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MSC: Two modified double inertial proximal point algorithms are proposed for solving variational
47H06 inequality problems with a pseudomonotone vector field in the settings of a Hadamard manifold.
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Weak convergence of the proposed methods is attained without the requirement of Lipschitz

2;;211 continuity conditions. The convergence efficiency of the proposed algorithms is improved with
the help of the double inertial technique and the non-monotonic self-adaptive step size rule.
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We present a numerical experiment to demonstrate the effectiveness of the proposed algorithm
compared to several existing ones. The results extend and generalize many recent methods in
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1. Introduction

The variational inequality problem (VIP for short) is one of the most important theories in applied mathematics. It serves as
an effective tool for studying various problems, including equilibrium problems, PDE boundary value problems, and optimization
problems (see, e.g. [1]). Such a problem in the setting of a real Hilbert space H is to find a point w € D such that

(Fw,y—w) >0, VyeD, (1.1)

where F: D — H is a mapping with D C H. To approximate the solution of (1.1), Korpelevich [2] proposed the following
extragradient method (in short, EGM):

z, = Projp(w;, — AFwy),
Wiy = Projp(wy — AFz)),

where 4 € (0,1/L), Projp(w) represents the projection of w on D, and the operator F is monotone and L-Lipschitz continuous. Note
that the efficiency of the EGM can be affected by the complex structure of the feasible set D or the condition on the operator F. To

* Corresponding author.
E-mail addresses: bingtan72@gmail.com (B. Tan), hammed.abass@smu.ac.za (H.A. Abass), jyulsx@163.com (S. Li), Oyewoleolawalekazeem@gmail.com
(O.K. Oyewole).

https://doi.org/10.1016/j.cnsns.2025.108734
Received 5 September 2024; Received in revised form 29 January 2025; Accepted 23 February 2025

Available online 3 March 2025
1007-5704/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
https://orcid.org/0000-0002-4236-3278
https://orcid.org/0000-0001-7911-2758
mailto:bingtan72@gmail.com
mailto:hammed.abass@smu.ac.za
mailto:jyulsx@163.com
mailto:Oyewoleolawalekazeem@gmail.com
https://doi.org/10.1016/j.cnsns.2025.108734
https://doi.org/10.1016/j.cnsns.2025.108734

B. Tan et al Communications in Nonlinear Science and Numerical Simulation 145 (2025) 108734

overcome this drawback, Censor et al. [3] proposed the following subgradient extragradient method:
z; = Projp(wy, — AFw,),
{Wk+l = Proka(wk — AFzp),
where T}, := {x € H: (w, — AFw;, — z;,x — z;) <0} and A € (0,1/L). They considered a projection onto a half space instead of the
second projection in the EGM to accelerate the convergence of the method. Moreover, Tseng [4] proposed the following algorithm:
z, = Projp(w;, — AFwy),
{wk“ =z, — AFz, — Fwy),
where 4 € (0,1/L). Note that the Tseng extragradient method only needs to compute the projection once in each iteration. In

addition, the projection and contraction method proposed by He [5] also only needs to calculate the projection on the feasible set
once in each iteration. The iterative process of the algorithm is as follows:

z; = Projp (wy — AFwy),

Vi = wy — 2, — A (Fw, — Fz,),
|2

P = (Wi = 20 0/ || 9%
Wiy) = Wy = TAF Y,

s

where 7 € (0,2) and 4 € (0, 1/L). Under some suitable conditions, weak convergence theorems for the three algorithms in [3-7] are
established.

In recent years, there has been an extension of various theories and techniques related to optimization and nonlinear analysis
from linear spaces to manifolds; for instance, the concepts of variational inequalities and equilibrium problems have been studied and
extended from linear spaces to manifolds (see, e.g. [8-10]). It is worth noting that extending the theory and results of linear spaces
to Riemannian manifolds offers several significant advantages; such as, non-convex optimization problems can be transformed into
convex problems and constrained problems can be reduced to unconstrained problems on Riemannian manifolds, and non-monotone
vector fields can be transformed into monotone vector fields on manifolds by choosing a suitable Riemannian metric. In general, a
manifold does not possess a linear structure and when we replace linear spaces with Riemannian manifolds (in particular, Hadamard
manifolds), the line segment is replaced by a geodesic. Many known properties and techniques in the linear setting do not hold in
the settings of manifolds. Therefore, the extension of the concepts, techniques, and results for various problems from linear spaces
to nonlinear manifolds is natural and interesting.

Variational inequality problems on Hadamard manifolds were first introduced and established by Németh [8] for single-valued
vector fields. In the settings of a Hadamard manifold, the VIP is to find w € D such that

Fuw, exp’,l y>0, VyeD, (1.2)
w

where D is a nonempty, closed, and geodesic convex subset of a Hadamard manifold B, F: D — TB is a vector field, TB is the
tangent bundle of 53, and exp~! : B — T is the inverse of the exponential map. We denote the solution set of (1.2) by VIP(D,F).

Since the inception of VIP on Hadamard manifolds, several authors have proposed different iterative algorithms for solving the
VIP (1.2). There are two types of methods to solve VIP (1.2) on Hadamard manifolds: one is based on proximal point algorithms,
and the other is based on extragradient-type methods. In 2009, Li et al. [9] introduced the proximal point algorithm for the
singularity of a maximal monotone vector field on Hadamard manifolds. They proved that the proposed algorithm is also valid
for variational inequality problem (1.2) whenever the vector field F is monotone. It is known that many non-monotone problems
are encountered in the real world and it is therefore of great importance to investigate the theory and methods for non-monotone
(such as pseudomonotone) problems. In 2013, Tang et al. [11] introduced a proximal point algorithm to solve pseudomonotone
variational inequality problems on Hadamard manifolds. Recently, Ansari and Uddin [12] proposed two adaptive algorithms for
solving the monotone inclusion problem in Hadamard manifolds. The first algorithm uses an Armijo-type step size, while the
second one uses a non-monotonic step size criterion. The robustness and good convergence characteristics of the algorithms in [12]
have been shown by both theoretical analysis and numerical experiments. On the other hand, Ferreira et al. [13] proposed an
extragradient algorithm with an Armijo-type step size to solve the VIP (1.2). Subsequently, Tang and Huang [14] introduced a
modified extragradient algorithm to find solutions for pseudomonotone variational inequality problems on Hadamard manifolds.
In addition, Tang et al. [15] proposed a projection-based extragradient algorithm to solve variational inequality problems with
pseudomonotone and continuous vector fields. Recently, Sahu et al. [16] explored an iterative scheme based on the extragradient
algorithm to solve VIP (1.2). Under some suitable conditions, they proved that the proposed algorithm could be applied to monotone
or non-monotone variational inequality problems. Furthermore, they demonstrated the computational advantages of the proposed
algorithm compared to the algorithms in [14,15] through a numerical experiment. For more algorithms used to solve VIP (1.2),
one can refer to [17,18]. On the other hand, it is worth noting that the convergence rate of algorithms is crucial when solving
optimization problems. To accelerate the convergence speed of iterative algorithms, Polyak [19] proposed an inertial extrapolation
method based on the discrete form of second-order dissipative dynamical systems, which takes the form w; + ; (w; — w,_,), where
Py is called the inertial parameter. In [20], it is mentioned through an example that a single-step inertial extrapolation might
not provide acceleration. Recently, some methods based on double inertial techniques have been proposed to address variational
inequality problems in real Hilbert spaces; see, e.g., [21-24]. These methods have been validated in numerical experiments to be
more computationally efficient compared to some single-step inertial methods.
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Note that the results on pseudomonotone variational inequalities are limited due to the nonlinearity of manifolds and also the
stepsizes used in most of these results depend on the Lipschitz constant of the vector field F. In this paper, we consider the uniform
continuity condition on the vector field F, which is a weaker notion than the Lipschitz continuity condition, since it is noted that the
latter can be difficult to compute. To the best of our knowledge, the proximal point algorithm has not been employed for solving
variational inequalities involving a pseudomonotone and uniformly continuous vector field in Hadamard manifolds.

Motivated by the results described above, we propose two modified proximal point methods together with a double inertial
technique for solving variational inequalities associated with a pseudomonotone and uniformly continuous vector field in Hadamard
manifolds. Unlike many of the existing results in the literature, our proposed methods do not require the Lipschitz continuity
assumption of the vector field. We incorporated our proposed methods with a suitable self-adaptive step size technique that generates
a nonmonotonic sequence and is independent of the Lipschitz continuity modulus of F. The results discussed in this paper generalize
the algorithms of Ansari and Uddin [12], Ferreira et al. [13], Tang and Huang [14], Tang et al. [15], Sahu et al. [16], and many
related methods in the literature.

Our paper is organized as follows. Some important definitions and preliminary results for further use are given in Section 2.
In Section 3, we discuss the convergence analysis of our proposed algorithms. In Section 4, some numerical results are given to
illustrate the performance of our methods. Finally, we summarize the paper in Section 5.

2. Preliminaries

Let 3 be a Riemannian manifold of finite dimension, 7,53 be the tangent space of /3 at the point p € B, and T be the tangent
bundle of B defined as T = | 5 T,/3. We denote the Riemannian metric (-, -), on 7,53 and the corresponding norm || - ||,. We can
omit subscript p if no confusion occurs. Given a piecewise smooth curve y : [r,s] — B joining p to g (that is, y(r) = p and y(s) = g),
we define the length of the curve y as Z(y) := fr *l7(®)] dt, where 7(¢) denotes the tangent vector at y(7) in the tangent space T, i B-
The Riemannian distance between p and g is denoted by d(p, ¢q), which is the minimal length over the set of all such curves joining
p and q.

Let V be a Levi-Civita connection associated with the Riemannian metric. For a smooth curve y, a tangent vector X along y is
said to be parallel if V, X = 0, where 0 denotes the zero tangent vector. If 7 itself is parallel along y, then y is called a geodesic
and ||y|| is a constant. A geodesic joining p to ¢ in B is called a minimizing geodesic if its length equals d(p, g). If for any p in a
Riemannian manifold 3, all geodesic emanating from p are defined for all + € R, then the Riemannian manifold 3 is said to be
complete.

For a Riemannian manifold 5, the exponential map exp,: 7,8 — B at p € B is defined by exp,v := y,(1,p), Vv € T,B, where
7u(»p) is the geodesic starting from p with velocity v, i.e., v,(0,p) = p and 7,(0,p) = v. Note that the exponential map exp, is
differentiable on 7,3 for any p € B. The inverse of the exponential map exists, denoted by exp;] : B — T,B. For any p,q € B, we
have d(p,q) = |lexp;" qll = Ilexp;" pll.

To compare the tangent vectors of different tangent spaces, we employ the parallel transport P, (., : T,y B — Ty,)B with
respect to V, defined by

P, synV =F(s), Vrse R, Vv e T,»B,

where F is a vector field such that VioF =10 for all 7 € [r, s] and F(y(r)) = v. When y is a minimal geodesic joining y(r) to y(s), we

write P, instead of P, - For every r,s,u € R, we have P, ,°Pyw ) = Pys)yn- Note that P, ., is an isometry from
T,»B to T, B.

A Hadamard manifold is a complete, simply connected Riemannian manifold with nonpositive sectional curvature. In the
following, we always use B to represent a Hadamard manifold. Next, we review some definitions, properties, and lemmas that
will be used in the subsequent convergence analysis.

Definition 2.1 ([25]). Let F: D — T be such that Fp € T, for each p € D. A vector field F is said to be:
(i) monotone, if

(Fp.exp, " q) < (Fg,—exp;' p), Vp,q€D.

(ii) pseudomonotone, if
(Fp.exp,' q) 2 0= (Fq,exp,' p) <0, Vp.g €D.

(iii) L-Lipschitz continuous, if there exists L > 0 such that
IP,,Fqa—Fpll < Ld(p.q), Vp,q€D.

(iv) uniformly continuous, if for all p,q € D, there exists ¢ > 0 and § = 6(e) > 0 such that

P, ,Fa—Fpll <€, whenever d(p,q) <.

Definition 2.2 ([26]). A subset D of a Hadamard manifold B is said to be (geodesic) convex if for any two points p,q € D, the
geodesic y : [r, s] — B satisfies y(rt + (1 —t)s) € D for all 1 € [0, 1] and r, s € R, where p = y(r) and g = y(s).
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Proposition 2.1 ([26]). Let p € B. The exponential mapping exp,, : 7,3 — B is a diffeomorphism. For any two points p,q € B, there exists
a unique normalized geodesic joining p to g, which is given by y(1) = exp, texp;1 q forallt €0,1].

A geodesic triangle A(p, ¢,r) of a Hadamard manifold B is a set containing three points p, ¢, r and three minimizing geodesics
joining these points.

Proposition 2.2 ([26]). Let A(p, q,r) be a geodesic triangle in B. Then
d*(p.q) + d*(q.r) = 2exp, ' p.exp]' r) < d*(r.q).

and
d*(p.q) < (exp, ' roexp, ! q) + (exp;" r.exp; ! p).

Moreover, if 0 is the angle at p, then

(exp, ' q.exp, ! r) = d(g. p)d(p,r)cos 6. 1)

Note that
-1 2 _ -1 -1 — d2 2.2
llexp,” qllI” = (exp,” g.exp," q) = d*(p,q). (2.2)

Proposition 2.3 ([9]). If pqe Band v € 1,5 then
1oy 1y ~1
(v,—exp," p) = (v, P ,exp," q) = (P, v.exp," q).
The following lemmas are very useful in our convergence analysis.

Lemma 2.1 ([27]). Let D be a nonempty, closed, and convex subset of a Hadamard manifold B, then F : D — T B is said to be uniformly
continuous if and only if, for every e > 0, there exists a constant M < +oo such that

II1P, ,Fp—Fqll < Md(p,q) +¢, Vp,q€D.

Proof. Suppose that F: D — T2 is uniformly continuous and fix ¢ > 0. Then, there exists a § > 0 such that || P, ,Fq - Fp|| <
e, whenever d(p, q) < 6. Fix p and ¢ in D and let
-1

Fy expp q
U = exp,(=k) 5 ———, for k=0,1,2-, N,
2 d(q.p)
d(q, . . .
where N = L([;—MJ, and |-] denotes the greatest integer function. From the convexity of D, we see that v, belongs to D. Also,
2
vy = p.
o
A, vp_) = 3,
e = 3
and
2
d(q, < =.
(g, vn) 2

The remaining part of the proof follows from Theorem 1 of [27], so we omit it. []

Lemma 2.2 ([28]). Let A(w;,w,,ws3) be a geodesic triangle in B. There exists a comparison triangle A(iv,, w,, w3) corresponding to
A(wy, wy, wy) such that d(w;, w;,;) = ||lw; — w;,|| with the indices taken modulo 3. The points w,, w, and w; are called comparison
points to w,, w, and ws. This triangle is unique up to isometries of R.

Lemma 2.3 ([29]). Let A(p, q,r) be a geodesic triangle in a Hadamard manifold B and A(p',q',r') be its comparison triangle. Let a, 3,y
(resp., o', p',y') be the angles of A(p,q,r) (resp., A(p'.q',r")) at the vertices p,q,r (resp., p’,q',r'). Thena’ > a, p/ >, and y’ > y.

Lemma 2.4. Let t;,q;,u,u,; € B. Consider the geodesic triangle A (1;,q;,u;) (resp., A(ty,q;,u;,,)) and its comparison triangle

Aty gy wy) (resp., Aty qp.u,, ). Then

! vy ! -1 -1
(Ut = Gty — 1) < <P“k~qk CXPgy Urr1> XDy, ’k>-
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Proof. Let¥ = exp;1 Uy and a = exp, P, o equ’k1 U1~ The comparison point of a is a’ = u) +u, | — ;. Let § (resp., §') be the
angle of A(a,uy,1,) (resp., A(d’,u,,1,)) at the vertice u; (resp., u,). From Lemma 2.3, we have §’ > . since g, ' € (0,7), it follows
that cos ' < cos f. By using Lemma 2.2 and (2.1), one obtains

! 1o / — I ’
(@ —tti —u) = “a U k

<d (a,uk)d (tk,uk)cosﬂ

cos

/
=

= <exp;k] (expy, Py gy exp;k' Upy1)s exp;k1 tk> .
= <P“ks4k equ‘k1 uk“,exp;kl tk>.
This completes the proof. []
Lemma 2.5 ([30]). Let {a,},{¢,}, and {p,} be nonnegative sequences which satisfy
a o 2+ Bag + @, Vk>1.

If You ) By < +o0 and Y77 | @y < +oo, then lim, _, ., a; exists.

Lemma 2.6 ([31]). Let {v;} and {5, } be nonnegative sequences which satisfy
Upp1 S A+ 6 ), + 6,0y, Yk 1.

Then v < M - Hj;l(l +26;), where M = max{uv;, v,}. Moreover, if 3,,° | &, < +oo, then {v;} is bounded.

Lemma 2.7 ([9]). Let w, € B and {w,} C B with w, - w, as k — oo. Then the following assertions hold:

(i) For any y € B, we have exp’,

wi y— exp;yé y and exp;1 wy = exp;1 Wo;
(i) Given uy,v; € kaB and uy, vy € TwOB, if uy = ugy and vy - vy, then (uy, vy = (ug, vy);
(i) For any u € T, B, the function F: B — T B, defined by F(x) = P,

w,u for each x € B is continuous on B.

Lemma 2.8 ([32]). Let D be a nonempty, closed, and convex subset of B and {w, } C B. Assume that (i) for every p € D, lim,_, , d(wy, p)
exists; and (ii) every cluster point of {w,} belongs to D. Then {w,} converges to a point in D.

3. Main result

In this section, we present two modified proximal point algorithm with the double inertial method and the self-adaptive step size
rule for solving variational inequality problem (1.2). Under certain suitable conditions, we established the convergence theorems
of the suggested algorithms. The first proposed iterative scheme is shown in Algorithm 3.1.

To analyze the convergence of Algorithm 3.1, we assume that the following Assumption 3.1 holds.

Assumption 3.1.

(A1) The vector field F: D — T B is pseudomonotone and uniformly continuous.
(A2) The solution set VIP(D, F) is nonempty.
(A3) The sequences {f;}, {0}, and {6} satisfy )7 | B < +o0, Y0, §; < +o0, and Y7 | 0, < +oo.

The following two lemmas are crucial for the convergence analysis of the algorithm.

Lemma 3.1. Let {4,} be a sequence generated by Algorithm 3.1. Suppose that Assumption 3.1 holds. Then, {4,} is well-defined and
limy_ o, A = A €[ min{p/M, A}, A1 + X, 6,] for some M > 0.

Proof. It is obvious that {4, } is a non-monotonic sequence. Since F is uniformly continuous, it follows from Lemma 2.1 that for
any e > 0, there exists K < +oo such that ||P,, , Fu, —Fz,|| < Kd(uy, z;) + €. In the case of || P, , Fu, —Fz,|| # 0, we obtain

otk ZkoUk
ud(uy, z) > ud(uy, z) _ ud(uy, z;) _ K
P, o Fur —Fzill = KdGu, zi) +¢ (K +e)du,z) M’

where € = €d(u;,z;) and M = K + ¢;. Thus, by the definition of 4;,; in (3.5), the sequence {4,} has lower bound {u/M,4;}
and upper bound 4, + Y2, 6,. From Lemma 2.5, one obtains that lim_ ., 4, exists and lim;_ A, = 4. Clearly, we have 1 €
[min{ﬂ/M, At A+ ZZ°=1 Ok]. This completes the proof. []

Lemma 3.2. If u; = z; or y, = 0 in Algorithm 3.1, then u; € VIP(D,F).
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Algorithm 3.1 The first modified proximal point algorithm

Initialization: Choose 1, > 0, u € (0,1), 7 € (0,2), {B,}, {6,}, and {5, } are real positive sequences for all k € N. Let w,, w, € B
be arbitrary.
Step 1: Given the current iterates w,_,, w;, compute

U = expy, (—Fy exp;}( Wi_1), 3.1
u = expvk(—ﬁk exp;kl Wi_1)-
Step 2: Compute z, € D such that
<exp;k1 uy = APy Fuexpy) y> <0, VyeD. (3.2)

If u, = z;, then stop and u;, € VIP(D, F). Otherwise, go to Step 3.
Step 3: Calculate

Wiy = exp, (=t P, - yi), (3.3)

where y, = exp;k1 u = Ag(P,, ,, Fup — Fz)) and

(exp;k' Upes Vi)

¥ = 1yl
0, if y, =0.

, ify #0, (3.4)

Update 4, by

P, , Fu,—Fz|

Zj Uy
A + 6y, otherwise.

. ud(uy, z) .
min{ ——— % 3 +6, p, if||P. , Fu, —Fz|| #0,
A1 = {n [ B T (3.5

Set k :=k + 1 and return to Step 1.

Proof. By applying the definition of y, in Algorithm 3.1 and (3.5), we have
Iyill = Il expy! ue = A (P, o, Fu = F2p)l
> [lexp! upll = Al Py Futg = Fl

ZpsUj

HAg
> d(uy, zp) — /l_d(uk’ zi)
k1

yl
- (1 - u%)d(uk,zk), (3.6)
k+1
and
19ell < exp! upll + Al P, o, Fut = Fzl
’lk
< (14 pu——)d(u, z;). 3.7)
( Ak+1 ) ke Tk
From (3.6) and (3.7), we deduce that
A Ak
oy < <|(1 _— .
(1 e )z < iyl < (1+ e )z,

Thus, y, =0 if and only if u; = z;. If 4, = z;, then by (3.2), one sees that u; is a solution of Problem (1.2). [

Lemma 3.3. Suppose that Assumption 3.1 holds. Let {u;}, {z,} and {w,} be sequences generated by Algorithm 3.1. Then, for each
q € VIP(D, F),
I \2

HE)
(W15 9) < Ay ) = 72 = ) ——— (7). Yk 2 0.
(14 p

Ak

Lx]

Proof. Fix q € VIP(D,F). Consider the geodesic triangle 4 (q, Wit uk) and its comparison triangle A (q’ s wL+ l,u;(). It follows from
Lemma 2.2 that

d(q,uk) = “q'—uﬁ{”, d(wk+],uk) = Hw;()rl —uL ‘ d (q,wk+1) = Hq,_w;wl“'

6
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The comparison point for wy,, is w!

k1
- ,
From the definitions of wy,; and w; _,,

= uf — 7, (u} — 2z, + A (Fz} — Fu})). For convenience, we let y| = u} — z} + A, (Fz, — Fu}).
we have
v = o) = e =] = e
By the definition of w, ., in (3.3), we obtain
d* (wk+1,4> = ”W;(_H _q/”2
=} = x4l
= lluj, — ' I> = 2e% (il = q' ) + eI
=d? (g, q) +2e%,(q = ujo, 1) + TPyl

(3.8)

Leta :=exp;, v and b = expy, Py Vi The comparison points of a and b are o’ = u +4 (Fz} — Fu} ) and b’ = 2u) -z} +4 (Fz, — Fu} ),
respectively. By the definition of y, and Lemma 2.4, one has

@ =l 1) =2y — o ) +4d" = 23 23
=(zp —u, b =) +(qd —z.d - z})
< <exp;k1 zk,exp;k1 b) + (exp;kl q,exp;k1 a> (3.9
= <exp;k1 Zk7Puk,zkyk> + <6XP;: q, Yk>~
From Proposition 2.3 and (3.4), one obtains

<expu‘k1 Zs Puy 2, yk> =- <exp;k1 uk,yk> =-¥, ||yk||2. (3.10)

By the definition of z, and ¢ € D, one sees that
<eXP;k1 U = APy F“k»GXP;: LI> <o0. (3.11)

Since ¢ € VIP(D,F) and z, € D, we have <Fq, equ‘1 zk> > 0. It follows from the pseudomonotonicity of F that <sz,exp;k' q> <0.
This combined with (3.11) gives

<exp;k1 u + Ay (sz - P, Fuk) ,exp;k] q> <O0. (3.12)
Using (3.9), (3.10), and (3.12), we have
2
(@' = 1) < =i |9l (3.13)

It follows from (3.7) that
1 1

> .
2 = y) 2
[yl (1 + ”ﬁ) dZ(Mk’Zk)

(3.14)

According to (3.4), (3.5), and Cauchy-Schwarz inequality, we have
(CXP;: U, Vi) = <exp;kl “k,CXP;kI u = A(Py, o, Fup — Fzp))
Zyollg

= <exp;kl uk,exp;kl ug) — /lk(exp;kl uy, P, . Fu, —Fzp)

-1 2 -1
2 [lexp, wll” = Allexp well 1P, Fuy = Fzill

Zp Uy
A
> (1- ﬂi—k)dz(uk,zk). (3.15)
k+1
From (3.14) and (3.15), one has

A
—1 — Lk
— <eszk e Vi) ( ! =

¥, = > .
2 = T 2
lyell (1+ Hi=)
By (3.10), (3.15), and (3.16), we have
A )2
At a2y, 7;)
by
”Akﬂ

This together with (3.8) and (3.13) yields

(3.16)

Pellyell? >

42 (wkH,q) < d? (uk,q) - 21¥’k2 ||yk||2 + TZ'PEHkaZ
- My
As1 2d2 (ukvzk)'

(1)

Akl

< d? (uk,q) -12-1)
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This completes the proof. []

Theorem 3.1. Suppose that Assumption 3.1 holds and let {w,} be a sequence generated by Algorithm 3.1, then {w,} converges to an
element of VIP(D, F).

Proof. Fix q € VIP(D, F). Consider the geodesic triangles A(v,, wy, q) and A(w,, wy_,, q) with their comparison triangles A(U;(, w;(, q)

and A(w),w)_,,q"). By applying Lemma 2.2, we have

dgwy) = |lv, —will,  de.g) = v, =4I, d@wy, wi_y) = lw, —w,_, |,

dwi.q) = w), =g I, dwi_y.9) = lw|_, —4'll.

!

In addition, consider the geodesic triangles A(wy_;,vy,q) and A(wy,uy,q) with their comparison triangles A(w)_,,

A(w;c,u;, q"). It follows from Lemma 2.2 that

U;c’ q") and

dwy_p. o) = lw,_ =0 ll, dy.q) = lluy —q' NI, dug,wy) = |luj, — w) |

According to (3.1), the comparison points of v, and u, are v} = w) + ﬂk(w;c—w;(_l) and u) = v} +6,(v), —w;(_l), respectively. Therefore,

dweq) = v, = 4'll
< Nwy =4Il + Bellwy, — w4 |
= d(wy, q) + Brd (Wi, wy_y), (3.17)
and
d(vg, wy_y) = ||U;( - W;{,IH
< Nwj = wi_ |l + Billwy, — wy |l
= (1 + pd(wy, wy_y). (3.18)
From the definition of u;, (3.17), and (3.18), we obtain
duy. q) = ||u), — 4’|
<d(y,q) + 6, d(vy, wy_y)
<dwy,q) + By + 6, (1 + f))d(wy, wy_y). (3.19)

Since 7 € (0,2),lim;_,, 4, = 4> 0, and u € (0, 1), it follows from Lemma 3.3 and (3.19) that

d(Wyi1,q) < d(wy, q) + (B + 6,(1 + B))d(wy, wy_y). (3.20)
This gives
d(Wyyy, @) < dwy, q) + (B + 6,1+ B))d(wy, @) + d(wy_y, )
=+ p + 6,0+ B)d(wy, q) + (B + 6,(1 + Bi)d (wy_y, 9)-

By utilizing Lemma 2.6, we obtain that

k
d(wyyr,q) < My - [ ] +208; + 8,0+ ), (3.21)
Jj=1

where M| = max{d(w, q),d(w,,q)}. Since Y ;> f < +o0 and Y7 | 5, < +co, by Lemma 2.6 and (3.21), the sequence {d(wy,q)} is
bounded. This also implies that Y},° | fd(wy,w;_;) < +oo and Y77 | 6,d(wy, w;_;) < +oo. By utilizing Lemma 2.5 in (3.20), we claim
that lim,_, , d(wy, q) exists. It follows from Lemma 2.2 that
d*(vg. @) = |lw), + B (w), — w),_) - q'|I*
= I+ pOw), = ) = pw)_, = a"II?
= (1 + pd>(wy, @) = Pid® Wiy @)
+ A1+ pd> (W, wi_y)-

By utilizing (2.2), we have

(3.22)

2 ’ ' ’ o2
d° (v, wi_y) = llwy, + f(w) —w, _ ) —wi_l
W o2 ’ ' ’ ’
= ”wk_wk—l” +2(wk_wk_lsﬂk(wk_wk_1)>
2 2
+ B, — wl I
2 2 2 g2
= d (Wi, wy_y) + 20, d” Wy, wy_y) + B d™(wy, wy_y)

= (1 + f)d* (wy, wy_y). (3.23)
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We deduce from (3.22) and (3.23) that
d* (., q) = ||V}, + 8, (W) —w)_) —4'II?
= (1 + 6, = q) = 8, (w)_, —)II?
= (14 8)d*(vy, q) = 6,d>(Wy_y» @) + 6, (1 + 8,)d> vy, wy_y)
= (148 (2w ) + B (A0 @) = 20 1.0))

+ 01+ Bd*(wy. wk,l))
— 8, Wiy, @) + 8, (1 + 81 + )2 d*(wy, wy_y).
Therefore
d*(uy, q) = d*(wy, @) + (1 + B(1 + 8,)d” (wy, wy_y)
+ 6 + A+ 88 (d*(wy ) — d*(wy_1. @) (3.24)
+ 5 (14 8)(1 + B d> (wy, wy_y).
On substituting (3.24) into Lemma 3.3, we have
A \2
2 - f)%dz(uk,zk)
(L+mzy) (3.25)
< dX(wy. q) — d*(Wyy1. @) + 6 + (1 + 8 (d(wy. @) — d*(wy_y. )
+ B (1 + B + 8)d* (wy, wi_y) + 8, (1 + )1 + B)*d> (wy, wy_y).

From Y7, fd(wy, wy_;) < +oo and Y7, §,d(wy, w;_;) < +co, one has
lim frd(wy, wi_;) =0, lim 6,d(wy, w,_y) =0. (3.26)
k—oo k— o0
Using the fact that lim,_, ., d(w;, q) exists and (3.26), we can deduce from (3.25) that
lim d(uy, z;) = 0. (3.27)
k—oo
It follows from (3.26) that
d(vy, wy) = ||w + B (W, — w,_ ) — will
= frd(wy, wi_y) = 0, as k > . (3.28)
By utilizing (3.26) and (3.28), we obtain
A, wy) = ||}, + 8 (v} — wi_ ) — will
<10, = w) Il + 8l + B, — w),_ ) — w0l
<d(vy, wy) + 6 d(wy, wy_y) + fio,d(wy, wy_y) = 0,as k — oo. (3.29)
From the fact that {d(w,,q)} is bounded, one obtains that {w,} is also bounded, and thus there exists a subsequence {wkj} which

converges to a cluster g. From (3.27) and (3.29), one has g, = g and Zy, = q. According to (3.2), one has

1 -1 -1
Fukj - Z epokj uk/,epok/ p> >0, VpeD,

(P
Zp Uy
kjotkj

which implies that
—1 1 -1 1
(sz‘/ a, Fuk/,expzkj p) > Akj <expzkj ukj,expzkj p).
Consider the geodesic triangle Az, g - p)- Then, using Proposition 2.2, we obtain

—1 —1 1, 2 _ g2
(eszkj Uiy CXP, P z(d (2w ) +d* (2. p) —d (ukj7P))~
Combined with the last two inequalities, we have

1 1 2 2 2
<sz/,,ukj Fuk,anszj p) = m(d (zp> ) +d7 (2. p) —d (uk,,ll))- (3.30)
J

By passing the limit as j — oo in (3.30) and using (3.27), Lemmas 2.7 and 3.1, we obtain
(Fg.exp-'p) >0, VpeD.

This means that ¢ € VIP(D,F). Lastly, by Lemma 2.8, we obtain that {w,} converges to an element in VIP(D,F). The proof is
finished. [
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Inspired by the Tseng extragradient algorithm, the second iterative scheme presented in this paper is shown in Algorithm 3.2.

Algorithm 3.2 The second modified proximal point algorithm

Initialization: Choose 4, > 0, u € (0, 1), {f;}, {6, }, and {§,} are real positive sequences for all k € N. Let w, w, € B be arbitrary.
Step 1: Given the current iterates w,_,, w;, compute v, and u; as (3.1).
Step 2: Compute z, € D such that (3.2) holds.

Step 3: Calculate wy,; = exp,, (ik(P Fuy, — sz)). Update 4, by (3.5).

Zieotic
Set k :=k + 1 and return to Step 1.

Theorem 3.2. Let {u,} be generated by Algorithm 3.2 and Assumption 3.1 holds. Then {w,} converges to a solution of VIP (1.2).

Proof. Fix ¢ € VIP(D,F). Consider the geodesic triangle 4 (uy,z;,q) and its comparison triangle A (u;(,z;(,q’ ), and consider the
geodesic triangle 4 (wy,,z;.,¢) and its comparison triangle A (w’ w2 d ) It follows from Lemma 2.2 that

E

d(uea) = -] d(z00) =z -4

|, d (uk,zk) = “u;( —z;{

d (Wk+l"1) = Hw;chl -4 | d (zk’q) = ”72 -q | d (wk-H’Zk) = HWLH - Z;c”

By the definition of wj in Algorithm 3.2, one obtains that the comparison point of wy,, is w),, = z} + 4 (Fu} — Fz ). Moreover,
”exp;k1 Wiy H = exp;k1 exp;, (Ak <Pzwk Fu, — sz>>H .

Thus
A || ey Fut sz” =d (wegr.2¢) =, = 240l = A “Fz; - Fu;|j .

Let a = exp, (Fz) — P, ,, Fu,). Then the comparison point of a is &’ = z| + Fz] — Fuj. According to Lemma 2.4, we have
1
(d' —zj.q' - 2}) < (Fz; — Py, Py expy q).
Hence, we deduce that
2 2
d (WkHJI) = ||w;(+] -4

zi + A (Fu, —Fz}) —¢' :

2

2
z;( - q'“ + /li HFuL - FzL

(3.31)
+ 24 <Fz;c - Fu;(,q’ - zf()
2 2
< “z;( - q'“ + /li sz»uk Fu;, — szH
+ 21k<sz - sz#k Fuy, exp;k1 q).
By using Lemma 2.4 again, one has
|z;( —q’”2 = z;{ —u;( ‘2+ u; —q’“z +2<z;( —u;,u; —q')
= “u;( -4 |2 + ”z;( - uL“z -2 <z;( - u;(,z;( - u;(>
+2<z;( —u;(,z;( —q') (3.32)
2 2
= - 2 -0
<d? (upq) — d? (g 2i) +2 <exp;k' uk,exp;k1 q>.
From the definition of z, and ¢ € D, one obtains
<exp;k1 ue = APy Fuk,exp;kl q> <0. (3.33)
Since q € VIP(D,F) and z; € D, we have (Fg,exp;" z;) > 0. It follows from the pseudomonotonicity of F that
<sz,exp;kl q> <o. (3.34)

Combining (3.5), (3.31), (3.32), (3.33), and (3.34), one concludes that

2
d? (wyy1.q) < d* (u.q) — d® (wz¢) + A2 ||P,, ,, Fup —Fz, H

AZ
<@ (uq) = (1= 5 )2 (o 20) -
/{k+1

10
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Table 1

Numerical results of all algorithms.
Algorithms wy =20 w, =30 w, = 60 wy =80

Iter. Time Iter. Time Iter. Time Iter. Time

Our Alg. 3.1 10 0.3316 10 0.3400 10 0.4337 10 0.3551
Our Alg. 3.2 34 0.4313 34 0.3983 35 0.7093 35 0.3745
SFS Alg. 2 100 27.2960 100 32.8638 100 38.0513 100 39.9684
TH Alg. 4.1 100 0.4111 100 0.2154 100 0.2249 100 0.5795
TWL Alg. 3.1 93 0.4002 90 0.3785 96 0.7257 97 0.6041

The remaining proof is similar to that of Theorem 3.1 and is therefore omitted. []
Remark 3.1. The results of Theorems 3.1 and 3.2 hold if F is pseudomonotone and L-Lipschitz continuous.
4. Numerical experiments

In this section, we give a numerical example to demonstrate the computational efficiency of the proposed algorithms compared
with some known methods in the literature [14-16]. All codes are implemented on a personal computer in MATLAB R2023b.

Example 4.1. LetR,, = {x € R:x> 0}, and define the Riemannian metric (-, -) by

(u,0) 1= %, VYu,v e T, B, Vx € B.
x

With this metric, B = (R o (s -)) forms a Riemannian manifold. The Riemannian distance d : Bx B — R, between x,y € B is

defined as
1n(5>‘, Vx,y € B.
y

The exponential map is given by exp, (tv) = xe(;)t for all x € B, t € R, and v € T B. The inverse exponential map is expressed as

d(x,y) =

exp;l(y) =xIn (%) , VYx,yeB.
Consider the set D = [1,100], which is a subset of R ,. Define the single-valued vector field F: D — TB by
Fx=xInx, VxeD.

It is evident that F is both pseudo-monotone and monotone on D. According to [33, Example 1], F is 1-Lipschitz continuous. Clearly,
the VIP (1.2) associated with the above F and D has a unique solution w* = 1.

Next, we use the proposed algorithms to solve Example 4.1 and compare them with the Algorithm 4.1 of Tang and Huang [14]
(shortly, TH Alg. 4.1), the Algorithm 3.1 of Tang et al. [15] (shortly, TWL Alg. 3.1), and the Algorithm 2 of Sahu et al. [16] (shortly,
SFS Alg. 2). The parameters of the algorithms are set as follows.

+ Take u=0.5, 7= 1.5, f = 1 /(k + 1)?, 6, = 1/(k + 1)?, 4, = 0.5, and 6§, = 0.1/(k + 1) for the proposed Algorithms 3.1 and 3.2.
+ Choose f, = 0.5 and 6 = 0.91 for TH Alg. 4.1.

+ Select 6 = 0.85 and u = 0.5 for TWL Alg. 3.1.

» Set A=1, 6 =0.85, and n = 0.5 for SFS Alg. 2.

We represent the iteration error at step » of the algorithms as D, = d(w,, w*) and set a common stopping condition of D; < 1073
or a maximum of 100 iterations. To evaluate the convergence performance of the proposed algorithm and those in [14-16] for
Example 4.1, we tested four initial points with w, = w,, as illustrated in Table 1 and Fig. 1. In Table 1, “Iter”. represents the
number of iterations, and “Time” indicates the execution time in seconds.

Remark 4.1. From Table 1 and Fig. 1, it can be observed that our algorithms are applicable to solving the variational inequality
problem on the Hadamard manifold. Moreover, our algorithms require fewer iterations and shorter execution time compared to
the algorithms in the literature [14-16] under the same stopping criteria, and these results are independent of the choice of initial
values. Therefore, the algorithms proposed in this paper are both efficient and robust.

5. Conclusions
In this paper, we propose two accelerated iterative algorithms to solve variational inequality problems on Hadamard manifolds.
The proposed algorithms are inspired by the double inertial method, the proximal point algorithm, the Tseng extragradient

algorithm, and the projection and contraction method. Additionally, we introduce a non-monotonic step size criterion, enabling

11
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1 T T T 1 T T T
10 ~Our Alg. 3.1 10 ~Our Alg. 3.1
Our Alg. 3.2 Our Alg. 3.2
~SFS Alg. 2 ~SFS Alg. 2
-TH Alg. 4.1 -TH Alg. 4.1
~TWL Alg. 3.1 ~TWL Alg. 3.1

™

40 60 80 100 40 60 80 100
Number of iterations Number of iterations
(a) wo = 20 (b) wo = 30
‘ ‘ —Our Alg. 3.1 ‘ ‘ —Our Alg. 3.1
Our Alg. 3.2 Our Alg. 3.2
~<SFS Alg. 2 ~<SFS Alg. 2
~TH Alg. 4.1 +~TH Alg. 4.1
+TWL Alg. 3.1 ~TWL Alg. 3.1

40 60 80 100 40 60 80 100
Number of iterations Number of iterations
(C) wo = 60 (d) wo = 80

Fig. 1. Numerical behavior of all algorithms.

the algorithms to operate adaptively. Under the assumption that the bifunction is pseudomonotone and uniformly continuous, we
prove two convergence theorems for the proposed algorithms. Finally, we demonstrate the computational efficiency and advantages
of the proposed algorithms compared to some known ones in the literature through a numerical example.
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