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1. Introduction and preliminaries

Throughout the paper, we always assume that C is a nonempty, closed, and convex subset of a real Hilbert space H
with inner product (-, -) and induced norm || - ||. We first review the definition of some nonlinear mappings that are
relevant to this paper.

Definition 1.1. A mapping M : # — # is said to be

(i) L-Lipschitz continuous with L > 0 if |[Mx — My|| < L|x —y||, Vx,y € H (If L € (0, 1) then mapping M is called
contraction. In particular, when L = 1, mapping M is called nonexpansive).
(ii) «-strongly monotone if there exists a constant & > 0 such that (Mx — My, x —y) > «a|lx — y||?, VX,y € H.
(iii) monotone if (Mx — My, x —y) > 0, Vx,y € H.
(iv) pseudomonotone if (Mx,y —x) > 0— (My,y —x) >0, VX,y € H.
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(v) sequentially weakly continuous if for each sequence {x,} converging weakly to x, one has the weak convergence of
{Mx,} to Mx.

Note that the relation (ii) = (iii) = (iv) holds but its converse is generally incorrect (see, e.g., Example 3.2 in our
Section 3).

In this paper, we focus on the bilevel variational inequality problem (shortly, BVIP). BVIPs contain a number of nonlinear
optimization problems and have many potential applications (see [1] for more details). Let F : C - Hand M : C — H
be two operators. Recall that the BVIP is described as follows:

find x* € £ such that (Fx*,y —x*) >0, Vye £, (BVIP)
where §2 denotes the set of all solutions of the following variational inequality problem (shortly, VIP):
find y* € C such that (My*,z—y*) >0, VzeC. (VIP)

It is known that VIPs provide a general and useful framework for solving engineering problems, image processing, data
sciences, electronics, and other fields; see, e.g., [2-9] and the references therein. Thus, numerical methods for studying
variational inequalities have attracted numerous interests among researchers. For some recent advances in variational
inequalities, we recommend the readers to refer to [10].

Next we state some algorithms for solving the (VIP) and the (BVIP), and these motivate us to develop several new
efficient iterative schemes. One of the most popular projection-type methods for solving variational inequality problems
is the extragradient method (for short, EGM) proposed by Korpelevich [11]. It is known that the EGM obtains weak
convergence in infinite-dimensional Hilbert spaces if the operator M involved is monotone and Lipschitz continuous. Note
that the EGM is a two-step iterative scheme and requires the projection onto the feasible set to be computed twice in
each iteration, which increases the computational burden of the method especially when the projection onto the feasible
set is difficult to evaluate. To overcome this drawback, a large number of variants of the EGM have been introduced to
solve variational inequalities in finite- and infinite-dimensional spaces; see, for example, [12-15]. One of the methods
to be highlighted is the subgradient extragradient method (for short, SEGM) proposed by Censor, Gibali, and Reich [13].
The SEGM replaces the projection onto the feasible set in the second step of the EGM with the projection onto a special
half-space. This modification improves the computational efficiency of the EGM due to the fact that the projection onto
the half-space can be computed explicitly. Moreover, the weak convergence of the SEGM is established in an infinite-
dimensional Hilbert space. Recently, Dong, Jiang, and Gibali [16] introduced a modified subgradient extragradient method
(shortly, MSEGM) inspired by the SEGM and the projection contraction method (shortly, PCM) [14] to approximate the
solution of the (VIP). The basic idea of the MSEGM is to improve the stepsize in the second step of the SEGM. They provided
primary numerical experiments to demonstrate the computational efficiency of the MSEGM compared to the SEGM and
the PCM.

Another issue of interest in the computational efficiency of the algorithm is the step size. A common feature enjoyed
by the EGM, the SEGM, and some of their variant forms is that the update of the stepsize requires the prior information
of the Lipschitz constant of the mapping involved. However, the Lipschitz constant is not readily available for practical
applications or estimating a suitable range requires more computational burden. Recently, some adaptive methods have
been offered to solve the variational inequality problem when the Lipschitz constant is unknown; see, e.g., [ 17-19] and the
references therein. However, the schemes proposed in [17-19] generate a non-increasing sequence of stepsizes, which
will further affect the computational efficiency of the algorithms used. Recently, Liu and Yang [20] introduced a new
stepsize criterion that generates a non-monotonic sequence of stepsizes. Their numerical experiments demonstrate the
performance of the algorithms with this new stepsize. On the other hand, there are some mappings in real-world problems
that do not satisfy the Lipschitz continuity condition, which will lead to the failure of those algorithms that require
the operator to be Lipschitz continuous. To overcome this shortcoming, some methods with Armijo-type stepsizes are
proposed for solving monotone and uniformly continuous VIPs (see, e.g., [21,22]) and pseudomonotone and uniformly
continuous VIPs (see, e.g., [23-26]).

In recent years, inertial terms have attracted the interest and research of scholars as a technique to accelerate
the convergence speed of algorithms. A common feature of inertial-type algorithms is that the next iteration depends
on the combination of the previous two iterations (see [27,28] for more details). This small change greatly improves
the computational efficiency of inertial-type algorithms. Recently, many researchers have constructed a large number
of inertial-type algorithms to solve variational inequality problems, fixed point problems, equilibrium problems, split
feasibility problems, and other optimization problems; see, e.g., [29-32] and the references therein. The computational
efficiency of these inertial-type algorithms was demonstrated by a number of computational tests and applications.

We next state some algorithms and difficulties in the literature for solving the BVIP, which will lead us to the motivation
of our research in this paper. Yamada [33] introduces a new iterative algorithm (now known as the hybrid steepest descent
method) to solve the bilevel problem described as a variational inequality problem restricted by a fixed point problem.
Note that the method does not contain any projection step and obtains strong convergence in infinite-dimensional Hilbert
spaces under some suitable conditions. It is known that the variational inequality problem and the fixed point problem are
interconvertible and thus we can use the hybrid steepest descent method to approximate the solutions of BVIPs. Recently,
a number of numerical algorithms that based on the hybrid steepest descent method have been proposed for solving
the bilevel monotone variational inequalities (see, e.g., [34,35]) and the bilevel pseudomonotone variational inequalities
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(see, e.g., [36-39]). Very recently, Thong and Hieu [37] introduced a new modified subgradient extragradient method
stimulated by the MSEGM of Dong et al. [16] for solving the BVIP involving a pseudomonotone operator. However, the
step size in their scheme is bounded by the inverse of the Lipschitz constant of the mapping, which means that the
Lipschitz constant of the mapping must be entered into the iterative process as a known parameter. To overcome this
difficulty, some adaptive algorithms for solving BVIPs have been proposed by scholars (see, e.g., [35,38,39]). These methods
can work without the prior knowledge of the Lipschitz constant of the mapping. Another thing we need to point out is
that the operator M of these algorithms is required to satisfy Lipschitz continuity. This condition is very strong will cause
that they will not be available in some cases.

A natural question is how to modify the algorithm suggested by Thong and Hieu [37] so that they can work
adaptively and obtain a faster convergence speed. To answer this question, in this paper we present two modified inertial
extragradient-type methods to solve the bilevel pseudomonotone variational inequality problem. Our first scheme requires
that the operator M be Lipschitz continuous while the second one only requires that it be uniformly continuous. The
strong convergence of the proposed methods is established under some mild conditions imposed on the parameters.
Some numerical experiments and applications are given to verify the theoretical results. The algorithms suggested in this
paper improve some known results in the literature for solving bilevel variational inequalities [34-39] and variational
inequalities [13,21,22].

To end this section, we review the following two lemmas that will be used in the convergence analysis of the
algorithms.

Lemma 1.1 ([33]). Let y > 0 and « € (0, 1]. Let F : H — H be a B-strongly monotone and L-Lipschitz continuous mapping.
Associating with a nonexpansive mc}lgpping T : H — H, define a mapping TV : H — H by T"x = (I — ayF)(Tx), Vx € H. Then,
2

TV is a contraction provided y < 3, that is,

IT"x = T"yll < (1 —an)lx—yll, Vx,y €H,

wheren =1—/1—y (28 — yI?) € (0, 1].

Lemma 1.2 ([40]). Let {p,} be a positive sequence, {q,} be a sequence of real numbers, and {«,} be a sequence in (0, 1) such
that )" | an = oo. Assume that

Prr1 < (1 —an)pn +anGn, VYn>1.

If limsupy_, o, qn, < O for every subsequence {pnk} of {pn} satisfying liminfy_, o, (Pn,+1 — Pn,) = 0, then lim,_. o, pp = 0.

2. The algorithms and their convergence analysis

In this section, we introduce two adaptive modified subgradient extragradient methods for finding the solutions of the
bilevel pseudomonotone variational inequality problem (BVIP) in real Hilbert spaces. In the sequel, we use the notation
X, — x (resp., x, — X) to denote the strong convergence (resp., weak convergence) of the sequence {x,} to x and use
Pc : H — C to represent the metric projection from # onto C, defined as Pc(x) := arg min{||x — y||, y € C}.

2.1. Algorithm for Lipschitz continuous operators

In this subsection, we present an adaptive algorithm for solving the (BVIP) with a pseudomonotone and Lipschitz
continuous operator. Suppose that the following assumptions (A1)-(A5) hold for our Algorithm 2.1.

A1) The feasible set C is a nonempty, closed, and convex subset of a real Hilbert space .

A2) The solution set of the problem (VIP) is nonempty, that is, £2 # .

A3) The mapping F : H — H is Lg-Lipschitz continuous and B-strongly monotone on .

A4) The operator M : H — # is pseudomonotone, Ly -Lipschitz continuous on # and the operator M : H — H satisfies
the following condition

(
(
(
(

whenever {x,} C C, x, — z, one has ||[Mz|| < liminf ||Mx,]|| . (2.1)
n—oo

(A5) Assume {&,} and {€,} are two non-negative positive sequences such that Zﬁil & < oo and limy_, o ;—: = 0, where
{an} C (0, 1) satisfies limy oo 0n = 0 and Y, | oty = 00.
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We now state the first scheme in Algorithm 2.1.

Algorithm 2.1 Adaptive-type inertial modified subgradient extragradient method for (BVIP).

Initialization: Take 6 > 0, A1 > 0, u € (0, 1),8 € (0,2/u), T € (6/2,1/u), y € (O, Zﬁ/Lg). Select three sequences {&,},
{en}, and {a,} to satisfy Assumption (A5). Let xq, X; € H be arbitrary.

Iterative Steps: Given the iterates x,_1 and x, (n > 1), calculate x,.; as follows:

Step 1. Compute w, = X, + 6,(X, — X4—1), Where

. €n .
miny ——, 0, if x; #£ xp_1;
On = Lm—M4|} "7 (22)
0, otherwise.

Step 2. Compute y, = Pc(w, — tA,Mw,), where the next step size A,,1 is updated by

5., _ | min {M hn + sn} L if My # My; (2.3)
An + &n, otherwise.
Step 3. Compute z, = Pr,(wy — A, xnMyy), where the half-space T, and x, are defined by
Th:={xeH | {wy — TAxMwy — Yn, X — ys) < 0},
Xn 1= W Cn i= Wy — Yn — TAn(Mwy — Myy). 24

Step 4. Compute X,11 = z;, — ap Y Fzp.
Setn:=n+ 1 and go to Step 1.

Remark 2.1. We have the following observations for the hypotheses and the Algorithm 2.1.

o Note that the condition (2.1) is used by many recent works on pseudomonotone variational inequalities (see,
e.g., [25,41]). It is easy to check that Condition (2.1) is weaker than the sequential weak continuity of the mapping M
(see [41, Remark 3.2]). Moreover, it is not necessary to impose Condition (2.1) if mapping M is monotone (see [42]).

e The idea of the step size A, defined in (2.3) is derived from [20]. It is worth noting that the step size A, generated
in Algorithm 2.1 is allowed to increase when the iteration increases. Therefore, the use of this type of step size
reduces the dependence on the initial step size X;. On the other hand, because of Z;’il &, < 400, which implies
that lim,,_. ., &, = 0. Consequently, the step size A, may not increase when n is large enough. If £, = 0, then the
step size A, in Algorithm 2.1 is similar to the approaches in [17-19].

e Notice that there is an explicit formula to calculate the projection on the half-space T, (see, e.g., [43]). Thus, the
proposed Algorithm 2.1 needs to compute the projection on the feasible set C only once in each iteration.

e The step size used in Algorithm 2.1 to compute z, is §A,xn, Which is larger than the step size A, used in the
subgradient extragradient method proposed by Censor et al. [13] to compute z,. The method involving this new
step size was introduced by Dong et al. in [16]. On the other hand, it is important to emphasize that the step size
used to compute y, in the second step of Algorithm 2.1 is TA,, where 7 € (§/2, 1/u). This small change can improve
the convergence speed of the algorithm with t = 1 (see Section 3).

The following lemmas are important in the convergence analysis of Algorithm 2.1.

Lemma 2.1. Suppose that Assumption (A4) holds and the sequence {),} is generated by (2.3). Then lim,_, o, A, = A and
A€ [min{u/Ly, a1}, A+ Yoo £l

Proof. The proof of this lemma follows as that of Lemma 3.1 in [20] and thus it is omitted. O

Lemma 2.2. Suppose that Assumptions (A1), (A2), and (A4) hold. Let {w,} and {y,} be two sequences formulated by
Algorithm 2.1. If there exists a subsequence {wn,} of {wn} such that {wn,} converges weakly to z € H and limy_.o [|wn, —
Y\l =0, then z € £2.

Proof. The proof follows that of Lemma 3.8 in [38]. So it is omitted. O

Lemma 2.3. Ify, = wy or ¢, = 0 in Algorithm 2.1, then y, € £2.
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Proof. From the definition of ¢, and (2.3), one has

licall = lwn — Yull = TARlIMwy — My, ||

THA TUA
> lwn = yall = S = yall = (1= 222 ) g = yal
)‘-11+1 )‘-TH-I
It can be easily proved that [|c,]| < (1+ f\i‘i’; )llwn = yull. Therefore
TUA TUA
(1= 255 Y hwn = yall < lleall = (1 352 ) = yall
)Ln+1 )Ln+1

and thus w, =y, if and only if ¢, = 0. Hence, if w, = y, or ¢, = 0, then y, = Pc(y, — tA,My,). This implies that y,, € £2.
The proof is completed. O

Lemma 24. Suppose that Assumptions (A1), (A2), and (A4) hold. Let {z,}, {y»} and {w,} be three sequences created by
Algorithm 2.1. Then, for all p € £2,

Tihn \2
5 5 (1-32)
Iz — plI* < llwn — pII*> = lwn — 24 — ;chn”z - =2t -9§) L wy — yall?

2 (‘1 + M)z

Ant1

Proof. From the property of projection ||Pc(x) — Pc(y)||?> < (Pc(x) — Pc(y),x —y), Vx,y € Handp € 2 C C C T,, we
obtain

2|1y — plI* = 2||Pr,(wn — 8AnxaMyn) — Pr,(P)II?
< 2{zq — P, Wn — SAnxnMyn — D)
= [lza = PI* + llwn — 8AnxaMyn — PII*> = 120 — wn + 82n XnMyall®
= llzn — pII* + llwn — pI* + 8°A% %7 IMyall* — 2(wn — P, 80 xaMyn)
— 1o — wall®> = 827 X7 IMynll* = 2(20 — Wy, SAn xnMyn)
= llzn — pII* + llwn — PI* = 120 — wall> = 2(20 — P, 8XnXaMyn) .
which implies that
Iza — pI* < llwn — pI? = |20 — wall* = 28Anxn {20 — P. Myn) - (2.5)

By using y, € C and p € £2, in the light of (VIP), one has (Mp, y, — p) > 0. This together with the pseudo-monotonicity
of the mapping M yields (My,, y, — p) > 0, which means that (My,, z, — p) > (My,, z, — y»). Hence,

— 28X xn{Myn, Zn — p) < —28Anxn{MYn, Zn — Yn) - (2.6)
From z, € T, and the definition of T,,, we have (w, — tA,Mw, — ¥u, z, — ¥») < 0. This shows that
(Wp = Yn — TAa(Mwy — Myy), Zn — Yn) < TAn{MYn, Zn — Yin) - (2.7)

By using (2.6), (2.7), and the definitions of ¢, and x,, we obtain
1)
=28 Xn{Myn, zn — p) < _Z;Xn(cm Zn — Yn)
$ 1)
= _Z;Xn(cn’ Wy — Yn) + 2;Xn<cn» Wy — Zn) (2.8)
s, 5 1)
= =2—xgllcall” + 2= xn{Cn, wn — zpn) .
T T
Now, we estimate 22 x,(c,, wy — zy). According to the formula 2ab = a* + b? — (a — b)*, we deduce
2 8 5 0 8 2 29
2;Xn<cn, Wy — Zp) = ||wy — zp||” + ;Xn”Cn” — lwp — 2, — ;chn” . (2.9)

It follows from (2.3) that ||Mw, — My,|| < (/Ane1)lwn — Ynll, Yn > 1, which combining with the definition of y, yields
that

Xn“cn”z = (Cn, Wy — Yu) = llwy —an|2 — Thg [IMwy, — Myn |l lwn — yall

TUA
= (1= 252w = gl
Ans1
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This together with the fact that ||c,|| < (1 4+ turn/Ane1)lwn — Yal| implies

TUAn 2
2w —yall* (1= 525%)
Kl = (1 - 551 TR > ey, 2 (2.10)
b ) llel? T (14w
n+1
Combining (2.5), (2.8), (2.9), and (2.10), we conclude that
dn \ 2
5 5 (1-32)
Iza — PI% < lwn — I — llwn — 20 — = xuCall? = —5(27 — &) |jw, — yull .
(T
n+1

This completes the proof. O

Theorem 2.1. Assume that Assumptions (A1)-(A5) hold. Then the sequence {x,} generated by Algorithm 2.1 converges to the
unique solution of the (BVIP) in norm.

Proof. We first show that the sequence {x,} is bounded. Let p € £2. From Lemma 2.4, § € (0,2/u), and 7 € (§/2, 1/u),
we have

lzo —pll < lwy —pll, Vn=1.

It follows from (2.2) and the assumptions on {«,} that % lxn — xp_1]| = 0 as n — oo. Therefore, there exists a constant
Q; > 0 such that 2—’,'1||xn — Xn—1/l < Qq, Vn > 1. By the definition of wy,, one has ||w, — p|| < o, - Q1 + ||x, — p||. Thus

zo — pll < llwp —pll < lIXn — Pl + @nQ1, YR = 1. (2.11)
From Lemma 1.1 and (2.11), it follows that

%011 = pll = | I = onyF) zn — (I — otny F) p — any Fp||
< (I —ann) llza — pll + any IFpll

Q y
< (1= ann) 10 — pll + @ - 71 + - I

F
- max{@ + vIIFpll
n

s [1xn —pll}

{Ql + v IFpll

M- nwaldl
n

<...<ma

%1 —PII} ;

wheren =1—,/1—y (Zﬁ - )/L%) € (0, 1]. This implies that the sequence {x,} is bounded. We obtain that the sequences
{wy}, {yn}, and {z,} are also bounded.

Combining the inequality ||x + y||?> < ||x]|> + 2(y, x +¥), Vx,y € H, (2.11), and Lemma 2.4, we have
%41 — pII> = Il  — anyF) zo — (I — anyF) p — any Fpll®
< (1 —ann)? llzn — pI* + 2any (Fp, p — Xn41)
< llzn — pII* + anQ
< 1% — PI* + o (2Q1 %0 — PIl + 0aQ7) + Q2

5 5 (1—322)?
— llwn —zy — ;chnnz - ;(2"7 - S)ﬁnwn = Yall®
(1+53)
for some Q, > 0. Thus
TUAn 2
8 , 8 -3
Wy — Zn — — xnCall? + =21 — 8)—— " |jw, — yull?
lwn — zn ‘L’X" nll _[2( ) 1—}-;“3;’)2 lwn — ynll (2.12)

2 2
< %0 = pI* = X041 = PII* 4+ Qs

where Q3 := sup,cy {2Qi 1%y — pll + @ Qf + Q2} > 0.
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From the definition of w, and (2.11), we obtain

X241 =PI < (1 = aan) lwn — plI* + 20y (Fp, P — Xns1)
< (1 —ann) 1% —P||2 + 2any (Fp, p — Xn+1)
+ OnllxXn — Xn—1ll Clixn — Il + OlXn — X0—11)
3Q6,
==y — X

n

(2.13)
2y
< ann[T] (Fp, p — Xpy1) +

+ (1 —aun) [1xn —P||2 s
where Q := sup;cy {[lXn — plI, 011X — Xp—11l} > 0.
Finally we show that the sequence {||x,, - p||2} converges to zero. We set

3Q6,
1xn — xn—1]l.
onn

2y
Pn = 1% — pI%, g = o (Fp, p — Xni1) +

Then the last inequality in (2.13) can be written as ppy1 < (1 — ann)pPn + anngn, Yn > 1. Note that the sequence {o,n}
isin (0, 1) and Zﬁ; apn = 00. By Lemma 1.2, it remains to show that limsup,_, ., qn, < 0 for every subsequence {pnk}
of {p,} satisfying liminfy_, o (p,,,<+1 —pnk) > 0. For this purpose, we assume {pnk} is a subsequence of {p,} such that
liminfy_ o (pnkJrl — pnk) > 0. Combining (2.12), the assumption on {«,}, § € (0,2/u), and 7 € (§/2, 1/1), one obtains

I;Mnk 2
8 $ o
. 2 ng+1 2
lim sup ”wnk — Zny, — — XniCny -+ 2(277 ) T N2 ”wnk _.Vnk”
k—o0 T T (1 + k)
)Lnk+1

< lim sup &, Q3 + lim sup (pn, — Pn+1)
k— 00 k— o0
< —liminf (pu, 1 — pn,) <0,
which implies that
. . 8
lim “ynk — Wnpy ” =0 and lim ”wnk —Zn, — *Xnkcnk” =0.
k—00 k— o0 T
From the definition of x,, we obtain

8 8
“wnk - an” = ”wnk - an - ;Xnkcnk” + ;Xﬂk”an “
8 8 (Wny, — Yy Cny)
= ”wnk — Zn, — 7Xnkcnk|| + -
T T llcn I
8 8
=< ”wnk _an - ;Xnkcnk” + ;”wnk _ynk “ .
Hence, we have that limy_, » [|Z,, — wp, || = 0. Moreover, we can show that
IXn+1 — Zny | = ot ¥ IFzn, | = 0 as n — oo,

and

On
[[Xn, — Wy |l = ct - O{—"llxn,< — Xn—1ll = 0 as n — oo.
ng

Thus
||Xnk+1 _Xnk” = ||xnk+l _an” + ”Zﬂk — Wy, ” + ||wn;< - Xnk ” — 0asn— oo.

Since the sequence {x,, } is bounded, there exists a subsequence {xnkj} of {xp,} such that Xny —Z €H as j — oo and
limsup (Fp, p —xn,) = lim (Fp. p —xn, ) = (Fp.p —2).

By using limy_, oo [|Xn, — wy, || = 0, we obtain Wy, — Z as j — oo. This combining with limy_. |wy, — y5, || = 0 and
Lemma 2.2 yields that z € £2. From the assumptlon that p is the unique solution of the (BVIP) and limy_, oo [|Xp, 1 — X5, || =
0, we deduce

lim sup(Fp, p — Xn+1) < limsup (Fp, p — xy,) = (Fp.p —2) <0,

k—00 k— o0

which together with limy_, o 2 . I, —xp—1ll = O yields that lim sup,_, ., g, < 0. Therefore, we conclude that lim;,_, o [|x, —
pll = 0. That is, x, — p as n — oo. This completes the proof. O
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Now, we give a special case of Theorem 2.1. Set F(x) = x — f(x) in Algorithm 2.1, where mapping f : H — H is
p-contraction. It can be easily verified that mapping F : H# — # is (1 4 p)-Lipschitz continuous and (1 — p)-strongly
monotone. In this situation, by picking y = 1, we obtain a new inertial modified subgradient extragradient algorithm for
solving the (VIP). More specifically, we have the following result.

Corollary 2.1. Assume that Assumptions (A1), (A2), (A4), and (A5) hold. Let mapping f : H — H be p-contraction with
p€[0,+/5—2).Take 6 >0, 1; >0, u € (0,1), 8 € (0, 2/u)and t € (8/2,1/u). Let xo, X1 € H be two arbitrary initial
points and the iterative sequence {x,} be generated by

Wy =Xn +60p Xn —Xn—1), Yn= Pe(wn — TAMwy),
Xnp1 =onf (Z0) + (1 —on) 2z, Zp = PTn(wn — 8AnXnMyn), (2.14)
where 6, Ay, xn and T, are defined in (2.2), (2.3), and (2.4).

Then the iterative sequence {x,} formed by (2.14) converges to p € §2 in norm, where p = Po(f(p)).
2.2. Algorithm for uniformly continuous operators

In this subsection, we propose an Armijo-type iterative scheme to approximate the solution of the (BVIP) with a
pseudomonotone and non-Lipschitz continuous operator. We replace Assumptions (A4) and (A5) in Algorithm 2.1 with
the following Assumptions (A6) and (A7), respectively.

(A6) The operator M : # — H is pseudomonotone, uniformly continuous on # and satisfies the Assumption (2.1).
(A7) Suppose {€,} is a non-negative positive sequences such that lim,_ o ;—'r'l = 0, where {a,} C (0, 1) satisfies
limp oy =0and Y 2, oy = 00.

The second scheme is stated in Algorithm 2.2.

Algorithm 2.2 Armijo-type inertial modified subgradient extragradient method for (BVIP).

Initialization: Take 6 > 0,0 > 0,¢ € (0,1), u € (0,1),§ € (0,2/u), v € (§/2,1/n), vy € (0,2/3/L§). Select two
sequences {e,} and {«,} to satisfy Assumption (A7). Let xo, Xx; € H be arbitrary.

Iterative Steps: Given the iterates x,_; and x, (n > 1), calculate x,1 as follows:

Step 1. Compute w, = X, + 6,(x, — X4—1), Where 8, is updated by (2.2).

Step 2. Compute y, = Pc(w, — tA,Mwy), where A, := o£™ and m, is the smallest nonnegative integer m satisfying

o™ (Mwy — MYn, Wn — Yn) fﬂ”wn_yn”2~ (Amyj)

Step 3. Compute z, = Pr,(wy — A, xnMy,), where the half-space T, and x, are defined in (2.4).
Step 4. Compute X,+1 = z;, — oY Fzp.
Setn:=n+ 1 and go to Step 1.

We can obtain the following conclusions of Lemmas 2.5 and 2.6 by a simple modification of Lemmas 3.1 and 3.3 in [44],
respectively. To avoid repetitive expressions, we omit their proofs here.

Lemma 2.5 ([44]). Suppose that Assumption (A6) holds. Then the Armijo criteria (Amj) is well defined.

Lemma 2.6 ([44]). Suppose that Assumptions (A1), (A2), and (A6) hold. Let {w,} and {y,} be two sequences created by
Algorithm 2.2. If there exists a subsequence {wy, } of {wn} such that {w,,} converges weakly to z € H and limy_. o ||wy, —
Y\l =0, then z € £2.

According to the proofs of Lemmas 2.3 and 2.4, we have the following Lemmas 2.7 and 2.8 without proof.

Lemma 2.7. Ify, = wy or ¢, = 0 in Algorithm 2.2, then y, € $2. Moreover, we have
(1= zpllwn = yull < llcall = (14 Tp)llwn — yall-

Lemma 2.8. Suppose that Assumptions (A1), (A2), and (A6) hold. Let {z,}, {y.}, and {w,} be three sequences created by
Algorithm 2.2. Then, for all p € 2,
8 b (1—1p)?
llzn — P”2 < llwn —P||2 — [lwp — 2p — ;XnCn”2 - ;(Zf - 5)m”wn —J/n||2~

8
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Theorem 2.2. Assume that Assumptions (A1)-(A3), (A6), and (A7) hold. Then the sequence {x,} generated by Algorithm 2.2
converges to the unique solution of the (BVIP) in norm.

Proof. The proof is very similar to Theorem 2.1. We leave it to the reader to verify. O

Similar to Corollary 2.1, we have the following result for the special case of Theorem 2.2.

Corollary 2.2. Assume that Assumptions (A1), (A2), (A6), and (A7) hold. Let mapping f : H — H be p-contraction with
pel0,+/5—2).Take§ > 0,0 >0,£€(0,1), ue(0,1),8 € (0, 2/u)and t € (8/2, 1/u). Let xo, X1 € H be two arbitrary
initial points and the iterative sequence {x,} be generated by

Wp = Xn + O Xy — Xn—1), Yn = Pc(wn — 1A Mwy),
Xnp1 = anf (z0) + (1 — ) 2y, Zy = Pry(wyn — A0 xnMys) , (2.15)
where 6,, An, xn and T, are defined in (2.2), (Amj), and (2.4).

Then the iterative sequence {x,} formed by (2.15) converges to p € §2 in norm, where p = Po(f(p)).

Remark 2.2. We discuss further contributions of this paper in the comments below.

(i) In the proposed Algorithms 2.1, 2.2, (2.14), and (2.15), y, is computed as y, = Pc(w, — tA,Mw;,). Notice that the
step size for computing y, is TA,, which is different from the methods that already exist in the literature [13,16].
The proposed Algorithms (2.14) and (2.15) can be viewed as a modification of Algorithm 3.1 introduced by
Dong et al. [16]. Our numerical experiments indicate that this modification can improve the convergence speed
of some known algorithms (see Section 3).

(ii) Our Algorithms 2.1 and 2.2 improve some known numerical methods for solving the (BVIP) in the literature [34-39].
More precisely, we base on the following considerations: (1) the algorithms introduced in [34,36] require computing
the projection onto the feasible set twice in each iteration, while our Algorithm 2.1 need to calculate it only once;
(2) the methods stated in the literature [34,35] are used to solve bilevel monotone variational inequalities, while
our algorithms can solve a wider range of bilevel pseudomonotone variational inequalities; (3) the update of the
step size of the Algorithm 3.1 suggested by Thong and Hieu [37] requires the prior knowledge of the Lipschitz
constant of the mapping, while our algorithms can adaptively update the step size without any prior information;
(4) it should be emphasized that the proposed Algorithm 2.2 is designed to solve the (BVIP) with a non-Lipschitz
continuous operator, which improves many algorithms in the literature [34-39] for solving the (BVIP) with a
Lipschitz continuous operator; and (5) inertial effects are added to the proposed algorithms, which accelerates
the convergence speed of the algorithm in [38] without inertial terms (see Section 3).

(iii) Our Algorithm (2.14) and Algorithm (2.15) can solve a wider range of variational inequalities with pseudomonotone
and non-Lipschitz continuous operators, and thus they improve and unify many of the methods proposed in the
literature (see, e.g., [13,16,21,22]) for solving variational inequalities. This is similar to the exposition in (ii) and
thus we omit the details.

3. Numerical experiments and applications

In this section, we present some computational experiments to illustrate the numerical performance of the proposed
algorithms over some existing ones. All the programs were implemented in MATLAB 2018a on a Intel(R) Core(TM)
i5-8250U CPU @ 1.60 GHz computer with RAM 8.00 GB.

3.1. Theoretical examples

Example 3.1. Consider the linear operator M : R" — R™(m = 20) in the form M(x) = Sx + g, where ¢ € R"
and S = NNT +Q + D, N is a m x m matrix, Q is a m x m skew-symmetric matrix, and D is a m x m diagonal
matrix with its diagonal entries being nonnegative (hence S is positive symmetric definite). The feasible set C is given by
C={xeR™:-2<x <5,i=1,...,m}.Itis clear that M is monotone and Lipschitz continuous with constant L = ||S|.
In this experiment, all entries of N, Q are generated randomly in [—2, 2], D is generated randomly in [0, 2] and g = 0. It
is easy to check that the solution of the variational inequality problem is x* = {0}. The maximum number of iterations
500 is used as a stopping criterion and the function D, = ||x, — x*|| is used to measure the error of the n-th iteration step.
We use the proposed Algorithms (2.14) and (2.15) to solve this problem. Take 8 = 0.6, ¢, = 100/(n+1)%, a, = 1/(n+ 1),
8 = 1.5, and f(x) = 0.1x for the presented algorithms. Choose A; = 1, u = 0.2, and &, = 1/(n + 1)!! for the suggested
Algorithm (2.14). Select 0 = 2, £ = 0.5, and u = 0.2 for the proposed Algorithm (2.15). Fig. 1 shows the numerical
performance of the proposed algorithms for different parameter <.

9
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Fig. 1. Numerical results for Example 3.1.

Example 3.2. Let % = [*([0, 1]) be an infinite-dimensional Hilbert space with inner product

1
x,y) =/ x(ty(t)dt, Vx,y e H,
0

and induced norm

1 1/2
x|l = (/ |x(t)|2dt> . VxeH.
0

Let r, R be two positive real numbers such that R/(k + 1) < r/k < r < R for some k > 1. Take the feasible set as
C={xe#:|x|| <r}. The operator M : H — H is given by

M(x) = (R — ||x]))x, Vx e H.

Note that the operator M is pseudomonotone rather than monotone (see [45, Section 4]). Let F : # — 7 be an operator
defined by (Fx)(t) = 0.5x(t),t € [0, 1]. It is easy to see that operator F is 0.5-strongly monotone and 0.5-Lipschitz
continuous. We use the proposed Algorithms 2.1 and 2.2 to solve the (BVIP) with M, F and C given above, and compare
them with two previously known strongly convergent algorithms, including the Algorithm 1 suggested by Thong et al. [38]
(shortly, TLDCR Alg. 1) and the Algorithm 3.2 proposed by Tan et al. [39] (shortly, TLQ Alg. 3.2). The parameters of all
algorithms are set as follows.

e In the proposed Algorithms 2.1 and 2.2, we set @ = 0.4, ¢, = 1/(n+ 1), ap = 1/(n+1), T = 0.8, 8 = 1.5, and
y = 1.7B/L2. Pick A1 = 0.5, u = 0.1, and &, = 1/(n + 1)!! for Algorithm 2.1. Adopt & = 2, £ = 0.5, and p = 0.1
for Algorithm 2.2.

e In the TLDCR Alg. 1 [38], we take © = 0.1, A1 = 0.5,§ = 1.5,y = 1/(n+ 1), and y = 1.7ﬂ/L§.

o In the TLQ Alg. 3.2 [39], we choose § = 0.4, ¢, = 1/(n+ 1%, u =0.1,A; =0.5, a0y, = 1/(n+1),and y = ].7ﬁ/L§.
For the experiment, we choose R = 1.5, r = 1, k = 1.1. The solution of this problem is x*(t) = 0. The maximum number
of iterations 50 is used as a common stopping criterion. The numerical behavior of D, = ||x,(t) — x*(t)| of all algorithms
with four starting points xo(t) = x4(t) is shown in Fig. 2.

Example 3.3. Consider the Hilbert space # = L := {x = (x1,%2, ..., Xj,...) | Zf’zol |xi|> < 400} equipped with inner
product

o0
(¥ =Y xyi, VxyeEH,
i=1
and induced norm
Xl = v/ {x, %), VxeH.
Let C := {x € H : |x;| < 1/i}. Define an operator M : C — # by

Mx = ([IX]l + 1/(lIxIl + ¢)) x
10
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Fig. 2. Numerical results for Example 3.2.

for some ¢ > 0. It can be verified that mapping M is pseudomonotone on #, uniformly continuous and sequentially
weakly continuous on C but not Lipschitz continuous on A (see [46]). In the following cases, we take ¢ = 0.5, H = R™
for different values of m. In this case, the feasible set C is a box C = {x eR™: —1/i<x <1/i,i=1,2,..., m}.
We compare the proposed Algorithm (2.15) with several strongly convergent algorithms that can solve the (VIP) with
uniformly continuous operators, including the Algorithm 4 proposed by Reich et al. [25] (shortly, RTDLD Alg. 4), the
Algorithm 3.1 introduced by Cai et al. [26] (shortly, CDP Alg. 3.1) and the Algorithm 3 suggested by Thong et al. [47]
(shortly, TSI Alg. 3). Take o, = 1/(n+ 1), f(x) = 0.1x, 0 = 2, £ = 0.5, and u = 0.6 for all algorithms. Choose A = 0.5/
for RTDLD Alg. 4. Set 6 = 0.4, ¢, = 1/(n 4+ 1), T = 0.8, and 8 = 1.5 for the suggested Algorithm (2.15). The initial values
Xo = X1 = 5rand(m, 1) are randomly generated by MATLAB. The maximum number of iterations 200 is used as a common
stopping criterion. The numerical performance of D, = |x, — x,_1|| of all algorithms with four different dimensions is
reported in Fig. 3.

Remark 3.1. We have the following observations for the results of Examples 3.1-3.3.

(i) The iterative methods proposed in this paper are efficient and robust. They have a better numerical performance
than the algorithms presented in the literature [25,26,38,39,47] for the same stopping criterion, and these results
are not significantly related to the choice of initial values and the size of the dimensions.

(ii) It can be seen from Fig. 1 that the values of the parameter t have different effects on the proposed Algorithms (2.14)
and (2.15). Specifically, the algorithms with = {0.8, 0.9} can accelerate the convergence speed of the algorithms
with v = 1. Therefore, our schemes have a faster convergence speed when a suitable t is chosen.

(iii) Note that the operator M in Example 3.2 is pseudomonotone rather than monotone and that the Lipschitz constant
of the operator M is unknown. In these cases, the algorithms introduced in [34,35] for solving bilevel monotone
variational inequalities and the algorithms offered in [36,37] that require the prior knowledge of the Lipschitz
constant of the operator will be unavailable. On the other hand, as demonstrated in Example 3.3, the operator M is

11
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Fig. 3. Numerical results for Example 3.3.

uniformly continuous without satisfying Lipschitz continuity. Many algorithms in the literature (see, e.g., [13,16])
that solve the variational inequality problem involving a Lipschitz continuous operator will fail in this case.
However, the schemes stated in this paper can solve these problems well, and therefore they have a wider range
of applications.

(iv) It can be seen from Fig. 2 that the proposed Algorithm 2.2 requires more execution time in an infinite-dimensional
Hilbert space than the adaptive algorithm proposed in [38,39], because it uses an Armijo-type step size criterion
that may require multiple computations of the projection onto the feasible set in each iteration. However, the
proposed adaptive Algorithm 2.1 converges very fast due to the fact that it employs a new non-monotonic sequence
of stepsizes.

3.2. Application to optimal control problems

Next, we use the proposed algorithms to solve the (VIP) that appears in optimal control problems. We recommend
readers to refer to [23,48] for a detailed description of the problem. We compare the suggested Algorithm (2.14) and
Algorithm (2.15) with some strongly convergent algorithms in the literature. Two methods used to compare here are the
Algorithm (31) (shortly, TLDCR Alg. (31)) introduced by Thong et al. [38] and the Algorithm (3.39) (shortly, TLQ Alg. (3.39))
proposed by Tan et al. [39]. The parameters of all algorithms are set as follows.

o In the proposed Algorithms (2.14) and (2.15), we set N = 100, § = 0.01, ¢, = 107%/(n+ 1), § = 1.5,
ap =10"%/(n + 1), = {0.8, 1}, and f(x) = 0.1x. Pick A.; = 0.5, x = 0.1, and &, = 0.1/(n+1)"! for Algorithm (2.14).
Adopt 0 =2, £ = 0.5, and u = 0.1 for Algorithm (2.15).

e In the TLDCR Alg. (31) [38], we choose N = 100, = 0.1, . = 0.5, § = 1.5, and o, = 107#/(n + 1).

e In the TLQ Alg. (3.39) [39], we take N = 100, 6 = 0.01, ¢, = 107%/(n + 1), u = 0.1, A1 = 0.5, ap = 1074/(n + 1),
and f(x) = 0.1x.
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Fig. 4. Numerical results of the proposed Algorithm (2.14) for Example 3.4.

The initial controls po(t) = p1(t) are randomly generated in [—1, 1]. The stopping criterion is either D,, = ||ppy1 — pPnll <
10~* or the maximum number of iterations is reached 1000.

Example 3.4 (Rocket car [48]).

minimize 0.5 ((x1(5))* + (x2(5))°) ,
subject to  X;(t) = x(t),
X(t) = p(t), Vte][0,5],
x1(0) =6, x(0)=1,
p(t) e [-1,1].
The exact optimal control of Example 3.4 is
- :{ 1 %f t €(3.517,5];
-1 if t €(0,3.517].

The approximate optimal control and the corresponding trajectories of the suggested Algorithm (2.14) (with t = 0.8) are
plotted in Fig. 4.

Example 3.5 (see [49]).
minimize — x1(2) + (%2(2))? ,
subject to  X{(t) = x(t),
X(t) =p(t), Vtel0,2],
x1(0) =0, x(0)=0,
p(t) € [-1,1].
The exact optimal control of Example 3.5 is
1, if te€][0,1.2);
= {—1, if te(1.2.2].
Fig. 5 shows the approximate optimal control and the corresponding trajectories of the proposed Algorithm (2.15) (with
T =0.8).

Finally, we compare the offered Algorithm (2.14) and Algorithm (2.15) with TLQ Alg. (3.39) and TLDCR Alg. (31) for
Examples 3.4 and 3.5. Fig. 6 presents the numerical behavior of the error estimate ||p,.1 — pn|l with respect to the number
of iterations for all algorithms. Moreover, the number of terminated iterations and the execution time of all algorithms
are shown in Table 1.

Remark 3.2. The suggested Algorithms (2.14) and (2.15) can be applied to solve optimal control problems. As shown in
Fig. 6 and Table 1, the proposed Algorithms (2.14) and (2.15) outperform the existing methods in the literature [38,39].
Moreover, when t = 0.8, the proposed algorithms converge faster than the algorithms with t = 1.0.
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Fig. 5. Numerical results of the proposed Algorithm (2.15) for Example 3.5.
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Fig. 6. Error estimates of all algorithms for Examples 3.4 and 3.5.

Table 1

Numerical results of all algorithms for Examples 3.4 and 3.5.
Algorithms Example 3.4 Example 3.5

Iter. Time (s) Dy Iter. Time (s) Dy

Our Alg. (2.14), T = 0.8 631 0.2453 9.94E—05 335 0.1137 9.89E—05
Our Alg. (2.14), T = 1.0 676 0.2513 1.00E—04 371 0.1246 9.93E—05
Our Alg. (2.15), 7 = 0.8 152 0.1473 6.02E—05 102 0.0434 9.93E—05
Our Alg. (2.15), t = 1.0 218 0.1662 7.79E-05 115 0.0502 9.77E—05
TLQ Alg. (3.39) 1000 0.3389 5.69E—03 1000 0.3541 2.12E-03
TLDCR Alg. (31) 1000 0.3251 3.87E—03 1000 0.3241 7.48E—04

4. Conclusions

In this paper, we introduced two new modified subgradient extragradient methods to approximate the solution of
bilevel variational inequalities. The advantages of the proposed algorithms are that (1) only one projection onto the
feasible set needs to be computed in each iteration; (2) the operator involved is pseudomonotone and Lipschitz continuous
(or uniformly continuous); (3) the update of the step size does not require the prior knowledge of the Lipschitz constant
of the mapping; and (4) the embedding of the inertial terms accelerates the convergence speed of the algorithms. Strong
convergence theorems of the presented algorithms are established in the framework of real Hilbert spaces. Finally, the
computational efficiency of our iterative schemes compared to the known methods in the literature is verified by some
numerical tests and applications. The results obtained in this paper improved and extended many numerical methods in
the literature for solving variational inequalities and bilevel variational inequalities.
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