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Abstract
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of a monotone variational inequality problem and a fixed point problem with a
demicontractive mapping. Strong convergence theorems of the suggested algo-
rithms are established under some standard conditions. Finally, we implement some
computational tests to show the efficiency and advantages of the proposed algo-
rithms and compare them with some existing ones.
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1 Introduction

Let C be a nonempty closed convex set in a real Hilbert space H whose induced
norm and inner product are denoted by || - || and (-, -), respectively. One recalls that
the variational inequality problem (shortly, VIP) is described as follows:

find u € C such that (Au,x —u) >0, VxeC, (VIP)

where A : H — 'H is a nonlinear operator. Let VI(C, A) represent the solution set of
the problem (VIP). Variational inequality is an essential tool for studying many
fields of mathematics and applied sciences (such as physics, regional, social,
engineering, and other issues); see, for example, [1, 10, 15, 16]. The theories and
methods of variational inequalities have been implemented in numerous areas of
science and have proven to be successful and creative. The theory has been shown
to provide an easy, common and consistent structure for dealing with possible
issues. In the past few decades, researchers have been very interested in developing
effective and robust numerical approaches for solving variational inequality prob-
lems. In particular, there has been great interest in projection-based methods and
their variants. To see various projection-type methods, one refers to
[2, 6, 11, 17, 23] and the references therein. It should be mentioned that the
extragradient method [11] needs to perform two projection calculations on the
feasible set in each iteration, while the subgradient extragradient method [2] and the
Tseng’s extragradient method [23] only require one projection on the feasible set. It
is well known that calculating the projection on a non-empty closed convex set is
not easy, especially when it has a complex structure. Thus, these two methods
greatly improve computational performance in the actual environment.

On the other hand, the fixed point problem is closely related to variational
inequalities. A point u € H is called a fixed point of mapping T : H — H if Tu = u.
We use Fix(T) to denote the fixed point set of 7. Our main objective in this paper is
to find general solutions to variational inequality problems and fixed point problems.
The reason for exploring these problems is that they can be applied to mathematical
models, and their constraints can be represented as fixed-point problems and/or
variational inequality problems. In recent years, researchers have investigated and
proposed many efficient iterative approaches to find common solutions for
variational inequality problems and fixed point problems, see, for instance,
[3, 7, 18, 29] and the references therein. Recently, Kraikaew and Saejung [12]
proposed an algorithm for finding a common solution to monotone variational
inequalities and fixed point problems. This algorithm is based on the Halpern
method and the subgradient extragradient method, and is now called the Halpern
subgradient extragradient method (HSEGM). Indeed, the algorithm is of the form:
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W= Pe(d —yAx),

F =0 + (1 = 0P, (X — yAYH),
(HSEGM)
Hy = {xeH | (@ —ad -y x -y <o},

= (1= )T,

where Pc stands for the metric projection of H onto C
(Pc(x) := argmin{||x — y||, y € C}), mapping A : H — H is monotone and L-Lip-
schitz continuous, the step size y is a fixed number and belongs to (0, 1/L) , and
mapping T : H — H is quasi-nonexpansive (see below for the definition). They
proved that the iterative sequence {x*} defined in (HSEGM) converges to
PFiX(T)mVKC’A)(xO) in norm under some suitable conditions. However, Algo-
rithm (HSEGM) needs to know the prior information of the Lipschitz constant of
the mapping, which may limit the use of some related algorithms. To overcome
such difficulty, a large number of algorithms have been proposed to update the step
size through certain adaptive criteria, see, for example, [4, 19, 24]. Recently, Tong
and Tian [24] proposed a new self-adaptive iterative algorithm to solve variational
inequality problems and fixed point problems in a Hilbert space. Their algorithm is
motivated by the Tseng’s extragradient method, the hybrid steepest descent method
and the Mann-type method. The adaptive criterion adopted can guarantee that the
algorithm works without knowing the Lipschitz constant of the mapping. Their
algorithm is described as follows:

¥ = Pe(dk — paxb),

=y — 4yt —Axh),
(STEGM)
= (1—n)d" +n T,

X = (I = MO P,

where mapping A : H — H is monotone and L-Lipschitz continuous, mapping 7T :
‘H — 'H is quasi-nonexpansive with a demiclosedness property and mapping F :
‘H — 'H is strongly monotone and Lipschitz continuous. The step size y;, will be
automatically updated in each iteration by selecting the maximum 7 €
{p.pl,pP?,...} that satisfies y[|Ax* — Ay*|| < ¢[lx* — y*|| (this rule is called the
Armijo-like line search criterion). Under some suitable conditions, the iterative
sequence generated by (STEGM) converges to z = PFix(T)mVI(C,A)(I — 7F)z in norm.
In this paper, we focus on the situation that 7 is a demicontractive mapping,
which covers quasi-nonexpansive mappings. In 2018, Thong and Hieu [25]
proposed two Mann-type subgradient extragradient algorithms to find common
elements of variational inequalities and fixed point problems involving a demicon-
tractive mapping. More precisely, their iterative algorithms are as follows:
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yk = PC(xk - yAxk)7
Zk = PHk(xk - yAyk)a

(MSEGM)
Hy = {x e M| (x* —yAx" =)} x = y¥) <0},
K= (1= 0 — )2+ T2,
and
W= Pe(d —yAx),
=Py, (x* = Ah),
(MMSEGM)

Hi={xeH| (X — pAx* — Y x —yh) <0},
A = (1= ) (02") + m, T2,

where mapping A : H — 'H is monotone and L-Lipschitz continuous, step size y €
(0,1/L) and mapping T :H — H is A-demicontractive with 0 <A<1. They
obtained strong convergence theorems of the suggested algorithms in real Hilbert
spaces under some suitable and mild assumptions.

Note that algorithms (MSEGM) and (MMSEGM) require to know the prior
information of the Lipschitz constant of the cost mapping. In addition, we point out
that the method of updating the step size through the Armijo-like criterion may be
computationally expensive because it needs to calculate the value of operator A and
the projection P many times in each iteration. To overcome these shortcomings, an
effective method is to automatically update the step size through some simple
calculations in each iteration. Recently, Thong and Hieu [26] introduced two
extragradient viscosity-type iterative algorithms with a new simple step size to solve
variational inequalities and fixed point problems. Their algorithms are of the
following forms:

¥ = Pe(x* — 9,Ax5),

2= Py, (x* — Ay,

(VSEGM)
Hy = {x e H| (& = pax* -y, x —F) <0},
= O () + (1= 00 [(1 = )2 + T,
and
¥ = Pe(x = pAxY),
2=y = p(ay* - Axb), (VTEGM)

= O (F) + (1 = 00) [(1 — m)2" + T2,

where mapping A : ' H — H is monotone and L-Lipschitz continuous, mapping 7 :
‘H — H is A-demicontractive and mapping f is contractive. Algorithms (VSEGM)
and (VTEGM) update the step size {y,} by the following rule:
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- Bl =yl } : k k
ming ————— 7y, > if Ax* — Ay* #£0;
Vi1 = {|Axk — Ay ‘

Vi otherwise .

Note that the step size y, updated by the above method is non-increasing, i.e.,
Vier1 <7 (k>1). This means that the method may depend on the choice of the
initial step size. It should be highlighted that algorithms (STEGM), (VSEGM) and
(VTEGM) only need to compute the projection on the feasible set C once in each
iteration, and they can work without the prior information of the Lipschitz constant
of the cost mapping. These algorithms have achieved strong convergence theorems
in real Hilbert spaces under some suitable conditions.

In recent years, the development of fast iterative algorithms has aroused great
interest from scientific researchers. The inertial algorithm is a two-stage iterative
procedure. Its main feature is to use the previous two iterations to represent the next
iteration. Many authors have used inertial methods to build a large number of
iterative algorithms that can improve the convergence speed; see, for instance,
[5, 8, 9, 20-22, 27, 30] and the references therein. These inertial-type algorithms
have a better numerical performance than algorithms without inertial terms.

Motivated and stimulated by results as mentioned above, in this paper, we
suggest four new inertial Mann-type extragradient algorithms by inserting the
inertial terms into the Tseng’s extragradient algorithm and the subgradient
extragradient algorithm. They are used to find a common element of the solution
set of the monotone variational inequality problem and the fixed point set of a
demicontractive mapping. We use a new non-monotonic step size in each iteration,
which allows the algorithms to work without knowing the Lipschitz constant of the
mapping in advance. We obtain strong convergence of these algorithms under some
standard and mild hypotheses. Finally, we give several numerical examples to
support the theoretical results. Numerical results show that the new algorithms
converge faster than the existing ones [12, 24-26].

The remaining part of the paper proceeds as follows. In the next Section, we
recall some preliminary results. In Sect. 3, we analyze the convergence of the
proposed algorithms. In Sect. 4, some computational tests are provided to illustrate
the numerical behavior of the proposed algorithms and compare them with some
existing ones. Finally, a brief summary is given in Sect. 5, the last section.

2 Preliminaries

Throughout this paper, we always assume that H represents a Hilbert space and C
denotes the nonempty convex and closed subset of H. The weak convergence and
strong convergence of {x*}}°, to x are represented by x* —x and x* — x,
respectively. For each x,y € H and 6 € R, we have the following basic inequalities:

o keI < el 4 20,0+ v);
2 2 2 2
o [0x+ (1 =0)y[I” = Olxl|” + (1 = O)Iy[|” = O(1 = O)|lx — ¥II”.
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It is known that metric projection P¢ has the following basic properties:

o (x—Pc(x),y— Pc(x)) <0, ¥y € C;
o |[Pc(x) = Pc()|I* < (Pc(x) = Pe(y),x —y), Vy € H.

Definition 2.1 Suppose that a nonlinear operator T : H — H satisfies Fix(T) # 0.
If for any {x*} C H, x* — xand (I — T)x* — O implies that x € Fix(T). Then
I — T is said to be demiclosed at zero.

Definition 2.2 For any x,y € H, z € Fix(A), an operator A : H — H is said to be
e [-Lipschitz continuous with L > 0 if

[[Ax — Ay[| < Ll}x = y]-

e monotone if

(Ax — Ay, x —y) > 0.

e quasi-nonexpansive if

[[Ax — z]| < lx — 2]|.

o \-strictly pseudocontractive with 0 <A <1 if

2 2 2
[[Ax = Ay[]” < [lx = y[[" + AT = A)x — (I = A)y[|".

e n-demicontractive with 0 <n<1 if
lAx = 2)* < [l = 2)* + nll (7 — A, (2.1)
or equivalently

—1

(Ax —x,x —2) < T~ |lx — Ax|]%, (22)

or equivalently

—1
(Ax—zx—2) < |x—zf + 1 Il — x| (2.3)

Remark 2.3 According to the above definitions, we can easily see the following
facts:

e Every strictly pseudocontractive mapping with a nonempty fixed point set is
demicontractive.

e The type of demicontractive mappings includes the type of quasi-nonexpansive
mappings.
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The following lemmas are crucial in the proof of convergence of our main
results.

Lemma 2.4 [12] Suppose that A:H — H is a monotone and L-Lipschitz
continuous mapping. Let T = Pc(I — ¢A), where ¢ > 0. If {x*} C H satisfying
xF — u and x* — Tx* — 0, then u € VI(C,A) = Fix(T).

Lemma 2.5 [14] Suppose that {b*} is a nonnegative sequence. If there exists a
subsequence {b%} of {bk} satisfies b <b5t! Vj € N. Then there exists a
nondecreasing sequence {my} of N satisfies limy_ o, my = co. Moreover, for all
(sufficiently large) k € N, the following inequalities are satisfied: b™ < b™*! and
b* <b™*1. Actually, my is the largest number n in the set {1,2,... .k} satisfies
b <b"t,

Lemma 2.6 [28] Suppose that {d‘} is a nonnegative sequence satisfying
a1 <O + (1 — O)a*, Yk > 0, where {0;} C (0,1) and {b*} is a sequence such
that >3, 0 = 0o and limsup,_, ., b* <0. Then limy_.o. a* = 0.

Lemma 2.7 [25] Suppose that T : H — H is n-demicontractive with Fix(T) # (.
Set T), = AT + (1 — M), where I stands for identity mapping and \ € (0,1 — n).
Then

(1) Fix(T) = Fix(Ty);

(i)

(Tox — ul* < |]x — ul® — (1 =n=n)|( - T:)x|?,  Vu € Fix(T),x € H;
(iii)  Fix(T) is a convex and closed set.

3 Main results

In this section, we present four inertial extragradient approaches to solve variational
inequality problems and fixed point problems, and analyze their convergence. These
algorithms are inspired and driven by the subgradient extragradient method, the
Tseng’s extragradient method and the Mann-type method. In particular, we have
added an inertial term and a new non-monotonic step size, which makes these
algorithms have a faster convergence speed and do not need to know the prior
information of Lipschitz constant in advance. First, we assume that our proposed
Algorithm 1 and Algorithm 2 satisfy the subsequent four assumptions.

(Cl) The mapping A : H — H is monotone and L-Lipschitz continuous on H.

(C2) The mapping T:H — H is A-demicontractive such that (I —7T) is
demiclosed at zero.

(C3)  The solution set Fix(T) N VI(C,A) # (.

(C4) Let {{;} and {&} be two nonnegative sequences such that limkﬂoog—i =0
and > 7, & < + oo, where {6} is a sequence of (0, 1) , and satisfies
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Y re; O = 00 and limy_ O = 0. Let the positive sequence {1} satisfy
. € (a,b) C (0,(1 —A)(1 —6)) for some a > 0, b > 0.

3.1 The inertial Mann-type subgradient extragradient algorithm

Now, we present an inertial Mann-type subgradient extragradient algorithm to solve
variational inequality problems and fixed point problems. The details of the
algorithm are described as follows:

Algorithm 1 The inertial Mann-type subgradient extragradient algorithm
Initialization: Take § > 0, v; > 0, ¢ € (0,1). Let 2°,2' € H be two
arbitrary initial points.

Iterative Steps: Calculate the next iteration point z**! as follows:
Step 1. Take two previously known iteration points z*~! and z* (k > 1).
Calculate s = 2% + 6, (2F — 2F~1), where

: Gk ook s k-1,
by = mm{nxk_xk—lu*‘“ ot 7 (3.1)

d, otherwise.

Step 2. Calculate y* = Po(s® — ypAs").
Step 3. Calculate z¥ = Pg, (s* — 7, Ay"*), where the half-space Hj, is
defined by

Hp:={zeM]| (sF — ppAst — ¥z — k) < 0} .
Step 4. Calculate ¢t = (1 — 0, — np)2" + 9 T2%, and update the step
size Yg4+1 by

min M Vi + &k if Ask — Ay* £ 0;
[Ask — AyF[ " TS T (32)

Vi + &k, otherwise.

VYe+1 =

Remark 3.1 1t follows from (3.1) that

Ok g k—1
lim 2 |2 — —0.
Jim o, [|x* =x*"| =0

Indeed, we get that J;|x* —x¥~1|| <, for all k>0, which, together with

limy_ oo (% = 0 implies that

8
lim = &% — ') < lim S,
k—o0 Hk k—o0 Uy

The following two lemmas are very important for the convergence analysis of the
algorithms.
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Lemma 3.2 Suppose that Condition (C1) holds. Then the sequence {y,} generated
by (3.2) is well defined and limy_.. 7, =7y and y € [min{%,yl},yl + E], where

E= EZ; Sk

Proof Since mapping A is L-Lipschitz continuous, one has
Dlls Al _ ol — ) _ ¢

> ==, if As* #£ Ay
[Ask — AyK[| = Lilsk —yk|| L

Thus, y; > min{%,yl}. It follows from the definition of y,,; that y,,; <7y, + E.
Consequently, the sequence {y,} defined in (3.2) is bounded and
7 € [min{2,9,},7, + E]. For simplicity, we define (7, — 7) = max{0, 7., —
nt and (y — ) =max{0,—(y; —%)}. By the definition of {y}, one
obtains 307, (7er1 — %) < Sopoy &< + 00, which implies that the series
Pyl (yk = yk)+ is convergent. Next we show the convergence of the series

Soci(7es1 —m) - Suppose  that > (% — %) =+oo. Note that
Ye+1 = Yk = ('yk+1 — Vk)jL*(“/kH — yk)f. Therefore,

m m m

T = =3 (e = 7)) = D et = 7) = D ey — %)
k=1

k=1 k=1

Taking m — +o0o in the above equation, we get lim,,_,; y,, — —oo. That is a

contradiction. Hence, we deduce that limy_... 7, = y and y € [min{¢,y,},7, + E].
O

Remark 3.3 The idea of the step size y, defined in (3.2) is derived from [13]. It is
worth noting that the step size y, generated in Algorithm 1 is allowed to increase
when the iteration increases. Therefore, the use of this type of step size reduces the
dependence on the initial step size y;. On the other hand, because of
Y ey & < + 0o, which implies that limy_.., & = 0. Consequently, the step size
7, may not increase when k is large enough. If & = 0, then the step size y, in
Algorithm 1 is similar to the approaches in [26].

Lemma 3.4 Suppose that Conditions (C1) and (C3) hold. Let the sequence {7*} be
generated by Algorithm 1. Then, for all u € VI(C,A),
Y
e | SR
Y

2 2 Y 2
e e e (e [ e (Y
Vkt1 k+1

Proof By the definition of 7y, one has

JAst — i) < 2
Y

k+1

Is" —yK|l,  Vk>o0.

Using u € VI(C,A) C C C H, we have

W Birkhiuser
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2012 — ull® = 2[|Pa (s = 7,AY) = Prul|?

<2(ZF —u, s =y AV —u)

= 12 = ull® + [Is* = A — ull® = (| = 5 + A

= 112 = ull® + 15" = wll® + 77 IA I = 20" — w, 7,4

— 12 = P =R I1P = 2 = & mayt)
= (|2 = w4 15 =l = 2 =57 = 20 — AV,
which implies that
12— ull? < [l = ulP — 1 = 1P = 26 — u, pA)%). (3.3)

We have (Au,y* — u) >0 since u € VI(C,A). In addition, since A is monotone, one

obtains 279, (Ay* — Au,y* — u) > 0. Thus, adding this item to the right side of (3.3),
we get

12— ul> < Is* = ull® = |1 = 5" = 2" — u, 9AY")
+ 29 (AY — Au,y* —u)

2 2
= 15" —ull” = [l = sI° + 208 = &, nay’)

(3.4)
— 2y (Au, y* — u)
< —ull® = 112 = )7 + 29 6 — &, AV — As)
+ Zyk(Ask,yk — zk>.
Note that
2 (0F = 2,4 — Asf)
Yk
<2y llAy — AtV - ) < 2 s =YY = 221l 35)

Y 2 Y 2
<Pl =P g It = 2P
Yk+1 Pi+1

Next, we estimate 2y, (As*,y* — z*). It follows from z* = Py, (s* — y,Ay*) that
Z¥ € H,.. Moreover,

<sk - ykAsk _ykazk _yk> SO,

which implies that
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2y (Ast Y — 2y <20F = 55—y »
kHZ k k||2 ( ’ )

2
=y = bl

== — |l -y

Substituting (3.5) and (3.6) into (3.4), we obtain
Y Y
12 =l < s =l = (1= &Y = 1 = (1= g7 )1 = 4P
Vier1 Vi1

This completes the proof of the lemma. []

Theorem 3.5 Suppose that Conditions (C1)—(C4) hold. Then the iterative sequence

{xk} generated by Algorithm 1 converges to u € Fix (T) N VI(C,A) in norm,
where ||u|| = min{||p|| : p € Fix (T) N VI(C,A)}.

Proof 1t follows from Lemma 2.7 that Fix(T) is a convex and closed set. Note that
VI(C,A) is also a closed and convex set. According to the definition of u, we have
u = Pyyca)rix(r)(0). By Lemma 3.2, we get limy (1 — (;’)yky—kl) =1—-¢ >0,
which means that there exists ko € N such that (1 — ¢“’—kl) > 0, Vk > ko. On

account of Lemmas 3.2 and 3.4, we deduce that
| —ul <||s* —ull, Vk>k. (3.7)

We next divide the proof into four parts.

Claim 1. The sequence {x} is bounded. According to the definition of x**!, one
has

W —ull = (1 = Ok = m) (2 = ) + 0 (T2 — u) — O]
<= 0 = ) (& = u) + (T = w)| + Ocl|ul].
Combining (2.1), (2.3) and (3.7), we have

(3.8)

(L= 0 = m) (@ = ) + (T2 = w)?

= (1= 0 — )’ — ull® + | T — u))?
+2(1 = O — ) (T2 — u, 25 — u)
< (1= 0 — )12 = ul® + nZ[ || — ul)* + M) — 7))
1—A
2

+2(1 = O — m)me [||12F — ul® - 12 — T2|)?]

= (1= 0|2 — ull® + me(me — (1= 2)(1 = 6) |12 = T
< (1= 00)7|1s" —ul?,

which implies that
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(1= O — ) (2 — ) + (T = w)|| < (1 = 0)||s* — ull. (3.9)
From the definition of s*, we can write
0 _
s = ul < || — ull +9k'9—i||xk—xk - (3.10)
By Remark 3.1, we get that f,—:||x" —x*1| — 0 as k — co. Thus, there exists a

constant Q; > 0 such that

Ok
Ok

From (3.7), (3.10) and (3.11), we find that

[f = <01, Vk>1. (3.11)

|2 —ul <lIs" —ull < | = ull + 6:01, Vk=ko. (3.12)
Combining (3.8), (3.9) and (3.12), we obtain
P = ull < (1= 005" — ull + O]
< (1= 01 = ull + O([lu]| + 21)
< max { || — ul|, [lull + 01}
<< max{ | —uf), Jull + 01}

Thus, the sequence {x‘} is bounded. So the sequences {s‘} and {7*} are also
bounded.
Claim 2.

Y 2 Y 2
(1= = 1P+ (1= 02 )1 = o
+1 Vi1

Yk
+ (1 =) = [ = 72|
<[ = ul? = [ = ull + 0:0s.
Indeed, it follows from (3.12) that
Is* = wl® < (I = ull + 6:01)
= [l = ul® + 0201 |5 — ul| + 0:07) (3.13)
< |t = ull® + 060

for some @, > 0. Using (2.2), (3.12), (3.13) and Lemma 3.4, we obtain
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A —u® = (& = u) + (T2 = 25) — 02
<N = w) + (T = )P = 20,(, " — )
= [l = ull® + | T — )P + 2n, (T2 — &, 2 — )
+ 20, (Z* u — XY
<N = ul® + n T = 24P + (b= 1)) — T + 0,05
<o = ul® + 0:Qs — me[(1 = X) — ]l — T

b Y
e U e | el e (R [
Vk+1 Vi1

where Q4 = Q> + O3. Thus, we can obtain the desired result through a direct cal-

culation.
Claim 3.

4 =l < (1= 00 — P+ 00 [ — T —
300
+2<u,u—xk+1>+%||xk—xk*1||}, Wk > ko.
k

Setting X = (1 — n,)Z* + n, TZ*. Using (2.1) and (2.3), we obtain
1 = ull® = [[(1 = 0 ) (& = w) + 0 (T2 = w)|?
= (1= )1 = ull® + 2|72 — ul?
+2(1 = ) (T — u, 2 — u)
< (=1 =l + 1 =l 4 rgr -2 O

1-2
+2(1 = ) [[12° = ull® — > |72 = 24P7]

=l = ul® + el — (L= W =)
In view of {n,} C (0,1 —2X) and (3.12), we get
| —ul| < ||s* —ull, Vk>k. (3.15)
According to the definition of s¥ one obtains
I =l = W =l 4 200 =t =
< [l = ull” + 308l — 2,

where Q := supcn {[|x* — ul], 8]]xF — x*71[|} > 0. Moreover, one sees that
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K= — 0 = (1 = 0 — 0u(2 — 1)
= (1 — 0 — O (& — TZ).
From (3.15) and (3.16), we obtain

2
I —

u
= [[(1 = 0) (& — u) = O (me (& = T2) + w)|I?

< (1= 001 = ull* = 20, (ny (2 — T25) + u, 1 — )

= (1= 00)7 (1 — ul|® + Ok [20 (2 — T2 u — XY + 2(u, u — 1]
< (1= 00 [l — ul® + 0c [271 2 = T = ]| + 2,1 = )

300
T I 1)
k

Claim 4. The sequence {[|x* — u||*} converges to zero. We regard to two reasonable
situations on the sequence {[x* — u*}.
Case 1: There exists an N € N such that [x**! — u||* < [|xf — u||* for all k> N.

This implies that limy o, [|x* — ul|* exists. From lim . (1 = ¢-2) =1—¢ >0

and Claim 2, we obtain
Jim [|s" =¥ =0, lim || = 7" =0, lim [l — /|| =0, (3.17)
which implies that lim;_., [|z* — s¥|| = 0. According to the definition of s*, one has

0
o = 1 = Bullt = 71 = Ol = 0. (3.18)

This together with limy_., ||z* — s*|| = 0 implies that
lim || — || = 0.
Jim |z A+ =0 (3.19)
Combining Condition (C4), (3.17) and (3.19), we have
I =) <12 = )+ Ol + mell* = T2 — o

We suppose that there exists a subsequence {x%} of {x*} such that x¥ — g since
{x*} is bounded. Moreover,

lim sup(u, u — x*) = lim (u,u — %) = (u,u — q).

k—o0 J700

One sees that s% — g because of (3.18), which combining lim .. 7, = 7, (3.17)
and Lemma 2.4, yields that ¢ € VI(C,A). Furthermore, we get that 7% — ¢ by
(3.19), which together with limy . ||* — TZ*|| = 0 implies that ¢ € Fix(T). Thus,
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we have g € VI(C,A)N Fix (T). From u = Pyica)rixr)(0), one infers that
limsup, . (u,u — x*) = (u,u — g) <0. By ||x**! — x¥|| — 0, we obtain

lim sup(u, u — x**1) <0.

k—00

Thus, combining Claim 3 and Lemma 2.6, we deduce that lim_... [|x**! — u|* = 0.
This means that x* — u as k — oo.
Case 2: There is a subsequence {[x¥ —u|*} of {||x* —u|*}, which, for all

j €N, satisfies [ — u|* < ||x%*! — 4| In this situation, according to Lemma 2.5,
there is a nondecreasing sequence {my} of N such that limy_, m; = oo, and the
following conclusions hold for all £ € N:

™ = ul® < [l —ul?, and X =P < et — (3.20)
From Claim 2, we have

(R T (R T

my+1 my+1
i [(1 =) = 1 |2 = T2
<[l = ull* = [ = wl* 4 6, Q4 < O s
From Condition (C4), we obtain

lim [l — ™ = Jim " — Y = Jim [} — 7<) =0,
k—o0 k—o0 k—o0

As proved in the first situation, we get that limsup,_, . (u,u — x™*!) <0. From
Claim 3 and (3.20), we obtain
P < (1= 0 ) [0 — a4 O[22 — T2 2 — ]
300y,
+2(u,u — x™ ) +% [l — x™ ],

my

which implies that
I = < et =l < 2m,, 127 = T —

+2(u,u — X —|—%§mk [ — x|

my

Thus, limsup;_, . ||x* — u|| <0, that is x* — u as k — co. We have thus proved the
theorem. [J
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3.2 The inertial Mann-type Tseng’s extragradient algorithm

In this subsection, we introduce a new iterative scheme which combining the inertial
Tseng’s extragradient algorithm and the Mann-type method. Note that this method
only involves the calculation of one projection in each iteration. Our Algorithm 2 is
stated as follows:

Algorithm 2 The inertial Mann-type Tseng’s extragradient algorithm

Initialization: Take § > 0, 71 > 0, ¢ € (0,1). Let 2°, 2! € H be two
arbitrary initial points.
Iterative Steps: Calculate the next iteration point z**! as follows:
Sk _ CEk +(5k($k —.Z‘k_l),
y* = Po(s" — pAs*),
= yb = (Ay* - AsY),

ok = (1—06;— nk)zk + nszk ,

update inertial parameter 0, and step size 7,41 through (3.1) and (3.2),
respectively.

The following lemma is crucial to the proof of the convergence of the algorithm.

Lemma 3.6 Suppose that Conditions (C1) and (C3) hold. Let the sequence {zk} be
generated by Algorithm 2. Then

2
12 = ull® < 1" =l = (1= ¢2y§—k)||s" P, Vu e VI(C,A),
k+1

and

Y
12 =Y < p—= s — ¥*I.
Yi+1

Proof First, using the definition of v,, it is easy to see that
st~ Ay < P AL vezo, (321)
Yk+1

By the definition of z¥, one sees that
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2 2
= ul]P = [y - Ayt — As) —ul

llz
= || —ul® + |y = P+ 200 =8 )
+ A — ASF|P — 29,08 — u, Ay — As*)
= [IsF —ull® + Iy* = S| - 205 = 0 =) F20F —sF -y (3.22)
+ A — AS|P = 29, (5F — u, AYF — AsF)

= s =l = Y = 47+ 208 =50 —u)

+y2

Ay — AP = 29 (F — w, AV — AsY).
Combining y* = Pc(s* — y,As") and the property of projection, we obtain
O = 5" pAst Y — ) <0,
or equivalently
OF =5 —u) < — (A5 Y — ). (3.23)
From (3.21), (3.22) and (3.23), we have

2 2 2
12— ull® < fls* = ull = Iy = s"1° = 2n(As", ¥ — w)

2
Y 2
+ 7 I8t = VP = 29 0F — u, Ay — AS)
Vi+1

. (3.24)
= I = ull = (1= 9755 )l = 1
Vi+1
= 290" =, AYE — Au) = 29, — u, Au).
According to u € VI(C,A) and the monotonicity of A, we get
(Au,y* —u) >0, and (Ay* — Au,y* —u) >0. (3.25)

Combining (3.24) and (3.25), we deduce that

2
Y
12 =l < s = ulP = (1= 67 55 ) Is* =411
Vi1
From the definition of z¥ and (3.21), we obtain

y
12 = < o 15— ¥H).
Yi+1

This completes the proof of the lemma. [
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Theorem 3.7 Suppose that Conditions (C1)~(C4) hold. Then the sequence {x*}
created by Algorithm 2 converges to u € Fix (T)NVI(C,A) in norm, where
[lull = min{]lp|| : p € Fix (T) N VI(C,A)}.

Proof By limy_ (1 — ¢? 2—%) =1— ¢* > 0, one concludes that there exists ky €
Tk+1
N such that

2
1= ¢? 2 >0, Vk>k. (3.26)

Vier1

Combining Lemma 3.6 and (3.26), it follows that
12— ul < |Is* —ull, Vk>ko. (3.27)

We also divided the proof into four statements.

Claim 1. The sequence {x'} is bounded. Using the same arguments as in the
Claim 1 of Theorem 3.5, we get that {x*} is bounded. So {s*} and {Z*} are
bounded.

Claim 2.

2
Y
Ml =) = ]Il = TP + (1= 9?55 ) I = &P
Vi+1

<t = ull? = o = ull + 04 Qs
Indeed, using (3.13) and (3.27) and Lemma 3.6, we obtain

2
[Eaan

u
<1 — ul® + 2| T2 = | + 2m (T2 — 2,2 — w)
+ 29k<Zk,M _ xk+1>
<l* = ul® + T = )P + ne (= )] = TP + 0.0 (3.28)
<[ = ul* + 0:Qs — mi[(1 — ) — milll2F — T2
2
Y
SR [

k+1

where Q4 = Q> + O3. Thus, we can obtain the desired result through a direct cal-
culation.
Claim 3.

=l < (1= 001 = P+ 0 [ | — T+ — ]
300

+ 20y — A +% o~ ko
k

The desired result can be obtained using the same arguments as in the Claim 3 of
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Theorem 3.5.
Claim 4. The sequence {||x* — u||} converges to zero. The proof is similar to
Claim 4 in Theorem 3.5. We leave it to the reader for confirmation. [J

3.3 The modified inertial Mann-type subgradient extragradient algorithm

In this subsection, we present two new modified inertial Mann-type extragradient
algorithms to solve fixed point problems and variational inequality problems. First
of all, we assume that the next proposed Algorithms 3 and 4 satisfy Conditions
(C1)—(C3) and the following Condition (C5).

(C5) Let{{;} and {&;} be two nonnegative sequences such that limy_. ., lf—kgk =0
and > 7, & < + oo, where {6} C (0, 1) satisfies limy_.» (1 — 6;) = 0 and

Yoo (1 —0k) =occ0. Let {m} be a real sequence such that n; €
(a,“ﬁ—%@) C (a,};—%) C (a,1 — ) for some a > 0.

Now, we are in a position to show our algorithm, which reads as follows:

Algorithm 3 The modified inertial Mann-type subgradient extragradient
algorithm

Initialization: Take § > 0, v; > 0, ¢ € (0,1). Let 2°,2! € H be two
arbitrary initial points.
Iterative Steps: Calculate the next iteration point z**! as follows:

& = aF 4 5 (aF — 21,
y* = Po(s¥ — e Ash),
Hk:{xe’z'-H<sk—7kAsk—yk7x—yk> SO},
2 = Py, (5" —mAy")

aF T = (1= ) (0r2") + i T2,

update inertial parameter 0, and step size 7yx41 through (3.1) and (3.2),
respectively.

Theorem 3.8 Suppose that Conditions (C1)—(C3) and (C5) hold. Then the iterative
sequence {x*} formed by Algorithm 3 converges to u € Fix (T) N VI(C,A) in
norm, where ||u|| = min{||p|| : p € Fix (T) N VI(C,A)}.

Proof We also divide the proof into four claims.
Claim 1. The sequence {x'} is bounded. From the definition of s*, one has
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Is = ull = [l + 0 (o = *71) —u]

5 B (3.29)
< =l 4+ (1= 60 - = Okl\xk — .

According to Condition (C5), we have 1fk9k [lxk — x¥=1|| — 0 as k — oco. Thus, there

is a constant Q; > 0 such that

P A <0 w1 (3.30)
Combining (3.7), (3.29) and (3.30), we find that
I = ull <[Is" = ull < 2" = ull + (1= 00)Q1,  Vk>ko. (3.31)
Furthermore, by the definition of X1 one obtains
[l — ]
= [106(1 = me) (25 = ) + e (T2" = ) = (1= ) (1 = O] (3.32)

<061 = 1) (2 = u) + (T2 = ) | + (1 = 1) (1 = Og) ]|

(1=2)0x

0, > one infers that

Since n;, <

Mg < (1 = M) 0k — Ok <Ok(1 — A)(1 — ).
From (2.1) and (2.3), we get
10k (1 = n) (2 = ) + (T2 = w)|?
= (0x(1 = )12 = ull® + mg | T2 = ul?
+206(1 = m )i (T2 — u, 2" —u)
< (Oc(1 =)l = ull + nll — ull + mpdl| 725 — 2P
+200(1 = m)mell2 = ull® = 0(1 = )(1 = )| T2 = 24|
= (0c(1 = ng) +me)* |12 — ul?
+ (g = Ok(1 =) (1 = ) | T = 2
< (Ou(1 = me) + m)* |12 — ul?,

which combining with (3.31) further yields that

(3.33)
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10:(1 = ) (2 = ) + (T2 = w)|
< (O(1 =) + )12 = ull (3.34)
<= (1=n) (1 = 0))[IX* = ull + (1 — 0) Q1.
Combining (3.32) and (3.34), we have
[ =l < (1= (1= ) (1 = 60))|1¥* — ul|

0
1—'7k]

+ (1 =) (1 = 0¢) [[|ul| +

Smw@W—MJM+ 1}
I —n

< --~gmax{ka“—M|»|“||+ = }
L —my

Consequently, the sequence {x*} is bounded. So the sequences {s*} and {z*} are
also bounded.
Claim 2.

(1= ¢TI = 1P + (1= o2 )15 = )P
Pk+1 Vi+1
(1= % — )| T2 = 2
< o = ul = [ = ul® + (1= 60)Qa.
Indeed, it follows from (3.31) that
Is* = ull® < (Il = all + (1 = 6 Q1 )?
= | —ull® + (1 = 00) Q1 ¥ — ull + (1 - 6)07) (3.35)
< |t = ufl® + (1= 0002
for some Q, > 0. Using (2.2), (3.31), (3.35) and Lemma 3.4, we obtain
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I — ) = (1 = w) + (T =) = (1= ) (1 = 00)2|?
<Nl = ul® + | T — )7 + 20, (T2 — 2, 2 — )
= 2(1 = ) (1 = 0 ) (&, & — )
<N — ) + | T = P — (1= W) T =2
+2(1 =) (1 = 0 (ZF u — K
<12 = ul® = (1 = R = )| T = 27 + (1= 0,)03
< =l = (1= A= )T = 24> + (1= 0) s

Y Y
— (1= ) =P = (1= 2 )1 =P,

Yr+1 Yi+1

2

where Q4 = Q> + Q3. Thus, we can obtain the desired result through a direct cal-
culation.

Claim 3.
I — ) ?
<[1 = (1 =) (1= O — ull® + (1 = ) (1 — O) [2<u,u —

30 |
(T—m) (1—0k)

2| T2 — 2 — ] + ot =1

Taking #* = (1 — n,)7* + ,TZ*, then as proved in Claim 3 of Theorem 3.5, we get
that || — u|| <||s* — u||. This together with (3.16) yields that
I =l = (1 — = (1= ) (1= 6|
= I[1 = (1 =) (1 = 0] = w) + (1 =) (1 = 0)[(** = 2) — )]
=101 = (1 =) (1 = 0] = ) + (1 =) (1 = ) [ (T2 = 2) = w]||?
<[1= (1 =n)(1 = 0P = ul?
+2(1 = ) (1= 0 (e (T2 = 2) =, 1 —w)
<= (L) (1= O] =l + (1 = (1 00) 20— 1)

30 &
(1 =me) (1—0k)

+ 2|72 = 2T - ]+ It =241

Claim 4. The sequence {||x* — u||} converges to zero. The proof of this result is
similar to that of Theorem 3.5. We leave it to the reader for confirmation. [J
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3.4 The modified inertial Mann-type Tseng’s extragradient algorithm

Finally, we introduce a modified inertial Mann-type Tseng’s extragradient
algorithm. The details of the Algorithm 4 are described as follows.

Algorithm 4 The modified inertial Mann-type Tseng’s extragradient algo-
rithm

Initialization: Take § > 0, 73 > 0, ¢ € (0,1). Let 2%, 2* € H be two
arbitrary initial points.
Iterative Steps: Calculate the next iteration point z

b = 2% 4 Gz — 2F 1),

y* = Po(s" —yAsh),

2 =yF = (AyF — AsY),

R = (1 — ) (0 2%) + 725,

update inertial parameter Jj and step size vi4+1 through (3.1) and (3.2),
respectively.

k+1 a5 follows:

Theorem 3.9 Suppose that Conditions (C1)—(C3) and (C5) hold. Then the iterative
sequence {x*} created by Algorithm 4 converges to u € Fix (T) N VI(C,A) in
norm, where ||u|| = min{||p|| : p € Fix (T) N VI(C,A)}.

Proof The proof is divided into four steps.

Claim 1. The sequence {x*} is bounded. As proved in Theorem 3.7, we also get
that ||zF — ul| <||s* — ul|, Vk > ko. Using the same arguments as in Claim 1 of
Theorem 3.8, one concludes that {x*} is bounded. So {s*} and {z*} are bounded.

Claim 2.

2
M1 = A=) = 2P+ (1= 62 ) = o)
Vk+1

<l = ulP = A — a4+ (1= 00
Indeed, using (3.35) and Lemma 3.6, we have
A = ul? < (I — ull® + nf || T2 = 2P = (1 = W) T = 2P
+2(1 = ) (1 = 0)(2 u — x4
<l = ull® = (1 = 2= )| T = 2P + (1= 0,) 0
<o =l = (1= A = g IT = 27 + (1 = 04) Qs
2
Y
= (1= ISP

k+1

where Q4 = Q> + Q3. Thus, we can obtain the desired result through a direct
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calculation.
Claim 3.

! —u)?

< (1= (=)= 0 = wlP + (1= ) (1= 00 [2,u — 241

30 Ok =
+ 27 Tzk—zk| x]‘+l—u|+ . X — i }
The desired result can be obtained by using the same arguments as in the Claim 3 of
Theorem 3.8.
Claim 4. The sequence {|x* — u||} converges to zero. The proof is similar to
Claim 4 in Theorem 3.5. We leave it to the reader for confirmation. [

4 Numerical examples

In this section, we provide several computational tests to illustrate the numerical
behavior of our proposed algorithms (For convenience, we abbreviate Algorithm 1
as iIMSEGM, Algorithm 2 as iMTEGM, Algorithm 3 as iMMSEGM and Algo-
rithm 4 as IMMTEGM), and compare them with some existing strongly convergent
methods, which including the Halpern subgradient extragradient method (HSEGM)
[12], the self adaptive Tseng’s extragradient method (STEGM) [24], the Mann-type
subgradient extragradient method (MSEGM) [25], the modified Mann-type
subgradient extragradient method (MMSEGM) [25], the Viscosity-type subgradient
extragradient method (VSEGM) [26] and the Viscosity-type Tseng’s extragradient
method (VTEGM) [26].

Table 1 Parameter setting for all algorithms

Algorithms  Parameters

HSEGM O =1/(
MSEGM O =1/(
MMSEGM O, =n/(n+

iMSEGM O =1/(k+1),

n =k/(2k+1), y=0.99/L.

e =05(1—0,),7=099/L.

= 0¢/3, 7 =0.99/L.

n=051-0),8=06, =1/(k+1)% ¢ =057, =0.5,

k+1),
k+1

vv\_/\_/

=1/(k+ 1)‘ L
iMTEGM The parameters set are the same as Algorithm (iMSEGM).
IMMSEGM g, — k/(k+1), 5, = 0,/3, 6 = 0.6, { = 1/(k+1)*, $ = 0.5, 7, = 0.5,
=1/(k+1)""

iMTSEGM  The parameters set are the same as Algorithm (iMMSEGM).
VSEGM O =1/(k+1), m =k/(2k+1), $ =0.5, 9, = 0.5, f(x) = 0.5x.
VTEGM The parameters set are the same as Algorithm (VSEGM).

STEGM O =1/k+1),m =k/(2k+1),p=1,1=05,¢ =04, 1L=0.5.
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The parameters of all the algorithms are set in Table 1. In our experiment
examples, the solution x* of the problems are known. Therefore, we take Dy =
|x** — x*|| to evaluate the kth iteration error. Note that the sequence {D;} — 0
implies that {x*} converges to the solution of the problem. All the programs were
implemented in MATLAB 2018a on a Intel(R) Core(TM) i5-8250U CPU @
1.60GHz computer with RAM 8.00 GB.

Example 4.1 Consider the form of linear operator A:R"— R"
(n =50,100,150,200) as follows: A(x)=Gx+f, where f€R" and
G = BB" + S+ E, matrix B € R™", matrix § € R”" is skew-symmetric, and
matrix E € R™" is diagonal matrix whose diagonal terms are non-negative (hence
G is positive symmetric definite). We choose the feasible set as
C={xeR":-2<x;<5,i=1,...,n}. It is easy to see that A is Lipschitz
continuous and monotone, and its Lipschitz constant L = ||G||. In this numerical
example, both B, E entries are randomly created in [0, 2], S is generated randomly
in[-2,2]andf =0.Let T : H — H and F : H — H be provided by Tx = 0.5x and
Fx = 0.5x, respectively. We obtain the solution of the problem is x* = {0}. The
maximum number of iterations 400 as a common stopping criterion for all

algorithms and the initial values x° = x! are randomly generated by rand(2,1) in

—#—iMSEGM —#—iMSEGM

N ——iMTEGM || N -~ iIMTEGM
10 —o—IMMSEGM 10 —o— IMMSEGM
—4—iMMTEGM —#—iMMTEGM
0ok —<—MSEGM |4 s ——MSEGM
——MMSEGM ——MMSEGM
o vsEGM || _ ol VSEGM
5 10 —v— VTEGM w5 10 —v— VTEGM
| HSEGM | HSEGM
RNl —=—-STEGM |4 RRTRdS —=—STEGM
I I
SETRS SETRS
s e
10 10
‘0770 L L L L L L L ‘0774) L 4 L L L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0 0.02 0.04 0.06 0.08 0.1 0.12
# Elapsed Time [sec] # Elapsed Time [sec]
(a) n =50 (b) n =100
10" T T 10" r
—+—iMSEGM —+—iMSEGM
N ——iMTEGM || o b ——iIMTEGM
10 —o—IMMSEGM 1077 gs —o—IMMSEGM
—+—iIMMTEGM 3 —+—iIMMTEGM
101 —<MSEGM |4 woob 8 —<—MSEGM
—>—MMSEGM —>—MMSEGM
o VSEGM | | ] VSEGM
5 10 —v—VTEGM P —v—VTEGM
| HSEGM | HSEGM
R =~ STEGM T = STEGM
I I
& g0 S g
s s
10 109
]07741 L L 4 L L L L L ]0,7A) I L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0 0.05 0.1 0.15 0.2 0.25
#Elapsed Time [sec] #Elapsed Time [sec]
(¢) n =150 (d) n =200

Fig. 1 Numerical results of all algorithms for Example 4.1
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MATLAB. The numerical behaviors of all algorithms with execution time in four
dimensions are shown in Fig. 1.

Example 4.2 1In this numerical example, we focus on a case in Hilbert space
H = L*([0,1]). Its inner product and induced norm are defined as (m,n) :=
fol m(t)n(t) dt and ||m|| := (fol Im(t)|> dr)"/?, respectively. Let the feasible set C be
given by C = {x € H | ||x|| < 1}. Assume that the operator A : C — H is defined as
follows:

x(1) + [x(0)]
R

It is easy to verify that A is monotone and 1-Lipschitz continuous, and the projection
on C is inherently explicit, that is,

(Ax)(r) = max{x(t),0} =

X, if ||x|| <1;
Pe) =9 X if | > 1.
B4

The mapping 7 : L*([0,1]) — L?([0, 1]) is of the form,

1
(Tx)(r) = /0 tx(r)dr, te€]0,1].

A simple computation indicates that 7 is 0-demicontractive and demiclosed at 0. Let
operator F : H — H be defined as (Fx)(r) = 0.5x(¢). It is easy to check that
operator F' is Lipschitz continuous and strongly monotone. Through a straightfor-
ward calculation, we know that the solution of the problem is x*(#) = 0. The
maximum number of iterations 50 as a common stopping criterion for all algo-
rithms. With four types of initial points x(#) = x! (), the numerical behaviors of
function Dy = ||x*(f) — x*(¢)|| with elapsed time are described in Fig. 2.

Remark 4.3 From the above numerical examples appearing in finite- and infinite-
dimensional spaces, it can be seen that the proposed algorithms have a higher
convergence accuracy under the same stopping conditions. The convergence speed
of our algorithms is faster than that of some known algorithms in the literature
[12, 24-26], and these results are independent of the size of dimensions and the
selection of initial values. More importantly, the algorithms obtained in this paper
automatically updates the step size through a simple calculation, which makes the
suggested algorithms work well without the prior information of the Lipschitz
constant of the mapping.
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10° 10
10° 1 10° 1
| |
= 10" {——iMSEGM 1 210" —iMSEGM 1
= —4—iMTEGM = ——iMTEGM
I —o—iIMMSEGM l ——iMMSEGM
S —+—iMMTEGM S —+—iMMTEGM
—<—MSEGM —<—MSEGM
105 F|——MMSEGM 1 10" F|——MMSEGM 1
VSEGM VSEGM
7~ VTEGM 5 —7—VTEGM
HSEGM HSEGM
—=—STEGM —=—STEGM
10 n . . . . 10 n . . . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30 35
# Elapsed Time [sec] # Elapsed Time [sec]
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Fig. 2 Numerical results of all algorithms for Example 4.2
5 Final remarks

In this research, we presented four new inertial extragradient algorithms with a new
non-monotonic step size for seeking common solutions of a monotone variational
inequality problem and a fixed point problem in a real Hilbert space. The advantage
of the proposed algorithms is that we do not need to know the prior information of
the Lipschitz constant of the mapping in advance. In addition, our algorithms add an
inertial term, which significantly improves the convergence speed of our algorithms.
Strong convergence of the suggested algorithms were proved under certain
suitable conditions imposed on parameters. Some numerical examples were
presented to demonstrate the performance of the suggested algorithms over some
previously known ones. The iterative schemes obtained in this paper improved and
extended some results in the literature.
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