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1. Introduction

Let C be a nonempty, closed and convex subset of a Hilbert space H with inner product (-, ) and
norm || - ||, and M : H — 'H be a nonlinear mapping. Recall that the variational inequality problem
is expressed as follows:

find x* € Csuch that (Mx*,x —x*) >0 VxeC. (VIP)

The solution set of (VIP) is denoted by VI(C, M). Many issues in science and society can be unified
under the framework of the variational inequality model. The VIP plays an essential role in opti-
mization theory and practical applications, see, e.g.[1-5]. Therefore, the VIP attracted considerable
attention from many researchers and became an attractive field. Many scholars are interested not only
in obtaining theoretical results but also in numerical methods to solve such problems. A large number
of iterative algorithms have been proposed in the last decades to solve (VIP), see, e.g.[6-9] and the
references therein.

Recently, the extragradient method (for short, EGM) proposed by Korpelevich [6] has been
extensively studied by many scholars, and there are a large number of iterative schemes for finding
numerical solutions to variational inequality problems by the EGM,; see, e.g.[10-13]. It is important
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to emphasize that the EGM needs to compute the projection on the feasible set twice in each itera-
tion, which may affect its computational efficiency when the feasible set has a complex structure. The
projection and contraction method (PCM) introduced by He [7], Tseng’s EGM offered by Tseng [8],
and the subgradient extragradient method (SEGM) suggested by Censor et al. [9] can overcome this
drawback. A common feature of the three methods mentioned above is that the projection on the
feasible set needs to be evaluated only once in each iteration. Recently, variant forms based on these
methods have been further investigated by researchers, see, e.g.[14-17] and the references therein.

Based on the SEGM and the PCM, Dong et al. [18] provided a modified subgradient extragradient
method (MSEGM), which forms an iterative sequence that weakly converges to the solution of (VIP).
Their basic examples demonstrate the numerical efficiency and advantages of the MSEGM compared
to the SEGM and the PCM. Some applications appearing in medical imaging and machine learning
tell us that the strong convergence is preferable to the weak convergence in an infinite-dimensional
space. Recently, Thong and Gibali [19] and Gibali et al. [20] obtained some strongly convergent meth-
ods to solve the (VIP) with a monotone operator by combining the MSEGM, the Mann method and
the viscosity method. On the other hand, the inertial idea has been studied by many researchers as
a technique to accelerate the convergence speed of algorithms. They have constructed a large num-
ber of numerical methods to solve optimal control problems, signal processing, image recovery and
other optimization problems; see, for instance, [21-25] and the references therein. In 2018, an iner-
tial projection and contraction method (IPCM) by combining the PCM and the inertial method was
introduced by Dong et al. [26] to solve the monotone (VIP). They showed the advantages of the
IPCM compared with other algorithms through some computational tests and established the weak
convergence theorem of the IPCM in real Hilbert spaces under appropriate assumptions. By associ-
ating the IPCM with the Mann method and the viscosity method, respectively, Thong et al. [27] and
Cholamjiak et al. [28] established the strong convergence theorems of the proposed iterative schemes.
The algorithms presented in [27, 28] use a fixed step size in each iteration, which indicates that the Lip-
schitz constant of the mapping must need to be received in advance. In practical large-scale nonlinear
optimization problems, the Lipschitz constant is not easy to obtain or requires more calculation to
estimate. It is known that there are some mappings that are not monotone, such as pseudomonotone
mappings, and moreover the class of pseudomonotone mappings includes the class of monotone map-
pings. There are some numerical methods based on the SEGM and the PCM in the literature [28-31]
that can solve pseudomonotone (VIP). Note that the approach stated in [29] achieves weak conver-
gence, the algorithms offered in [28, 30] require the prior information of the Lipschitz constant of
the mapping, and the methods presented in [31] uses the projection-type method to ensure strong
convergence.

Motivated and stimulated by the results mentioned above, in this study, we introduce six iner-
tial PCMs to solve variational inequalities in real Hilbert spaces. Our iterative schemes improve and
extend some previously known results in the literature [14, 18-20, 26-28, 30]. More precisely, our
contributions in this paper are as follows.

(i) The methods presented in this paper are designed to solve pseudomonotone (VIP). Note that
the approaches stated in [19, 20, 27] will fail when the mapping is pseudomonotone rather than
monotone because these methods are devised to solve monotone (VIP). Moreover, the vari-
ational inequality mapping associated with the suggested methods are uniformly continuous
rather than Lipschitz continuous. Therefore, our iterative schemes are more useful and have a
wider application.

(ii) Our algorithms use an Armijo-like criterion to automatically update the iteration step size,
which makes them more intelligent in applications. It should be pointed out that the meth-
ods presented in [27, 28, 30] need to know the Lipschitz constant of the mapping, which limits
the realization of such algorithms when the Lipschitz constant of the mapping associated with
the problem is unknown.
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(iif) We investigate and confirm the strong convergence of the suggested algorithms by applying
the Mann-type method and the viscosity-type method, while the methods introduced in [18,
26, 29] only obtained weak convergence in Hilbert spaces. In addition, it should be noted that
the methods proposed by Thong et al. [31] use a projection-type approach to ensure strong
convergence, which affects their computational efficiency in infinite-dimensional spaces.

(iv) The iterative schemes devised in this paper combine inertial terms, which also accelerate the
convergence speed of the algorithms without inertial terms proposed in [19, 20].

The rest of this paper is organized as follows. We recall some preliminaries that need to be used
in Section 2. Section 3 presents the algorithms and analyzes their convergence. Some computational
tests are presented to show the efficiency of the suggested approaches over several existing ones in
Section 4. The proposed methods are investigated to solve optimal control problems in Section 5.
Finally, the paper ends with a brief remark in Section 6, the last section.

2. Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The weak convergence
and strong convergence of {x,} to x are represented by x, — x and x,, — x, respectively. For each
X, 9,z € H, we have the following inequalities:

() x4+ yI* < Ix1* + 205 x + %

2) llax+ 1 —ayl* = allxl®> + (1 = a)llyl* —a(d —a)[lx = ylI*, @ € R;

(3) llax + By + yzll> = allxll* + Blyll* + v lzII* — aBllx — yII> —aylx —zII> = By lly -zl
where o, 8,y € [0,1] witha + 8+ y = 1.

For every point x € H, there exists a unique nearest point in C, denoted by Pc(x) such that
Pc(x) := argmin{|lx — y|, y € C}. Pc is called the metric projection of H onto C. It is known that
P has the following basic properties:

o (x—Pc(x),y—Pc(x)) <0VyeC.
e [[Pc(x) — Pc()II* < (Pc(x) — Pc(y),x — y) Vy € H.

For any x, y € H, amapping M : H — H is said to be:

(1) n-strongly monotone with n > 0 if (Mx — My, x — y) > n|lx — y||%.

(2) L -Lipschitz continuous with L > 0 if |Mx — My| < L||x — y||. If L € (0, 1), then mapping M is
called contraction.

(3) Monotone if (Mx — My, x — y) > 0.

(4) Pseudomonotone if (Mx,y — x) > 0 = (My,y — x) > 0.

(5) Sequentially weakly continuous if for each sequence {x,} converges weakly to x implies that { Mx;,}
converges weakly to Mx.

According to the above definitions, it is easy to see that (1) = (3) = (4). But the inverse
operation is usually not valid.

Lemma 2.1 ([32]): Let {p,} be a positive sequence, {q,} be a sequence of real numbers, and {i,} be a
sequence in (0, 1) such that Y oo | i, = 00. Suppose that

Pn+1 =< Mnqn + (1 - /»Ln)pn Vn > L.

Iflimsupy_, o gn, < O for every subsequence {p,,} of {pn} satisfying liminfy o (Pu41 — pn) =0,
then lim,_, oo pn = 0.
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3. Main results

In this section, we introduce six new iterative schemes based on the SEGM and the IPCM to
solve pseudomonotone (VIP) in real Hilbert spaces. These algorithms guarantee the strong con-
vergence with the aid of the Mann-type method and the viscosity-type method. The advantage
of our approaches is that we do not need to know the Lipschitz constant of the mapping in
advance. In fact, the variational inequality mapping associated only needs to satisfy the uni-
form continuity condition and not the Lipschitz continuity. To analyze the convergence of the
algorithms, the mapping and parameters involved in our methods need to meet the following
assumptions.

(C1) The feasible set C is a nonempty, closed and convex subset of H.

(C2) The solution set of the (VIP) is nonempty, that is VI(C, M) # .

(C3) The mapping M : H — H is pseudomonotone, uniformly continuous on H, and sequentially
weakly continuous on C.

(C4) Let {€,} be a positive sequence such that lim,_, ;—: = 0, where {u,} C (0,1) satisfies

limy—s 00 by = 0and Y oo | iy = 00. Let {ny} C (a,b) C (0,1 — ) for some a>0,b> 0.

3.1. The Mann-type inertial modified subgradient extragradient algorithm

The first iterative scheme is based on the IPCM, the SEGM and the Mann-type method, and its details
are described in Algorithm 3.1.

Algorithm 3.1 The Mann-type inertial modified subgradient extragradient algorithm
Initialization: Take o > 0,8 > 0,¢ € (0,1), ¢ € (0,1), a € (0,2). Let xg, x; € H.
Iterative Steps: Calculate the next iteration point x4 as follows:

Step 1. Given the iterates x,,_; and x,, (n > 1). Set u, = x, + 0,,(x, — x4—1), Where

. €n &if 4
min{ ——, 0 ¢, &if x Xn—15
On = Iy — xp—1ll ! " 1)
o, & otherwise.

Step 2. Compute y, = Pc(u, — yYnMuy), where the step size y, is chosen to be the largest y €
{6,8¢,8¢2,. . .} satisfying
Y IMuy — Mynll < @llun — yall - (2)

If u, = yy, then stop and y,, is a solution of (VIP). Otherwise, go to Step 3.
Step 3. Compute z, = Pr, (uy — oYy XnMyn), where

Ty = {x € H | (un — ynMuy — yu, X — yn) < 0} >

and

2
ltn — yull

Ilc ||2 s Cn =Up — Yn — VYn(Muy, — Myn) . (3)
n

Step 4. Compute x,11 = (1 — fby — §u)Uy + N2y Set n:= n + 1 and go to Step 1.
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Remark 3.1: It follows from (1) and the assumptions on {xt,,} that

. On
lim —|x;, — xy—1[l = 0.
n—>00 L,

Indeed, we obtain o, ||x;, — xy,—1|| < €, Vn > 1, which together with lim,,_, o 6” = 0 implies that

€n
lim —||xn —%Xp—1]| < lim — =0.
n—00 Ly n—>o0 [y

The following lemmas are very helpful in analyzing the convergence of the algorithms.

Lemma 3.1 ([31, Lemma 3.1]): Suppose that Assumptions (C1)-(C3) hold. The Armijo-like criteria
(2) is well defined. Moreover, we obtain y, < 6.

Lemma 3.2 ([31, Lemma 3.2]): Suppose that Assumptions (C1)-(C3) hold. Let {u,} and {y,} be two
sequences formulated by Algorithm 3.1. If there exists a subsequence {uy,} of {u,} such that {u,,}
converges weakly to z € H and limy_, o |4y, — yu, |l = 0, then z € VI(C, M).

Lemma 3.3: Suppose that Assumptions (C1)-(C3) hold. Let {z,}, {yn} and {u,} be three sequences
created by Algorithm 3.1. Then, for all x* € VI(C, M),

(1—¢)?
1+ ¢)?

2 2 2 2
lzn = x*I17 < llun — x*1° = llun — 20 — ctxncnll” — (2 — ) lun = ynll”

Proof: From x* € VI(C,M) C C C T, and the property of projection, we obtain
2)|zn — x*|I* = 2||Pr, (tn — &Y xnMyn) — Pr, (x*)|I*
< 2zn — X" up — AV xuMyn — x¥)
= llzn — x*I* + llun — @ynxnMyn — x*I1* = llzn — tn + ¥nxnMyul?
= llzn — x* 1> + llun — x* 7 + &>y 2 IMyull* — 2{un — x*, ¥ xnMyn)
— Nz — unll* = Py X g I Mynll* = 2(2n — tin, 0V XnMyn)
= llzn — x* 1> + llun — x* 1> = llzn — tnll® = 2(z0 — X*, ¥n XnMyn),
which implies that
lzw = x*[1* < llun — x*1* = llzn — unll® = 200 Xn (20 — x*, Myy). (4)

Combining the facts that M is pseudomonotone, y, € C,x* € VI(C, M) and (VIP), we can show that
(Myn, yn — x*) > 0, which means that (My,, z, — x*) > (Myy, 24, — y»). Thus,

= 20Yu Xn(Myns Zn — X*) < =2QYn Xu{Myn, 20 — Yn)- (5)
Since z, € Ty, we have (4, — yuMuy — ¥n,2n — ¥n) < 0. This shows that
(un —Yn — VYn(Muy, — M}’n)>zn _)’n) = Vn(M)/n’Zn _)’n)- (6)

Using (5), (6) and the definition of ¢,, we obtain

_ZOanXn<M)’nazn - x*> < =20 xu(cn> zn _)’n> @
= =20 xpn{cn> tp — yn> + 20 X {Cn> Un — zn).
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Now, we estimate —2a X, (cn, Un — Yu) and 2 X (cn> Un — 25). From the definitions of x, and c,, we
have

(Cn> tin = Yn) = llttn — yull> = Yull Mty — Myn|ll|ttn — yn
> Nun = yull* = Sllun — yull?
=1 -llun _)’n||2 = Xn”cn”Z:
which indicates that
— 200 Xn{Cns thn — Yn) < =20, Ilcnll®. (8)
According to the basic inequality 2ab = a’ 4+ b — (a — b)?, we also have
20 X (s thn — Zn) = lltn — zull> + & x 2 leull®> = Nt — 20 — @ xnenll®. 9)
It follows from the definition of ¢, and (2) that
llenll < llun — yull + vullMuy — Myq||

=< lltn = ynll + @lltin — yull
=1+ lun — yulls

which combining the definition of ¥, yields that

2 et _}’n”4 < 1 - ¢)2

2 2 2
C =(1- Uy, — . 10
Kilenl? = (1= 9P G = T =l (10)
Combining (4), (7)-(10), we conclude that
(1—¢)?
1zn — X 1 < llun — 25117 =ty — 20 — @ xnenll* — (2 — O gy — yull’.
This completes the proof. [

Theorem 3.1: Suppose that Assumptions (C1)-(C4) hold. Then the sequence {x,} formed by
Algorithm 3.1 converges to x* € VI(C, M) in norm, where ||x*|| = min{||z|| : z € VI(C, M)}.

Proof: First, we show that the sequence {x,} is bounded. Indeed, thanks to Lemma 3.3, one has
lzn — x| < llup —x*| Vn=>1. (11)
From the definition of u,, one sees that

On
e _x*” < llxp — x*” + - —lxn — xp—1l. (12)
n

According to Remark 3.1, we have that Z—"Hxn — Xn_1|| = 0 as n — oo. Therefore, there exists a
constant Q; > 0 such that

On
— %y —xp1ll Q1 VYn=>1,
n

which together with (11) and (12) implies

lzn — X" < lun — x*[ < [1%0 — X*|| + wa Qi (13)
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By the definition of x,,11, one obtains
%1 — X1 < Q= tn — 1)y — X¥) + 0z — X |+ pallx* |- (14)
It follows from (11) that
(1 — = 7)) Uy — X¥) + Nz — x|
< (1= ptn = 0l — 1P+ 2(1 = o = )0 ll2n — X*Wlun — I + nll2n — x*11?
< (1= pn = )l — X117 + 201 = pn — 0 allttn — x* 12 + 02 llun — x*||
= (1 — pn)?llup — x*|I7,
which yields that
11— ptn — 0) (W — X*) + (2 — £ < (1= )ty — X*]I. (15)

Using (13), (14) and (15), we deduce that

%1 = X[ < (0 — ) llun — x| + pnllx™]|
(1= ) llxn — 51l + pa (6"l + Q1)
max{|x, — x* [, Ix*[| + Qi}

- < maxf g — x|, [Ix¥)] + Qi)

INIA

IA

That is, the sequence {x,} is bounded. So the sequences {u,}, {y,} and {z,} are also bounded.
From (13), one sees that

lun — x*1* < (% — x*[| + 1aQu)?
= llxn — X1 + wnQQullxn — x*|| + n QD)
< lxw = 21 + 1 Q2 (16)
for some Q, > 0. By the definition of x4 and Assumption (C4), we find that
%1 — 212 = 11 = fn — 1) (ttn — X*) + a(zn — 5% + pa(—x5) |12
= (1 — ptn — 0w — x> + nallzn — x*11° + pallx*))?
— a1 = g — 0t — zall* = 1n (L = g — ) lunll> = ntinllzall®
< (1= ptn — 1) ltn — X* 1% + nallze — 1% + pallx*[1%. (17)

Combining Lemma 3.3, (16) and (17), we obtain

2 2 2 2
||xn+1_x*|| < (1 — pn — n)llun — x*° + nallun — x*N1° — nulltin — 20 — @ xncnll

(1 _¢)2 2 %112
— (2 — o) ———|lu, — + X
N )(1+¢)2 leen — yull M llx™ ]
< llxn — x*“z — Nullun — 2 — OanCn”z
(1-¢)?
—Nua(2 — @) ltn — yull® + paCllx* 1> + Qo).

(1+¢)?
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Thus, we obtain

Nlltin = 2n — o xucnll® + naet(2 — a)%nun —yall®
1+ )
< loen — 1% = %1 — 251 + a1 + Qa). (Eql)

From the definition of u,,, we can write

2 2 2 2
g — X% < 2w — X*1° + 20150 — x* | 1X0 — Xn—1]| + 05 1% — Xn—1]l

< % — x*[1* + 3Qol|xn — xn—1ll, (18)

where Q := sup,nlllxn — X*[,0llxy — xp—1ll} > 0. Take t, = (1 —ny)uy + Nuzs. It follows
from (11) that

ity — %"l < (A = ) lun — x*| + nnllzn — x| < lun — x| (19)
From (18) and (19), we obtain

lns1 — X 12 = 11 = ) (tn — X°) — pn(uy — te) — pux™|?
< (1= )Mty — x5 11* = 200ty — tn + x*, Xpp1 — x¥)
=(1- Mn)Zth - x*”z + zﬂn(”n - tn’x* - xn+1) + 2“n<x*>x* - xn+1>

< (1= )ty — 12 + 2 lltn — tallll g1 — x| + 200 (6%, X = Xpp1)
<(1- Mn)”xn - x*”z + tn |:27]n||un - Zn””xn-H - x*”

3Qoy

Mn

20X = 1) + |y — Xne ||] : (Eq2)

Finally, we show that the sequence {||x,, — x*||} converges to zero. Throughout this paper, we always
assume that {||x,, — x*||} is a subsequence of {|lx, — x*||} such that liminf_, oo (||, +1 — x*|| —
1%, — x*|1) > 0. Then,

. 2 2
lim inf ([|xn+1 — X7 = [, — x™[19)
k—00

= 1ikminf[(llxnk+1 — X = N, — X D Uxmer = %[ + 12, — 2 D] > 0.
— 00

By (Eql) and Assumption (C4), we observe that

N0 (2 — Q)M””nk _)’nk”Z + nnk””nk — Zny — aXnkan”z
: (1+ )2
< lim sup[||2, — x*[1* = %1 — 2* 2] + lim sup e, (1> + Q2)
k— 00 k— 00

L. 2 2
= —liminf[|lxp+1 — X" |17 — llxn, — x*[7] <0,
k—o00

which implies that

lim ||y, —tpll=0 and lim |u, — 24 — A xncn |l = 0.
k—o00 k—o00
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From |cy, || = (1 — @)y, — Yn, |l and the definition of x,,, we obtain

”ui’lk - an” = ”Mnk - an - aXnkan” + aXnk”an”

”unk —)/nk||2
= |lun, — 2z, — Al ll + (1 — ) ————
llenl

= ”“nk - an - Oankan” + ‘XHunk —)’nk”‘

Hence, we get that limy_, o [|2s, — tp, || = 0. This together with the boundedness of {x,} further
implies that

lim 1y |t — Zu Il %n+1 — ¥ = 0. (20)
k—00

Moreover, using Remark 3.1 and Assumption (C4), we have

||xnk+1 - unk” = I‘Lnk”unk” + ’7nk||2nk - MnkH — 0, asn —
and
Oy
”xnk - Mnk” = MUny - ”xnk - xnk—1|| — 0, asn — oQ.
n
From the above facts, we conclude that
||xnk+1 - xnk” = ”xnk+1 - unk” + ”u?’lk - xnk” — 0, asn — o0. (21)

Since the sequence {x;, } is bounded, there exists a subsequence {xnkj} of {xp,} such that Xy, = 2
when j — oo. Furthermore,

lim sup (x*, x* — x,,) = lim (x*,x* — xp, ) = (x*, 5™ — 2). (22)
k—o0 J=00 J

We get that u,, — z since [x,, — uy, || — 0. This together with limy_, o ||tts, — yu, | =0 and
Lemma 3.2 yields that z € VI(C, M). From the definition of x* and (22), we obtain

lim sup (x*, x* — x,,) = (x*,x* —z) < 0. (23)
k— 00

Combining (21) and (23), we find that

lim sup (x*, x* — X, 41) < limsup(x*, x* — x,,,) < 0. (24)
k— 00 k—o00

Thus, from Remark 3.1, (20), (24), (Eq2) and Lemma 2.1, we conclude that x, — x* as n — oco. That
is the desired result. u

3.2. Firstviscosity-type inertial modified subgradient extragradient algorithm

In this subsection, we introduce a viscosity-type inertial MSEGM for solving the (VIP). First, we use
the following Assumption (C5) to replace the Assumption (C4) described in Section 3.

(C5) Letf:H — H be a k-contraction mapping with « € [0, 1). Let {¢,} be a positive sequence
such that lim,_ o % = 0, where {t,,} C (0, 1) satisfies lim,_, », ity = 0 and Zzozl Up = O0.

The Algorithm 3.2 is of the following form.
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Algorithm 3.2 The first viscosity-type inertial modified subgradient extragradient algorithm.

Initialization: Take o > 0,8 > 0,¢ € (0,1),¢ € (0,1), ¢ € (0,2). Let xp, x; € H.
Iterative Steps: Calculate the next iteration point x,1; as follows:

Uy = X + 0n(Xn — Xn—1),

Yn = Pc(un — ynMuy),

zZn = P, (Un — VnXnMyn),

Ty :={x € H| (un — ynMun — yn,x — yn) < 0},

Xn4+1 = Mnf(un) + (1 = wn)zn,

where {o,,}, {yx} and {x,} are defined in (1), (2) and (3), respectively.

Theorem 3.2: Suppose that Assumptions (C1)-(C3) and (C5) hold. Then the sequence {x,} constructed
by Algorithm 3.2 converges to x* € VI(C, M) in norm, where x* = Pyyc,m) o f (x*).

Proof: First, we show that the sequence {x,} is bounded. Using the definition of x,,1; and (13), we
obtain
X1 = X" < wnllf n) — FOEN + pallf () — 2% + A = ) 120 — x*||
< paklttn = X0+ pallf ) = 2+ (1= )ty — 2%

. Qp + [If (™) — x*||
1—«

< A=A =) llxn — x|+ (1 —x)

1 Qi+ If &%) — x| }

1—«

< max { llxn —

< ... <maxjlx —x
1—«

a Qi + IIf (™) — x| }

This implies that the sequence {x,} is bounded. We get that the sequences {u,}, {z,} and {f (u,)} are
also bounded. Combining Lemma 3.3, (13) and (16), we see that

xn1 = x5 17 < sn(llf (n) = FE+ I &) — 5D + (1 = pa)llza — x|
< pn(lun = X[+ IF ) — D>+ (4 = ) llzn — x|
= pnlltn — x> 4+ (1 = pn)llzn — x|
+ 1 @llun = X F) — x|+ 1f (%) — x*[I7)
< tnlltn — X1+ (1 = pa)llzn — x| + 14 Qs
< % — x 1> = (1 = ) lttn — 20 — ctxneull®

(1—¢)?

mllun — all* + 121 Qs

— (0= pp)a2—-a)

where Q4 := Q, + Q3. Therefore, we obtain
(1—¢)*
(14 ¢)?
< lxn — 211> = lxns1 — X*1* + pnQa. (Eq3)

(1 — w2 — ) Nty — yull® + (1= ) lun — 20 — @xncall?
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Using (11) and (18), we obtain

ln1 — 02 < N (f (n) — FO)) + (1= wn) (@0 — X5 + 20 (f (6F) — X*, X1 — %)
< wallf ) — FEOP + (1 — ) llzn — 512 + 20 (f () — 5, xp41 — X¥)
< kNt — P + A = )l — x5 1* + 20 (F (F) — 2%, X011 — x¥)

3Q o
< (A=A =p)llxn = x>+ (1 =)ty - [— = lxn = Xl
L=« pn

2
+ :(f(x*) — X" X1 —x*>]. (Eq4)

Finally, we prove that the sequence {||x, — x*||} converges to zero. By (Eq3) and Assumption (C5),
we observe that

(1 — ) (2 — a)wnunk — Y12 (U= p) lthy, — 2y — & X I
1+ ¢)?
< lim sup[ |, — x*[1* = lxn41 — x*1? + 124, Qa] <O,
k— o0
which implies that
lim ||y, —tnll=0 and lim ||uy, — zs, — )xucnll = 0.
k— o0 k— o0

As stated in Theorem 3.1, it is easy to see that limy_, o |2, — || = 0. Moreover, using Remark 3.1
and Assumption (C5), we have

||xnk+1 - an” = l/«nk”an _f(xnk)” — 0, asn —
and
Ong
”xnk - unk” = MKny - _”xnk - xn;rl” — 0, asn — oQ.
nj
It follows that
”xnk-H - xnk” =< ||xnk+1 - an” + ”an - unk” + ”uﬂk - xnk” - Oa asn — oQ. (25)

Since the sequence {x;, } is bounded, there exists a subsequence {xnkj} of {xp, } such that Xy = 2
when j — oo. Furthermore,

lim sup(f(x*) — x*, x,, —x*) = lim (f(x") — x%, x,, — &*) = (f(x™) — x*,z — 7). (26)
k— 00 Jj—00 )
We get that u,, — z since ||x,, — up, || — 0, which together with lim_, o [|t4n, — yn, |l =0 and

Lemma 3.2 implies that z € VI(C, M). From the definition of x* and (26), we obtain

lim sup(f (x*) — x*, x,,, —x™) = (f(x™) —x",z — x*) <0. (27)

k—o0

Combining (25) and (27), we obtain

lim sup(f (x*) — x*, x4, 41 — x*) < limsup(f(x*) — x*, x,,, — x*) < 0. (28)
k—o0 k—o0

Thus, from Remark 3.1, (28), (Eq4) and Lemma 2.1, we conclude that x, — x* asn — o0. The proof
of the Theorem 3.2 is now complete. [
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3.3. The second viscosity-type inertial modified subgradient extragradient algorithm

In this subsection, we introduce another viscosity-type iterative scheme that is different from
Algorithm 3.2. The details of this scheme are described in Algorithm 3.3.

Algorithm 3.3 The second viscosity-type inertial modified subgradient extragradient algorithm.

Initialization: Take o > 0,8 > 0,¢ € (0,1),¢ € (0,1), ¢ € (0,2). Let xp, x; € H.
Iterative Steps: Calculate the next iteration point x,4 as follows:

Un = Xn + on(Xn — Xn-1),

Yn = Pc(un — ynMuy),

zn = Pr,(un — a¥YnXnMyn),

Tyw:={x € H| (up — ynMup — yn,x — yn) < 0},

Xn+1 = Mnf(zn) + (1 — wn)zn,

where {o,,}, {y4} and {x,} are defined in (1), (2) and (3), respectively.

Theorem 3.3: Suppose that Assumptions (C1)-(C3) and (C5) hold. Then the sequence {x,} created by
Algorithm 3.3 converges to x* € VI(C, M) in norm, where x* = Pyic,a) o f(x*).

Proof: The proof of this theorem is very similar to Theorem 3.2. First, we show that the sequence
{x,} is bounded. Using the definition of x4 and (13), we obtain

%1 = X*I1 < pallf zn) = FEN + pallf ) — x5+ A — wn)llzn — x*|
Q + [If ") — x|

1—«

= A=A =©pn)llxn — x| 4+ (1 — k)

q Qi+ IIf ") — x¥| }

1—«

< max { llx1 — x
This indicates that the sequence {x,} is bounded. We also get that the sequences {u,}, {z,} and {f (z,)}
are bounded. Combining Lemma 3.3 and (16), we find that
Ixnt1 = x*1% < palllze — x5+ 1f ) = % 1D + A = ) llzn — %"
= pallze — ¥ + (1 = pn) 2w — %"
+ i Q@llzn = X ) = 2+ IF ) — 1%

< llzn — x* > + unQs

< lloew — 51 = lltw — 20 — xtucall®
(1 —¢)? 2
—a® — ) — _ ,
a( a)(l—i-qb)z ln — yull” + 1nQs
where Qg := Q, + Qs. Hence, we have

(1 _¢)2 2 2

a2 —o)——|lu, — + |luy — 2z — axuc
( )(1+¢)2 lun )’n” llun n Xncnll

2 2
< lloen = x*N1° = %1 — %17 + 1n Qe
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Using (11) and (18), we obtain

%01 — X 12 = N n(F(zn) — F) + (1 — 1) (zn — X + wa(F(x) — %) |12
< wnkllzn — X1 + (1 = ) llzn — 512 4 200 (f(F) — x5, 2041 — x¥)

3Q o
<A =0 =Opn)llxn — 27+ 1 — k) n - [— =% = x|
-k pn

2
+ m(f(x*) — X, Xpq1 — X*>:| .

Finally, we show that the sequence {||x, — x*||} converges to zero. It can be easily obtained by similar
conclusions of Theorem 3.2. This completes the proof. [

In the next part, we will introduce three new simple numerical methods for solving the (VIP) that
only need to calculate the projection once in each iteration.

3.4. The modified Mann-type inertial projection and contraction algorithm

Our first modified iterative process is stated in Algorithm 3.4. Compared with Algorithm 3.1, the

calculation of the iterative sequence {z,} replaces the projection on the half-space with a display
formula.

Algorithm 3.4 The modified Mann-type inertial projection and contraction algorithm.

Initialization: Take o > 0,8 > 0,¢ € (0,1), ¢ € (0,1), a € (0,2). Let xg, x; € H.
Iterative Steps: Calculate the next iteration point x,1 as follows:

Uy = Xn + on(xXn — Xn—-1)>
Yn = Pc(uy — yuMuy),
Zn = Un — A XnCn>

Xpp1 = (1 =ty — M)ty + NnZn,

where {0}, {yx} and {x,} are defined in (1), (2) and (3), respectively.

The following lemma plays an important role in studying the convergence of the algorithms.

Lemma 3.4: Suppose that Assumptions (C1)-(C3) hold. Let {z,} and {u,} be two sequences produced
by Algorithm 3.4. Then, for all x* € VI(C, M),

2—«o

2 2 2
lzn — x*1° < llup — 21" — llun — znll

and

1
lun — yull® < [—
o
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Proof: By the definition of z,,, one obtains

2 2
llzn — X" I* = llup — axncn — x*||

= Jlun — x> — 20 )0 (un — x*, ) + o x 7 lleull®. (29)
Combining (2) and (3), we observe that
(n — X*,cn) = (Un — Y, Un — Yn — Yn(Mty — Myn)) + (yn — %", cu)
> |lun —an|2 — Vulln — yullllMuy, — Myl + (yn — x*, ¢n)
> (1 —¢)lluy _)/n”z + <yn —x¥, Up — Yn — Vn(Muy, — M)/n)>~ (30)
From y, = Pc(u, — y»Mu,) and the property of projection, we have
(un — yn — YnMuip, yp — x*) = 0. (31)

Using x* € VI(C, M) and y, € C, we get that (Mx*,y, — x*) > 0. This together with the pseu-
domonotonicity of M yields that

(Myn, yn — x*) > 0. (32)

It follows from (3) that (1 — @) ||ty — ynll?> = xullcall®. This together with (30), (31) and (32) implies
that

(tn — %", cn) = (1= @)ty — yull> = xullcall®. (33)

Combining (29) and (33), we conclude that

2 2 20 12 22 (12
lzn — 2" 1% < llun — X117 = 20, lenll” + o™ x5 llcll

-«
= [lun — x*|I* — ltn — zall*.
On the other hand, by the definition of z, and (3), we have
2 2 2
_ - - R — — . 34
len — yull ol — ) I xnenll (1 — ¢)O[2 [y — zall (34)

Since ||yl < (1 + @) |4y — yull, one has

llun _)/n”2 - 1—¢

Xn=>0-¢) > . (35)
llenll? (1+¢)?
It implies from (34) and (35) that
1+¢ T 5
ltn = yull® < [—] It — zall”.
==
The proof of the lemma is now complete. [

Theorem 3.4: Suppose that Assumptions (C1)-(C4) hold. Then the sequence {x,} generated by
Algorithm 3.4 converges to x* € VI(C, M) in norm, where ||x*|| = min{||z|| : z € VI(C, M)}.
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Proof: First, we show that the sequence {x,} is bounded. Indeed, thanks to Lemma 3.4, we have
iz — x| < llun — x| Vn=>1 (36)

Using the same facts as stated in Theorem 3.1, we get that the sequences {x,}, {t4}, {y,} and {z,} are
bounded. Using Lemma 3.4, (16) and (17), we obtain

2—«a
2 2
lun — zull* + pnllx™ |l

1 — 12 < (1= g — n) ltn — X512+ nallun — 5512 = 0y

o
o llun — Zn||2 + Mn(”x*”z + Q).

2
< llxn — x*” —Nn

Thus, we have

—
Nt — zall* < lloen — ¥ 1% = %1 — 251 4 a1 + Qo). (Eq5)

2
Tn

Moreover, we can get (Eq2) by using the same facts as declared in Theorem 3.1. Finally, we show that
the sequence {||x, — x*||} converges to zero. By (Eq5) and Assumption (C4), we have

—

2 : 2 2 2
ltn, =z 1 < limsup([lxn, — 2" (1" — X1 — X7 + s (12711 + Q2)]
k— 00

2
UEn
=0

which implies that limy_, o (|2, — t4, | = 0. In view of Lemma 3.4, we observe that limy_, ¢ ||yn, —
Uy, || = 0. As asserted in Theorem 3.1, we can obtain the same result as (20)-(24). Therefore, we get
that x,, — x™ as n — oo. This completes the proof. [

3.5. First modified viscosity-type inertial projection and contraction algorithm

By replacing the calculation process of the iterative sequence {z,} in Algorithm 3.2, we get the
following Algorithm 3.5.

Algorithm 3.5 The first modified viscosity-type inertial projection and contraction algorithm.

Initialization: Take o > 0,8 > 0,¢ € (0,1), ¢ € (0,1), « € (0,2). Let xg, x; € H.
Iterative Steps: Calculate the next iteration point x,,1 as follows:

Up = Xpn + 04 (Xy — Xn—1),
Yn = Pc(u, — VnM”n)’
Zn = Uy — A XnCns

Xn+1 = Mnf(”n) + (1 — wn)zns

where {o,,}, {yx} and {x,} are defined in (1), (2) and (3), respectively.

Theorem 3.5: Suppose that Assumptions (C1)-(C3) and (C5) hold. Then the sequence {x,} designed
by Algorithm 3.5 converges to x* € VI(C, M) in norm, where x* = Pyyc,m) o f (x*).
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Proof: The proof of this theorem is very similar to Theorem 3.2. First, we show that the sequence
{x,} is bounded. Using the same arguments as declared in Theorem 3.2, we get that the sequences
{xn}, {tn}> {yn}> {24} and {f (u,)} are bounded. In view of Lemma 3.4 and (16), we have
ln1 = €17 < pnllf un) = 212 + (1 = )|z — |17
< Mnllttn = 212 + (1 = ) l2n — 272
+ i@l = % I GF) = %+ I () = x*)1%)
< tnllun — 517 + (1 = wn)llzn = €% + 1 Qs

)12 2-« 2
Slxn —x7117 = (A — un) o lun — zull” + 1nQu,
where Q4 := Q, + Qs. Thus, we obtain
2—«o 2 x12 * 12
(1 — pn) o lun — znll” < llxn — %717 — %41 — 2717 + 1nQa. (Eq6)

Furthermore, we can get (Eq4) by using the same facts as stated in Theorem 3.2. Finally, we show that
the sequence {||x, — x*||} converges to zero. From (Eq6), one has

2—«a 2
(1 - Mnk)T||unk - an” =< 0,

which indicates that limg_, o [I2n, — s, || = 0. This together with Lemma 3.4 finds that
limy_, oo |[yn, — tn, |l = 0. As stated in Theorem 3.2, we can get the same facts as (25)-(28). Therefore,
we obtain x, — x* as n — 00. The proof is completed. n

3.6. The second modified viscosity-type inertial projection and contraction algorithm

Our last iterative scheme is stated in Algorithm 3.6.

Algorithm 3.6 The second modified viscosity-type inertial projection and contraction algorithm.
Initialization: Take o > 0,8 > 0,¢ € (0,1),¢ € (0,1), ¢ € (0,2). Let xp, x; € H.
Iterative Steps: Calculate the next iteration point x,1; as follows:

Uy = Xpn + 0n(Xn — Xn—1),
Yn = Pc(un — ynMuy),
Zn = Up — O XnCn,

Xnt+1 = Mnf(zn) + (A — wn)zn,

where {0y}, {y»} and {x,} are defined in (1), (2) and (3), respectively.

Theorem 3.6: Suppose that Assumptions (C1)-(C3) and (C5) hold. Then the sequence {x,} determined
by Algorithm 3.6 converges to x* € VI(C, M) in norm, where x* = Pyyc,m) o f (x*).

Proof: Combining the proofs of Theorems 3.3 and 3.5, we can easily get the desired conclusion. The
proof is left to the readers to verify. [
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4. Numerical experiments

In this section, we provide some numerical experiments to demonstrate the advantages of the
suggested methods and compare them with some known strongly convergent algorithms, which
including the Algorithm 3.1 introduced by Shehu and Iyiola [14] (shortly, SI Alg. 3.1), Algorithms 3.1
and 3.2 presented by Thong and Gibali [19] (shortly, TG Alg. 3.1 and TG Alg. 3.2), Algorithms 3.1
and 3.2 proposed by Gibali et al. [20] (shortly, GTT Alg. 3.1 and GTT Alg. 3.2) and the Algorithm 4.3
suggested by Shehu et al. [30] (shortly, SDJ Alg. 4.3). All the programs are implemented in MATLAB
2018a on a personal computer.

Our parameters are set as follows. We set 1, = 1/(n+ 1), n, = 0.5(1 — p,,) and f(x) = 0.1x for
all the algorithms. Take § = ¢ = 0.5, ¢ = 0.4, @ = 1.5 for the proposed algorithms, TG Alg. 3.1,
TG Alg. 3.2, GTT Alg. 3.1 and GTT Alg. 3.2. Adopt inertial parameters 0 = 0.4 and €, = 100/(n +
1)? in our algorithms. Choose ¢ = 0.5, ¢ = 0.4 for SI Alg. 3.1. Pick fixed step size y, = 0.5/L and
a = 1.5in SDJ Alg. 4.3. We use D,, = ||x, — x*|| to measure the nth iteration error of all algorithms,
where x* represents the solution to our problems.

Example 4.1: Consider the form of linear operator M : R™ — R™ (m = 10, 30, 60, 100) as follows:
M(x) = Gx + g,whereg € R and G = BB' + S + E, matrix B € R™ ™ matrix S € R™>™ is skew-
symmetric, and matrix E € R™*™ is diagonal matrix whose diagonal terms are non-negative (hence
G is positive symmetric definite). We choose the feasible set C is a box constraint with the form
C = [-2,5]™. It is easy to see that M is Lipschitz continuous monotone and its Lipschitz constant
L = ||G||. In this numerical example, all entries of B, E are generated randomly in [0, 2] and S is gen-
erated randomly in [—2,2]. Let ¢ = 0. Then the solution set is x* = {0}. The maximum number of
iterations 200 as a common stopping criterion and the initial values xo = x; are randomly generated
by 5rand(m, 1) in MATLAB. The numerical results of all algorithms in different dimensions are shown
in Figure 1.

Example 4.2: We consider an example in the Hilbert space H = L?([0, 1]) associated with the inner
product (x,y) := fol x(t)y(t) dt and the induced norm ||x| := (fol |x(t)|? dt)1/2,Vx, y € H. Let the
feasible set be the unit ball C := {x € H : ||x|| < 1}. Define an operator M : C — H by

1
(Mx)(t) = / (x(t) — G(t,5)g(x(s)))ds + h(t), te][0,1], x € C,
0

where

2tselts ) ho 2tel
_—, X) = COS X, = —
1 ¢ v —1

It is known that operator M is monotone and L-Lipschitz continuous with L = 2, and x*(¢) = {0}
is the solution of the corresponding variational inequality problem. Note that the projection on C is
inherently explicit, that is,

G(t,s) =

X .
—, if x|l > L;
Pc(x) = { lIxll
X, if [|x]| < 1.
We choose the maximum number of iterations 50 as the common stopping criterion for all algorithms.
Figure 2 shows the numerical behaviors of all algorithms with four starting points xo(f) = x; (¢).

Remark 4.1: From Examples 4.1 and 4.2, it is known that the proposed algorithms are efficient and
robust. Furthermore, our algorithms are outperformance some existing known ones [14, 19, 20, 30],
and these results are independent of the size of the dimension and the selection of the initial values. It
should be pointed out that the SDJ Alg. 4.3 [30, Algorithms 4.3] needs to know the Lipschitz constant
of the mapping M, while our suggested algorithms do not need it.
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Figure 1. Numerical results for Example 4.1. (@) m = 10, (b) m = 30, (c) m = 60 and (d) m = 100.

5. Applications to optimal control problems

In this section, we use the proposed algorithms to solve the (VIP) that appears in optimal con-
trol problems. We recommend readers to refer to [33, 34] for detailed description of the problem.
Our parameters are set as follows. For all algorithms, we set i, = 107*/(n + 1), n, = 0.5(1 — ),
f(x) =01x, 8 =1, £ =0.5, ¢ = 0.4 and « = 1.5. Take inertial parameters 0 = 0.01 and ¢, =
107*/(n + 1)? in the proposed algorithms. The initial controls po(t) = p;(¢) are randomly gener-
ated in [—1, 1], and the stopping criterion is either ||p,+1 — pnll < 10™* or reaching the maximum

number of iterations 1000.

Example 5.1 (Control of a harmonic oscillator, see [35]):

minimize

subject to

x(37)

x1(t) = x2(2),

() = —x1(H) +p) Vtel[0,3r],
x(0) =0,

p() € [-1,1].
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Figure 2. Numerical results for Example 4.2. (a) x; () = t2, (b) x1 (t) = €, () x1 (t) = sin(2t) and (d) x; (t) = log(t).

The exact optimal control of Example 5.1 is known:

P = {1_1

if t €[0,7/2)VU (37/2,5m/2);
if te (w/2,37/2) U (57/2,3m].

Figure 3 shows the approximate optimal control and the corresponding trajectories of the proposed

Algorithm 3.6.

We now consider two examples in which the terminal function is not linear.

Example 5.2 (Rocket car [34]):

minimize

subject to

L) + 6)?)

2 1 2 >
5200 = % (1),

5t = p(t) Vi e0,5],
x1(0) =6, x(0) =1,
p) € [—1,1].
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Figure 3. Numerical results for Example 5.1. (a) Initial and optimal controls. (b) Optimal trajectories.
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Figure 4. Numerical results for Example 5.2. (a) Initial and optimal controls. (b) Optimal trajectories.

The exact optimal control of Example 5.2 is

. 1 ifte3517,5];
P =121 ifre,3517].

The approximate optimal control and the corresponding trajectories of the proposed Algorithm 3.4
are plotted in Figure 4.

Example 5.3 (See [36]):

minimize — x1(2) + (x2(2))?,
subjectto X1 (t) = x2(%),
X () =pt) Vitel0,2],
x1(0) =0, x2(0) =0,
p) € [—1,1].
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Figure 5. Numerical results for Example 5.3. (a) Initial and optimal controls. (b) Optimal trajectories.

Table 1. Comparison of the number of iterations and execution time of all algorithms in Examples 5.1-5.3.

Example 5.1 Example 5.2 Example 5.3
Algorithms Iter. CPU (s) Iter. CPU (s) Iter. CPU (s)
Our Alg. 3.1 201 0.1354 595 0.4340 417 0.1910
OurAlg.3.2 90 0.0473 293 0.2501 207 0.1333
OurAlg.3.3 90 0.0470 293 0.2278 207 0.1143
OurAlg. 3.4 224 0.1008 1000 1.0547 1000 0.6913
Our Alg. 3.5 101 0.0446 305 0.2857 350 0.2412
OurAlg.3.6 101 0.0550 290 0.2712 339 0.2169
TG Alg. 3.1 202 0.0970 595 0.4884 417 0.1673
TG Alg.3.2 91 0.0772 293 0.2204 207 0.1061
GTT Alg. 3.1 224 0.1147 1000 1.0601 1000 0.6316
GTTAlg.3.2 101 0.0409 330 0.3138 346 0.2282
SIAlg. 3.1 91 0.0559 263 0.2043 181 0.1355

The exact optimal control of Example 5.3 is

e 1 if te[0,1.2);
P(t)_{—l if te(1.2,2).

Figure 5 gives the approximate optimal control and the corresponding trajectories of the proposed
Algorithm 3.1.

Finally, the numerical performance of all algorithms in Examples 5.1-5.3 is shown in Table 1.

Remark 5.1: From Figures 3-5 and Table 1, we know that the suggested algorithms can work well
when the terminal function is linear or nonlinear. Moreover, the step size of the Algorithm 4.3 sug-
gested by Shehu et al. [30] requires the prior information of the Lipschitz constant of the mapping,
and our algorithms can automatically update the iteration step size.

6. Conclusions

In this paper, we introduced several new iterative schemes to solve variational inequality problems
in infinite-dimensional Hilbert spaces. Note that the variational inequality operator involved is pseu-
domonotone and uniformly continuous. These schemes are based on the MSEGM, the PCM, the
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inertial method, the viscosity-type method and the Mann-type method. Our methods use an Armijo-
like step size criterion so that they do not need to know the Lipschitz constant of the mapping.
Furthermore, they embedded inertial terms to accelerate the convergence speed of the algorithms.
Strong convergence theorems of the suggested algorithms are obtained under reasonable assump-
tions on the parameters. The approaches established in this paper have competitive advantages over
some known results in the literature and are more desirable in practical applications. In future work,
we consider extending the results of this paper to Banach spaces with the help of the ideas in [37].
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