn — JAT — rB)x, 97"

n

(43)
So, it follows from (43) that

lyn — 7l

n

175 (I = yuB)xy — JA(I — rB)xy|| <

175, = yuB)xXn — Xl (44)
Using the triangle inequality of norms and (44), we can obtain

A = rB)xy — xall < 15, (I — yuB)Xn — xall
+ 17, (I = yuB)xn — JA(I — 1B)x,|

=< <1 + |J/ny_ 7’|) ||]?H(I — VnB)xn — Xull. (45)

n

On the other hand,

75, — yuB)xn — xu

= 175, = yuB)xn — J (I = YuB)pn + T L = YuB)pn — P + pn — %all
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< 175, = yaB)xn — J§, (I = yuB)pal

+ 175, (I = ¥uB)pn = Pull + lpn — xal
< 28ul1x%n = Xn1 |l + 175, (T = yaB)Pw — pall
< 28nll%n — xu—1 ]l + 17,20 — pall + llenll.

This together with (37) and (45) yields that

lim [|JA(I — rB)x, — x|l = 0. (46)
n—0o0

Let S=1—-10)T,+ r]f(l — rB), where 7 € (0,1). In view of Lemma 2.3, we
have that S is nonexpansive and Fix(S) = Fix(T,) N Fix(]f‘ (I —rB)) = Fix(T) N
(A + B)~1(0). Since

1S, — %l < (1 = )| T — xall + T2 = 1B)xn — x4,
we get from (40) and (46) that
lim ||Sx, — x,|| = 0. (47)
n— oo

Since f is a contraction and § is a nonexpansive mapping, we see that (1 — 1)S +
Af is contractive, where A € (0, 1). Thus, it has a unique fixed point, denoted by
x*. That is,

X = (1= 1)Sx* + Af(x™).

Let ¥ = limy_, o x*. From Lemma 2.1, we get

QU QuAVv -
= Qpixsyf O = QU py-1 0)nrixcry )

where QU A +B) 1(0)Eix(T) 1S the unique sunny nonexpansive retraction of U NV

onto (A 4+ B)~1(0) N Fix(T). Hence, one obtains

1 — 6|9 = A(F (M) = s g (! — %)) + (1 = A)(SK — Xy (6" — %))
= M{f(") — 1 jg (0" — x)) + (6" = x0, jg (X — x)))
(1= DUSK = Sxnjg (0" — X)) + (Sxn — X jg (" — X))
< M) = 5 jg (2 — x)) 4 At — x|
+ (1= 2)[1Sx* — Sl [|x* — x|
+ (1= )ISxn — Xl 6" — x|
< M) — b jg (o — x)) + 12 — %1
+ I = xall 71 Sx0 — Xl (48)
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From (48), we see that

A q—1
(" — (), jg (o — x0)) < %u&cn sl (49)

Fixing A and letting n — oo in (49), we conclude from (47) and (49) that

lim sup(xA —f(xk),jq(xA —x,)) <0. (50)

n—oo

Since E is g-uniformly smooth, one asserts that the limits limsup,_, . and
lim sup, _, ; are interchangeable. Hence, it follows from (50) that

lim sup(f (x) — X, j4(x, — X)) < 0. (51)
n—oo
Step 3. We show that lim,,_,  [lx, — X|| = 0. Since QIE“]iQ(‘”ll“)ﬂ(A+B)*1(O) is a sunny

contraction, one gets

1xn11 — X9 < (af n) + OuJ)y, (Pn — YuBPn + €n)

+ onTnpn — % jq(xnt1 — X))

< M {f (n) = F @) jqCen1 — ) + 0 {fF) — % jg(ns1 — )
+ 0ullT (P — YuBpn + en) — & 1 xng1 — X[|97
+ oull Tupn — %l |xp41 — X[ 77"

< Nuhllxn — Xl 1%ng1 — X171+ 0alf ) — X, jg(Kns1 — X))
+ oullpn — Zllxns1 — X177 + pullpn — Zlll|xng1 — %77
+ llenlll%ns1 — %97 (52)

From (2) and (52), we have

%41 — X7 < (1 = (1 = W) |xn — Xl xp41 — X7
+ 1 (f(X) = %, jg(Xnt1 — X))
+ Sulln — xp—1 [ 1%np1 — %97
+ Sulltn — xp—1 11 — %97
+ llenllll%ns1 — %197 (53)
By Lemma 2.8, we get that
%41 — X7 < (1 = (1 = W) |xn — X7 + 0aq{f ) — X, jg(Xns1 — X))
+ @8 llxn — Xn—1 [l lxng1 — X177
+ g8nllxn — xn—1 1 xn1 — X197

~ng-1
+ qllenllllxn+1 — X177



OPTIMIZATION (&) 667

We see from Lemma 2.7 that lim, ., ||X, — X|| = 0. This completes the
proof. |

If mappings T, A and B are defined on space E, then the sunny nonexpansive
retraction in Algorithm 3 can be removed.

Algorithm 4 The inertial splitting algorithm IV.

Initialization: Let § € (0, 1). Let xo, x; € E be arbitrary.

Iterative Steps: Given the current iterators x, and x,_1, calculate x,4; as
follows:

Step 1. Compute §,, such that 0 < §,, < 6, where 8, is defined in (25).

Step 2. Compute

Pn =%y + On(Xn — Xn—1),
Zp = EnTPn + (1 — €)pns
Xn4+1 = nnf(xn) + Un];\n (pn — YnBpn + en) + PnZns

where {e,} is a sequence with Y72 [, || < oo.
Step 3. Set n <— n + 1 and go to Step 1.

Corollary 3.2: Suppose that Condition 3.1 and Condition 3.3 satisfied. Let f :
U — E be a h-contraction. Then the sequence {x,} generated by Algorithm 4
converges strongly to some points to

* _ NnE *
X" = Qpigery na+n) 10 *>

where ng(T) N(AL+B)-1(0) S the unique sunny nonexpansive mapping from E to
Fix(T) N(A + B)~1(0), that is, x* is the unique solution of variational inequality

(f(x*) — x*,jo(y — x*)) < 0 for all y € Fix(T) N(A + B)~1(0).

4. Numerical results

In this section, we provide some numerical examples to demonstrate the com-
putational performance of the suggested algorithms. In the following examples,
since the related operators are defined in the whole spaces, we choose Algorithm 2
and Algorithm 4 for our numerical experiments. All the programs were imple-
mented in MATLAB 2018a on a Intel(R) Core(TM) i5-8250U CPU@1.60 GHz
computer with RAM 8.00 GB.

Example 4.1: Let h and g be two convex, lower semi-continuous functions such
that h is differentiable with L-Lipschitz continuous gradient, and the proximal
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Figure 1. Compare the behaviour of Algorithm 2 and Qin et al.'s algorithm under different initial
values. (a) Case | and (b) Case Il.

mapping of g can be computed. The convex minimization problem is to find x*
such that

h(x*) + g(x*) < h(x) + g(x), Vxe€ H.

Taking A := Vh and B := dg, then the convex minimization problem can be
reduced to the following inclusion problem: find x* € H such that

0 € Vh(x*) + dg(x"),

where Vh is a gradient of & and dg is a subdifferential of g. Let T : R> — R®
be a mapping defined by Tx = %x — sinx. We see that T is i—strict pseudo-
contractive. Now we solve the following convex minimization problem:

mirg ||x||% + |lx|l1, such that x* € Fix(T), (54)
XER

where x = (x1,%2,x3) € R3. Let h(x) = ||x||% and g(x) = ||x|l;. We obtain that
Vh(x) = 2x. It is known that

I+ rag)_lx = (max({|x;| — r, 0}sign(x1), max{|xz| — r, 0}sign(xy),

max{|x3| — r, 0}sign(x3)).

In case 1, we solve convex minimization problem (54) by Algorithm 2 and
Theorem 2.1 in [11] (denoted by Algorithm Qinl). The iteration number
N =50, E, = ||x, — x,—1]| and the other parameters are chosen as follows. In
Algorithm 2, we choose e, =0, 6, = ,,Tl.z’ 8§ =0.2,8,=0.58% p, =03, y, =
0.1 and €, = 0.45. The parameters selection in Algorithm Qin1 is consistent with
Algorithm 2. We consider two different initial values (Case I: xo = (—1,—3,1)
and x; = (0.5, —1.5,0.5), Case II: xg = (10,2.5, —8) and x; = (—2.5,—1,2.5))
and the numerical results are shown in Figure 1.
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Figure 2. Compare the behaviour of Algorithm 4 and Qin et al.’s algorithm under different initial
values. (a) Case lll and (b) Case IV.

In case 2, we solve convex minimization problem (54) by Algorithm 4
and Theorem 2.2 in [11] (denoted by Algorithm Qin2). The iteration num-
ber N = 50, E,, = ||x, — x,—1]| and the other parameters are chosen as follows.
In Algorithm 4, we choose f(x) = %x, 0, = #, § =0.1, §, =0.56% ¢, =0,
On = pyn = 2(++1), Ny = HLH, vn = 0.1 and €, = 0.45. The parameters selec-
tion in Algorithm Qin2 is consistent with Algorithm 4. We consider two dif-
ferent initial values (Case III: xg = (1, —4,1) and x; = (0.5, 3.5, 1.5), Case IV:
xo = (—3,3,—1.5) and x; = (1, —1, 3)) and the numerical results are shown in
Figure 2.

In the experiments, we choose the same iteration number and different ini-
tial values. It is clear from the experiments that Algorithm 2 and Algorithm 4
outperform Algorithm Qinl and Algorithm Qin2 in the number of iterations,
respectively.

Example 4.2: Suppose that H; and H; are two real Hilbert spacesand S : H; —
H, is a bounded linear operator with the adjoint S*. Suppose that C and Q are
two nonempty closed convex subsets of H; and H», respectively. In this example,
we concern the following split convex feasibility problem:

Find x* € C such that Sx* € Q. (55)

Taking Ax = V(5 Sx — PSx||?) = $*(I — Pg)Sx and B = dic, then (55) can be
written in the form as follows:

Find x* such that 0 € A(x*) + B(x™). (56)

It is clear that A is 1-Lipschitz continuous and B is maximal monotone.

In this example, we set Tx(t) = x(t), H; = Hy = L,([0,2]) with the

inner product (x,y):= fozn x(t)y(t)dt and the associated norm |[x||; :=
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1
( fozn |x(t)|? dt) 2. The half-spaces are defined as

2
C= {x € L2([0,2n])|/ x(t)dt < 1} ,
0
and
2
Q= {x e Ly([0, 2n])|/ Ix(t) — sin(f)|? dt < 16} .
0

Define a linear continuous operator S: L,([0,27]) — L,([0,27]), where
(Sx)(t) := x(t). Then (S*x)(t) = x(t) and ||S|| = 1. Now, we solve problem (55).
Since (8x)(t) = x(t), problem (55) is actually a convex feasibility problem:

findx* e CNAQ.

Moreover, it is easy to see that x(t) = 0 is a solution. Hence, the solution set of (55)
is nonempty. For our numerical computation, we write the projections onto set
C and the projections onto set Q as follows, respectively (see [22]):

2w
1— t) dt m
0

JA () = Pely) = 4 -
2 / y(t)dt < 1
0
sin(t) + 4
\/ J27 1x(t) — sin(r)2dt
27
PQ(¥) =1 (x — sin(t)), / Ix(t) — sin()|? df > 16,
0
2w
X, / Ix(t) — sin(f)|* dt < 16.
0

The error of the iterative algorithms is denoted by

1 2, 1 :
En = 2 IPc (xn) — xall5 + 2 ||PQ (S (xn)) — S(xn)||2'

In this numerical experiment, we use the two algorithms mentioned in Exam-
ple 4.1 to solve (55). The parameters of these algorithms are the same as those sets

2
in Example 4.1. We consider four different initial Values xoand x; (Case Lxy = %,
X = 10, Casell: xg = &, x1 = 50, Case III: xy = 15, x] =sint + 3= 30, Case IV:
Xp = 10, xp =sint+ = ) The numerical results are reported in Figures 3 and 4.

It can be seen from Flgure 3 and 4 that the two algorithms with inertial terms
proposed in this paper converge faster than the algorithms without inertial terms
suggested by Qin et al. [11].

Finally, we give an example that occurs in a Banach space. In this example,
we compare the behaviour of the proposed algorithm (Algorithm 4) and Shehu
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Figure 3. Compare the behaviour of Algorithm 2 and Qin et al.’s algorithm under different initial
values. (a) Case | and (b) Case Il.
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Figure 4. Compare the behaviour of Algorithm 4 and Qin et al.'s algorithm under different initial
values. (a) Case lll and (b) Case IV.

and Gibali’s algorithm [16]. Since Algorithm 2 is the same as Shehu and Gibali’s
algorithm, in this case, we only compare the behaviour between Algorithm 4 and
Shehu and Gibali’s algorithm.

Example 4.3: Let E = ¢3>(R) defined by ¢3(R) := {x = (x1,%2,%3,...),%; €
R: Z?il |x;|* < 0o}, with norm || - ||y : £> — [0,00) defined by x|l =
1

(Z;ﬁl |xi|?)3, for arbitrary X = (x1, %2, %3, . ..) € £. It is known that £ is a uni-
formly convex and 2-uniformly smooth Banach space but not a Hilbert space.
Let A: ¢> — ¢ and B : €3 — ¢> be two mappings defined by

Ax = 5x

and

Bx =2x+(1,1,1,0,0,0,0,...),
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respectively, where x = (x1,x2,x3,...) € £3. Now we show that A is an
m-accretive operator and Bis a 1/2-inverse strongly accretive of order 2 operator.
In fact, let x, y € €3, then we get

(Ax — Ay, ja(x — »)) = 5(x — y.ja(x — »)) = 5llx — ylI2;
and R(I + rA) = ¢3 for all r > 0. We also have
(Bx — By, j2(x — y)) = (2x — 2, jo(x — p))
= 2l =yl = 5 1Bx — Byl
On the other hand, for all > 0, we have

]f\(x —1rBx) =+ rA)_l(x — rBx)
1-—2r r
= X —
1+ 5r 1+ 5r

1,1,1,0,0,0,...),

where x = (x1,x2,%3,...) € £>. We compare the proposed algorithm (Algorithm
4) with the Algorithm 1 of Theorem 3 in [16]. Set T'(x) = x in our Algorithm 4
and keep the other parameters the same as in Example 4.1. Take 6 = 0.1, ¢, =
1/n?,6, = 0.50,,r = 0.1 and A, = 1/n for Shehu and Gibali’s Algorithm 1 [16].
The maximum number of iterations 200 is common stopping criterion and D,, =
|xn — xu—1l¢3 is measure of the error at the nth iteration step. In order to test the
robustness of the proposed algorithm, we choose four different initial values as
follows. The numerical behaviour of all algorithms for different initial values are
shown in Figure 5:

(i) xo = (0.6787,0.7577,0.7431,0,0,0, . . .),
x1 = (0.3922,0.6554,0.1711,0,0,0, .. .) ;
(ii) xo = (7.6551,7.9519,1.8687,0,0,0,...),
x1 = (4.8976,4.4558,6.4631,0,0,0,...) ;
(iii) xo = (37.5633,12.7547,25.2978,0,0,0, . . .),
x1 = (34.9538,44.5451,47.9645,0,0,0,...) ;
(iv) xo = (61.6044, 47.3288,35.1659,0,0,0,...),
x1 = (83.0828, 58.5264, 54.9723,0,0,0, .. .).

It is easy to check that the solution of the inclusion problem 0 € (A + B)x* is

=m0 {(5 5000 )]
x*=A+B)(0) = ——,——,—;,0,0,0,... .

The approximate solution obtained by our Algorithm 4 in (iv) is
x* = (—0.14131868, —0.14131868, —0.14131868, 0,0, 0, . . .).

It can be seen from Figure 5 that the suggested algorithm (Algorithm 4) converges
faster than Algorithm 1 presented by Shehu and Gibali [16], and the results are
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Figure 5. Compare the behaviour of Algorithm 4 and Shehu and Gibali’s algorithm under differ-
ent initial values. (a) Case (i), (b) Case (ii), (c) Case (iii), (d) Case (iv).

independent of the choice of initial values. Therefore, the algorithm proposed in
this paper is efficient and robust.

5. Conclusions

In this paper, we proposed the inertial splitting algorithms for solving the com-
mon solution problem. Weak and strong convergence theorems are established
in uniformly convex and g-uniformly smooth Banach spaces, for example, L,
with 1 < p < 00. One of the highlights is that our new algorithms converge faster
than the associated ones from the viewpoint of numerical computation. The other
highlight of this paper is that our new algorithms work for the class of «-strictly
pseudocontractive mappings, which include the class of nonexpansive mappings
as a special case. The main results presented in this paper extend and complement
the recent results obtained in [11,15,16].
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