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Abstract

We introduce two inertial extragradient algorithms for solving a bilevel pseu-
domonotone variational inequality problem in real Hilbert spaces. The advantages
of the proposed algorithms are that they can work without the prior knowledge of
the Lipschitz constant of the involving operator and only one projection onto the fea-
sible set is required. Strong convergence theorems of the suggested algorithms are
obtained under suitable conditions. Finally, some numerical examples are provided
to show the efficiency of the proposed algorithms.
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1 Introduction

Throughout this paper, C is assumed to be a convex and closed nonempty set in
a Hilbert space H with the inner product (-,-) and the norm || - || One gives two
single-valued mappings A : H - H and F : H — H on H. The classical variational
inequality problem (VIP) is described as follows.

Find y* € C such that (Ay*,z—y*) >0, VzeC. (VIP)

One denotes by VI(C, A) the set of all solutions of (VIP). In this paper, one inves-
tigates two numerical methods to find solutions of the following bilevel variational
inequality problem (BVIP), which reads as follows.

Find x* € VI(C,A) such that (Fx*,y —x*) >0, Vy & VI(C,A). (BVIP)

Bilevel variational inequality problems, which have been extensively investigated by
numerical methods, cover a number of nonlinear optimization problems, such as,
fixed point problems, quasi-variational inequality problems, complementary prob-
lems, saddle problems and minimum norm problems, see, e.g., [1-5]. It is known
that (VIP) is equivalent to the fixed point problem of finding a point x* in C such
that x* = P-(x* — AAx™), where 4 is any positive real number and P represents the
metric projection from H onto C (see the definition in Sect. 2). Recently, a number
of authors proposed and analyzed various methods to solve the (VIP). Two notable
methods to solve (VIP) are the regularization method and the projection method. In
this paper, we focus on the second approach involving projection methods. The sim-
plest and oldest projection method is the gradient projection method:

X1 = Pe(x, — 2Ax,) . (L.1)

It is known that the iterative sequence defined by (1.1) converges to an ele-
ment of VI(C,A) when A is L-Lipschitz continuous and a-strongly monotone and
e (0, 2a /LZ). For avoiding the use of such assumptions, the extragradient method
(EGM) [6] has been proposed for a monotone and L-Lipschitz continuous mapping
A. The algorithm can be presented as follows:

= Pc(x, — 4Ax,) ,
Yn C(xn xn) (12)
X+l = PC(xn - AAyn) >

where A € (0,1/L). The algorithm defined by (1.2) converges to an element of
VI(C, A) provided that VI(C, A) is nonempty.

We see that the EGM needs to compute two projections onto the feasible set C
and two evaluations of operator A in each iteration. Generally, this is expensive, and
when operator A and feasible set C have a complicated structure, it will affect the
efficiency of the method used. To overcome one of these shortcomings, there are
two notable methods in the literature. The first one is the subgradient extragradient
method (SEGM) [7], which can be considered as an improvement of the EGM. The
algorithm reads as follows:
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V, = Pc(xn - iAx,,) s
T,={x€H|(x,— JAx, —y,,x—y,) <0}, (1.3)
Xpt1 = PTn (xn - /lAyn) »

where A € (0, 1/L). The main advantage of SEGM is that it replaces the second pro-
jection from the closed and convex subset C to the half-space 7, and this projection
can be calculated by an explicit formula.

The second one is called the Tseng’s extragradient method [8], which is
described as follows:

(1.4)

{yn:PC(xn_;LAxn)’

Xppl =V — ﬂ(Ayn —Axn) .

It is worth noting that the algorithm defined in (1.4) only needs to calculate one
projection onto the feasible set C and two evaluations of A in each step. Since sub-
gradient extragradient method and Tseng’s extragradient method only need to calcu-
late once projection onto the feasible set C in each step, they have received a lot of
attention and research from scientific researchers, who have improved and extended
in various ways to obtain the weak and strong convergence of these methods, see
[9-11] and the references therein. However, the subgradient extragradient method
and Tseng’s extragradient method need to know the Lipschitz constant of the opera-
tor A, which limits the applicability of the algorithms. To handle the case where the
Lipschitz constant of the operator A is unknown, Yang et al. [12, 13] introduced the
following self-adaptive step size strategy for (1.3) and (1.4), respectively.

( 2 2
—_ + —_
min{”(”x” Il I =3l ),An}, if (Ax, — Ay, X = v, ) > 0;

in-{.] =9 2<Axn —Ay,,,xnﬂ _yn>
A, otherwise ,
. ’u”'xn - yn” } :
T P4 b, ifAx, — A 0;
in+l =1 mln{ “Axn _Ayn” ! 1 . g #
otherwise ,

ne

where p € (0, 1) and 4 > 0.

Note that computation of the metric projection P, onto C is not necessar-
ily easy. In order to reduce the complexity probably caused by the projec-
tion P, Yamada [14] introduced the following hybrid steepest descent method
for solving the variational inequality VI(C, F). Recall that 7 is nonexpansive
if [Tx—-Ty|| <|lx—=yll, Vx,y€e H. Let Fix(T) = {x € H : Tx = x} denote the
fixed point set of 7. Assume that C is the fixed point set of a nonexpansive
mapping T : H —» H, that is, C={x € H : Tx =x}. Let F be a mapping of
-strongly monotone and x-Lipschitzian on C. Fix a constant u € (0,25/x?) and
a sequence {4,} of real numbers in (0, 1) satisfying the following conditions: (i)
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im,_, 4, =0, (ii) Zf;] A, = oo, (iii) lim,_, (4, — /l,lJrl)//15+1 = 0. For any initial
data x, € H, one can generate a sequence {x, } via the following algorithm:

Xpp1 = TIx, — A, uF(Tx,), n=>0.

Yamada proved that {x, } converges to the unique solution of the VI(C, F) in norm. In
recent years, there are many papers dealing with the variational inequality problems
by using the steepest descent method, see [15—17]. Note that the methods suggested
in (1.2), (1.3) and (1.4) all achieve weak convergence in infinite-dimensional spaces.
Examples in CT reconstruction and machine learning tell us that strong convergence
is preferable to weak convergence in an infinite-dimensional space. Therefore, a
natural question is how to modify the methods (1.3) and (1.4) such that they can
achieve strong convergence in infinite-dimensional spaces. Recently, based on the
subgradient extragradient algorithm (1.3), the Tseng’s extragradient method (1.4)
and the hybrid steepest descent method [14], Thong et al. [18] proposed two new
modified extragradient algorithms with strong convergence to solve the (BVIP) in a
real Hilbert space.

To accelerate the convergence rate of the algorithms, Polyak [19] considered the
second-order dynamical system X(¢) + yx(¢) + Vf(x(t)) = 0, where y > 0, Vf repre-
sents the gradient of f, x(¢) and ¥(¢) denote the first and second derivatives of x at
t, respectively. This dynamic system is called the Heavy Ball with Friction (HBF).
Next, we consider the discretization of this dynamic system (HBF), that is,

Xpp1 — 2%, +X,_4 7/x,, —X,_
h2 h

L+ Vf(x,) =0, Vn>0.

Through a direct calculation, we can get the following form:
X1 =X, + r(xn —xn_l) - (pr(x”), Vn >0,

where 7 = 1 — yh and @ = h?. This can be considered as the following two-step iter-
ation scheme:

{yn=xn+1(xn—xn_]),

xn+1 =yn_(pvf(xn)v VnZO

This iteration is now called the inertial extrapolation algorithm, the term
r(x,, - x,,_l) is referred to as the extrapolation point. It is known that the Nesterov
accelerated gradient method [20] improves the convergence rate of the gradient
method from standard O(k~!) down to O(k=2). However, it should be highlighted
that inertial algorithms do not guarantee that the objective function is monotone.
Recently, many authors constructed a large number of inertial algorithms for solving
variational inequalities and optimization problems; see, e.g., [21-24] and the refer-
ences therein.

Motivated and inspired by the above works, we here introduce two new iner-
tial extragradient methods for solving (BVIP) in real Hilbert spaces. The algo-
rithms are inspired by the inertial method, the subgradient extragradient method,
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the Tseng’s extragradient method and the steepest descent method. We provide
a choice of inertial parameter and two new stepsize rules which allow the algo-
rithms to work without previously knowing the Lipschitz constant of the map-
ping. Under some suitable conditions, we prove that the iterative sequence
generated by the algorithms converges strongly to a solution of (BVIP). Some
numerical experiments are carried out to support the theoretical results. Our
numerical results show that the new algorithms have a better convergence speed
than the existing ones presented in [18].

An outline of this paper is as follows. In Sect. 2, we recall some preliminary
results and lemmas for further use. Section 3 analyzes the convergence of the pro-
posed algorithms. In Sect. 4, some numerical examples are presented to illustrate the
numerical behavior of the proposed algorithms and compare them with other ones.
Finally, a brief summary is given in Sect. 5.

2 Preliminaries

The weak convergence and strong convergence of {xn}:;l to x are represented by
x, — x and x,, — x, respectively. For any x,y € H, the operator T : H — H is said
to be (i) L-Lipschitz continuous with L > 0 if ||Tx — Ty|| < L||x — y|| Gif L = 1, then
T is called nonexpansive); (ii) f-strongly monotone if there exists f > 0 such that
(Tx — Ty, x —y) > Bllx — y||*; (iii) monotone if (Tx — Ty,x —y) > 0; (iv) pseu-
domonotone if (7Tx,y — x) > 0 = (Ty,y — x) > 0; (v) sequentially weakly continu-
ous if for each sequence {x,,} converges weakly to x implies {Txn} converges weakly
to Tx. For each x,y € H, we have

llx + yI1* < x> + 2(y, x + y) . 2.1

For every point x € H, there exists a unique nearest point in C, denoted by P-x, such
that Pox := argmin{||x — y||, y € C}. P is called the metric projection of H onto C.
It is known that P is nonexpansive and P.x has the following basic properties:

o (x—Pcx,y—Pcx)<0,VyeC;
o ||Pex—Poyll? < (Pex— Ppy,x—y), ¥y € H.

We give some special cases with simple analytical solutions. These give us some
explicit formulas to find the projection of any point onto the half-space and the ball.

¢ The Euclidean projection of x, onto a halfspace H_, = {x : (a,x) < b} is given

by
Py- (x) = x — max { %,O}a
ab a

e The Euclidean projection of x, onto an Euclidean ball Blc,r] = {x : ||x —c|| < r}
is given by
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’
P =c+———@x—0).
e = e
It is well known that if F : H — H is L-Lipschitz continuous and pf-strongly
monotone on H and if VI(C,A) is a nonempty, convex and closed subset of H,
then the (BVIP) has a unique solution (see, e.g., [25]).
The following lemmas play an important role in our proofs.

Lemma 2.1 ([26]) Let A : C — H be a continuous and pseudomonotone operator.
Then, x* is a solution of VI(C, A) if and only if (Ax,x —x*) > 0, Vx € C.

Lemma 2.2 ([14]) Let y >0 and a €(0,1]. Let F: H— H be a p-strongly
monotone and L-Lipschitz continuous mapping with 0 < f < L. Associating
with a nonexpansive mapping T : H — H, define a mapping T' : H > H by
T'x = — ayF)(Tx),Vx € H. Then, T" is a contraction provided y < i—f, that is,

IT"x =Tyl <A —amlx—yll, Vxy€H,
wheren =1—4/1— y(Zﬁ - yLz) € (0,1).

Lemma 2.3 ([27]) Let {an} be a sequence of nonnegative real numbers, {an} be a
sequence of real numbers in (0, 1) with Z:‘;l a, = oo, and {bn} be a sequence of
real numbers. Assume that a, | < (1 - an)an + a,b,, Vn > 1. If limsup_,, b, <0
for every subsequence {ank} of {an} satisfying liminf,_, (ankH - ank) > 0, then
lim a,=0

n—oo 'n

3 Main results

In this section, we introduce two new inertial extragradient methods for solving
(BVIP) and analyze their convergence. First, we assume that our proposed meth-
ods satisfy the following conditions.

C1 The feasible set C is a nonempty, convex and closed set.

C2 The solution set of the (VIP) is nonempty, that is VI(C, A) # (.

C3 The mapping A : H — H is L|-Lipschitz continuous and pseudomonotone on H,
and sequentially weakly continuous on C.

C4 The mapping F : H — H is L,-Lipschitz continuous and f-strongly monotone on
H such that L, > f. In addition, we denote by p the unique solution of the (BVIP).

C5 Let {€,} be a positive sequence such that lim,,_, Z—" =0, where {a,} C (0,1)

satisfies the following conditions: > a, = oo and lim a, =0.

n—oo 'n
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Remark 3.1 Our methods are embedded with the inertial terms to ensure the strong
convergence of the algorithms. Condition (CS5), which is routine restriction, is easily
satisfied. For example, one can take a, = 1/nand €, = 1/n°.

3.1 The modified inertial subgradient extragradient algorithm

Now, we introduce the new modified inertial subgradient extragradient algorithm for
solving (BVIP). Algorithm 3.1 reads as follows:

Algorithm 3.1 Modified inertial subgradient extragradient algorithm for solving (BVIP)

Initialization: Set 6 >0,4; >0, u € (0,1),0<y< %123 Arbitrarily given xp,x; € H.
2
Iterative Steps: Calculate x,,1 1 as follows:

Step 1. Given the iterates x,_; and x, (n > 1). Set
Wy =X+ 6, (xn _xnfl) s

where

. & .
min —— 0, ifx, #Fx,-1,
6 = {”xn_xn—lH } n 7 dn-l 3.1
0, otherwise.

Step 2. Compute
Yn = Po(wp — AAwy,) .

Step 3. Compute
= Pr, (Wn - lnAyn) )
where T, := {x € H | (W, — AyAwy, — yp,x — y,) < 0}.
Step 4. Compute
Xnt1 = Zn — OYF 7y,
and update
I

. ||Wn_)’nH2+||Zn_yn .
JAn ¢y if (Awy, — Ay, 20 — >0,
mln{:u 2<AWn*Aymzn*Yn> n 1 < Wn VY, Zn Yn>

A otherwise.

Ans1 = (3-2)

Remark 3.2 Tt follows from (3.1) that

.0,
lim —|lx, —x,_,| =0.
n—oo an

Indeed, we have 6, ||x, — x,_,|| <€, for all n, which together with lim,_, % =0

implies that

.0, . €
lim —|x, —x, ]| < lim = =0.
n—oo C(n n—oo an

Lemma 3.1 Assume that Conditions (C1)—(C3) hold. Then, the sequence { 1, } gener-
ated by (3.2) is a nonincreasing sequence and
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lim 4, :AZmin{Al,Lﬁ}.
n—oo 1

Proof We can easily get that A, ; < A, for all n € N from (3.2). Hence, {ﬂn} is non-
increasing. On the other hand, we have L,|lw, —y,|| > ||Aw, — Ay, ||, since A is L,
-Lipschitz continuous. Therefore, if (Aw, — Ay,,z, —v,) > 0, then

p W = all” + llzy = all? >4 W, = yallllzy =yl p o =yull o 1
2Aw, = Ay 2y =y AW, = Ayllllz, =yl 1AW, — Ay, Il T Ly

which together with (3.2) implies that

Aanin{/ll,Lﬁ}.
1

Thus, we conclude that lim A, exists since the sequence {/1”} is nonincreasing

n—oo “'n

and lower bounded. O

The following lemmas play an important role in the convergence proof of
Algorithm 3.1

Lemma 3.2 Assume that Conditions (C1)—(C3) hold. Let {zn} be a sequence gener-
ated by Algorithm 3.1. Then, for all p € VI(C,A),

ii‘l il’l
2, =PI < llw, = pIP = (1= 1= iy, = w12 = (1= 1= Yllz, = 0,
)'n+1 j'n+1

Proof First, from the definition of{/ln }, one obtains

H H
2<Awn_Ayn’Zn_yn> < 1 ”Wn_yn”2+ 1
n+1 n+1

Indeed, if (Aw,, — Ay, z, — y,) < 0, then (3.3) holds. Otherwise, by (3.2) we have

lz, =vall*, VR EN. (33

pl
g 2(Aw, — Ay, 2, = V)

. { “Wn_yn”2+ ”Zn_yn“2 } “Wn_yn”2+ “Zn_yn”2
/1n+1 =min4 U > 'n <
2(Aw, — Ay, 2, = V)

which implies that
U

n+1

u
2Aw, = Ay 2, = y,) < —lw, —yll* + lz, =yl

n+1

Thus, the inequality (3.3) holds. Using (3.3) and p € VI(C,A) Cc C C T,, one has

A
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2z, = p* =2|[Pr, (w, = 2uAv,) - PT,,pH2 < 2Azy = Py Wy = AV, = P)
=llzw = PII* + W0 = AuAY, = PII* = ll20 =, + 4,45, ]°
=l|z, = pII” + [[w, = I + 2[4V, ]I* = 20w, = p. 2,47,
=Nz = wall” = A2[Ay[I* = 2(2, = W, A,AY,)
=llz0 = PI* + 1w = PI” = Iz = wall” = 262, = P, 2,A¥,) -
This implies that
llz, = PII* < M, = pI* = llz, = woll* = 2z, = p. A,AY,) - (3.4)

Since p is the solution of (VIP), we have (Ap,x — p) > 0 for all x € C. By the pseu-
domontonicity of A on H, we get (Ax,x —p) >0 for all x € C. Taking x =y, € C,
one infers that

(A, p = ya) < 0.
Consequently,
(AP = 2) = AV P = V) + (A Y = 20) S KAV Y = 2) - 3.5)
Combining (3.4) and (3.5), one obtains

”Zn _P”2 S”Wn _p”2 - ”Zn - an”2 + 21n<Ayn’yn - Zn>
=llw, = pII* = llz, = 1> = Iy, = W, lI> = 20z, = Yo ¥ = W)
+24,(A, Yy — 20)

=”Wn _p”2 - ”Zn _yn”2 - ”yn - Wn”2 + 2<Zn Y Wn — j’nAyn _yn> .
3.6)

Since z, = Py (w, — 4,4y, ) and z, € T,,, one has
(Wn - j’nAyn — Y Zn _yn>
= <Wn - )'nAWn Y ln T yn> + j'n(AWn _Ayn’zn - yn> (37)
< /ln<Awn _Ayn’zn - yn> >

which together with (3.3), we deduce that

n n

2
[

2
w, =y, lI* + u—llz, =y,

Uw — A Ay —y .z —y )<
Wy = A A, = Vs 2y = V) e ~

n+1 n+1

From (3.6) and (3.7), we obtain

X}'l i}'l
Iz, = pIP < Whw, = I = (1= 1= Yy, = w, I = (1= = Yllz, = 5, .
)’n+l )’n+l

This completes the proof of the lemma. O
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Lemma 3.3 [28, Lemma 3.3] Assume that Conditions (C1)—(C3) hold. Let {wn} be a
sequence generated by Algorithm 3.1. If there exists a subsequence {wnk converges
weakly to z € H and limy_,, [lw, —y, || =0, then z € VI(C, A).

Theorem 3.1 Assume that Conditions (C1)—(CS5) hold. Then, the sequence {xn} gen-
erated by Algorithm 3.1 converges to the unique solution of the (BVIP) in norm.

Proof We divide the proof into four steps.

Setp 1. The sequence {xn } is bounded. Indeed, from
lim,_ (1 — ute

> =1— u > 0, we know that there exists n, € N such that

n+1

n

1—wu >0, Vn>ny. (3.8)

n+1
Combining Lemma 3.2 and (3.8), one sees that
llz, —pll < 1w, —pll, Vn2ny. (3.9)
On the other hand, by the definition of w,, we can write

9}’1
w, —pll <a,- a—llxn = Xt + [lx, =PIl (3.10)

n

According to Remark 3.2 we have Z—" [[x, —x,_;]] = O. Therefore, there exists a con-

stant M; > O such that

0
a—”llxn—xn_lll <M, Vn>1. (3.11)

n

Combining (3.9), (3.10) and (3.11), we obtain
lz, —pll < llw, —pll < llx, —pll + a,M;, Vn=ng. (3.12)
Using Lemma 2.2 and (3.9), it follows that
%1 =Pl = I(I = @,y F)z, — (I - a,yF)p — o,y Fp||
< (I=an)liz, —pll +a,y I Fpl

<(1 i ZIIF,
< —ann)llxn—p||+ann‘7+ann-;II Pl

M, + 1Dl (3.13)
< max { = gy, -l
n

S .ee S max

M, +ylFpll
(=, =l . vn g,

@ Springer



Bilevel pseudomonotone variational inequality problems 529

where n=1-14/1-y(2f—yL2) €(0,1). That is, this implies that {x,} is
bounded. We get that the sequences {zn} and {wn} are also bounded.

Step 2.

A A
(1= 1 Yl = w4+ (1= 1= Yl =, 1P

n+l1 n+1

<%, = pIP = 0y =PI + 4, My, ¥ > 1,
for some M, > 0. Indeed, using (2.1), one has
1 = PI* = (I = &,y F)z, = (I - a,yF)p — a,y FplI>
2
< (1= ayn) llz, = pI* + 20,7 (Fp.p = X,11) (3.14)
< iz, — pII* + a,M,

for some M, > 0. In the light of Lemma 3.2, we obtain

A A
— 2 < o2 _(1_ n _ 2 _(q_, T o2
||‘xn+1 p” = ”Wn p” (l ”/I,H_l )”yn Wn” (1 ”A,H_I )”Zn yn” + anMZ .
(3.15)
It follows from (3.12) that

2
Iw, = pII* < (llx, = pll + &, M)
= |lx, — plI* + @, (2M, ||x, — pll + a,M}) (3.16)
< lx, = pli* + a,M;

for some M; > 0. Combining (3.15) and (3.16), we get

A
Pt =PI <l = pIP + a5 = (1= == ) lw, =3, |1
n+1

A
— (1= 1 s =2l + s
n+1

which yields

Ay ) A, 2
(1= 1 Yl =l (1= = )l =3

j’n+1 n+1
2 2
< lx, = pl° = 1%y =PI + @, My,

where M, := M, + M,.
Step 3.
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1%, = PI* < (1= a,n)llx, = plI*

2y 3M6,
+ ann[7<Fp’p _xn+1> + _”xn _xn—lll]’ Vn 2 Un)

M

for some M > 0. Indeed, we have
lw, = plI> < lIx, = plI> + 26, lIx, = pllllx, — x,_ ;1| + 02llx, — x,_, 11> (3.17)
Combining (3.9) and (3.14), we get

”xn+l _p”2 < (1 - anﬂ)llwn _p”2 + zany<Fp’p _xn+1>’ Vn 2 n .

Substituting (3.17) into (3.18), we obtain

%41 = PI* < (1 = an)lix, = plI* + 20,7 {Fp.p — x,11 )
+ en”xn _'xn—l ” (2”xn _p” + ellxn - xn—l ”)
< (1=am)lix, —pl?
3M6

a,n

n

2y
+ annli7<Fp7p _xn+l> + ”xn _x11—1||]7 Vn > ny,

where M := sup,cy {llxn -l éllx, —x,_; ||} > 0.
Step 4. {||xn - p||2} converges to zero. Indeed, by Lemma 2.3, it suffices to show that
lim sup,_, o, (Fp,p —xnkH) < 0 for every subsequence {llxnk —pll} of {llxn —pll}

satisfying

ligiglf(llx,lk+1 —pll = llx, = pll) 2 0.

For this purpose, one assumes that {||x, — pl|} is a subsequence of {||x, — p||} such
that liminf, _ , (Ilx,, 4; — 2l — IIx,, — pll) = 0. By Step 2, one has

Yz, = 32, IP]

y

j/}‘L
timsup [ (1= === ly,, = w,, P + (1= n

k— 00 Ank+l Ank+1

: 2 2
< limsup [, My + 1x,, = pII* = 1, 11 =PI
— 00

<limsupa, M, + liin sup [lenk -pll* - I, 41 —p||2]
—00

k—o00
= —liminf [Ilx,,; =l = lIx, - pl’]
S 07
which implies that

Jim [, =, [l = Oand Jim Iz, —5,[| = 0.

@ Springer



Bilevel pseudomonotone variational inequality problems 531

Therefore
kllglo ||an - Wnk” =0. (3.19)
Moreover, we can show that
%, 41 = 2 Il = @, 711F2, Il > Oasn — oo, (3.20)
and
llx,, —w, Il =6, llx, —x, Il =a, - a—nk||xnk =X, _1ll > 0asn — .

ny

3.21)
Combining (3.19), (3.20) and (3.21), we obtain

16,1 = % Il < 1 = 2 [l 1z, = w0 |+ 1, =%, [l = Oas n — oo
(3.22)
Since the sequence {xnk} is bounded, there exists a subsequence {anj} of {xnk},

which converges weakly to some z € H, such that
liiﬂ sup (Fp,p —x, ) = }Eg (Fp.p - Xnkj> = (Fp,p—72). (3.23)
By (3.21), we getw,, — zask — oo. This together with lim;_, . ||w,, —, Il = 0and
Lemma 3.3 yields z € VI(C, A). From (3.23) and the assumption that p is the unique
solution of the (BVIP), we get
limsup (Fp.p ~ =, ) = (Fp.p —2) <0. (3.24)
Combining (3.22) and (3.24), we obtain

lim sup (Fp.p =%, 1) = lim sup (Fp.p—x, ) = (Fp,p—2)

(3.25)
<0.
From lim, _ _, %llxn —x,_,ll = 0and (3.25), we get
) 2y Mo,
llgﬂlp [7(Fp,p — X)) + o [ II] <0. (3.26)

Ty

Hence, combining Step 3, Condition (C5) and (3.26), in the light of Lemma 2.3, one
concludes that lim,,_, ., ||x,, — p|| = 0. This completes the proof. O

Now applying Theorem 3.1 with F(x) = x —x,, where x, € H. It is easy to
check that the mapping F : H - H is 1-Lipschitz continuous and 1-strongly
monotone on H. In this case, by choosing y = 1, the calculation of x,_, in Algo-
rithm 3.1 becomes as follows:
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Xn+1 =< — anyFZn =3~ an(zn _'xO) = Xy + (1 - an)zn .

Therefore, in this special case, the calculation of x,; does not include the mapping
F. The algorithm in Corollary 3.1 only contains the variational inequality mapping
A, so this algorithm can solve the variational inequality problem. A similar state-
ment applies to Corollary 3.2.

Corollary 3.1 Let A : H — H be L-Lipschitz continuous and pseudomonotone on
H. Take 6 > 0, A, > 0, u € (0, 1). Assume that {an} is a real sequence in (0, 1) such
that lim, =0and Zf;o a, = oo. Let xy,x; € H and {xn} be defined by

n— 00 an
-

w, =X, +0n(xn —xn_l) s

min{ En 9}, ifx, #x,_,

I, =, 117
s otherwise .

where 0, = {

Yu = Pc(w, = 4,Aw,) .

3 20 =Pr, (Wy = AAy,) .

where T, 1= {x € H | (w, — 4,Aw, —y,,x—y,) <0},

Xpt = UpXo + (1 - an)zn ’

b = { min (W T Ay = 35, =) >0
otherwise.

ne

(3.27)

Then the iterative sequence {xn} created by (3.27) converges to p € VI(C,A) in
norm, where p = Pyyc 4)Xo-

3.2 The modified inertial Tseng’s extragradient algorithm

In this subsection, we introduce a new modified inertial Tseng’s extragradient algo-
rithm for solving (BVIP). Our algorithm is described in Algorithm 3.2.
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Algorithm 3.2 Modified inertial Tseng’s extragradient algorithm for solving (BVIP)

Initialization: Set 6 >0,1; >0, u € (0,1),0<y< ZL—Q Arbitrarily given xo,x; € H.
2
Iterative Steps: Calculate x,, 1| as follows:
Step 1. Given the iterates x,,_; and x,, (n > 1). Set
Wy = Xn+ 6y (X —X—1)

where

. & .
mln{inﬁ}, if x, # xp—1,
6, = ||xn — Xn—1 H
0, otherwise.

Step 2. Compute
Yn = Pc(Wn — yAwy,) .

Step 3. Compute
Zn =Yn— A (Ayy — Awy) .

Step 4. Compute
Xpt1 = Zn — O YFz,.
and update
- Blwe = yall } .
min{ ————— A, », ifAw,—A 0,
e At
75 otherwise.

A1 = (3.28)

Lemma 3.4 The sequence {An} generated by (3.28) is a nonincreasing sequence and
lim A, = 4 Zmin{/ll,ﬂ}.
n—00 Ll

Proof 1t follows from (3.28) that 4, ; < A, for all n € N. Hence, {ln} is nonincreas-
ing. On the other hand, we get L,|lw, —y,|| > ||Aw, — Ay, || since A is L-Lipschitz
continuous, consequently

lw, = ¥,ll 7
u———"— > — if Aw, #Ay,,
||Awn _Ayn” Ll " "

which together with (3.28) implies that

Aanin{/ll,Lﬁ}.
1

Therefore, lim,_, . 4, = 4 > min {Al, Lﬂ} since the sequence {4, } is nonincreasing
1
and lower bounded. O

The following lemma is very helpful for analyzing the convergence of Algorithm 3.2.
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Lemma 3.5 Assume that Conditions (C1)—(C3) hold. Let {zn} be a sequence gener-
ated by Algorithm 3.2. Then,

AZ
s = I < b, = I = (1= 5 )l =3, ¥p € VIC.A).

n+1

Proof First, using the definition of { 4, }, one obtains

u
l1Aw, — Ay, || < /I_HW” =y, Vn. (3.29)
n+1
Indeed, if Aw, = Ay, then (3.29) holds. Otherwise, it implies from (3.28) that

w, — w, —
s =min{ ullw, = y,ll Jn} < ullw, =y, ll .
lAw, — Ay, |l lAw, — Ay, |l

Consequently,

H
lAw, — Ay, || <

lw, = y,ll.-
n+1

Therefore, the inequality (3.29) holds when Aw, = Ay, and Aw, # Ay,. By the defi-
nition of z,,, one sees that
”Zn _p”2 :”yn _p||2 + j'i”‘qyn _Awn“2 - 21n<yn _p7Ayn _Awn>
=[w, = PIP + 117, = wall> = 200 = W Yo = W) + 203 = WY — P)
+ ii”Ayn _‘A‘/Vn”2 - 2),”()}” _p9Ayn _Awn>
=llw, = plI* = ly, = w,II* + 2{y, = W,..y,, — p)
+ |4y, — Aw, |1 = 24,(y, — P, Ay, — Aw,) .

(3.30)
Since y, = Pc(wn - AnAwn), using the property of projection, we obtain
OV =Wy + A,Aw,,y, —p) <0,
or equivalently
O = W ¥y = P) £ =4, (AW, ¥, — P) . (3.31)

From (3.29), (3.30) and (3.31), we have

2

T _ 2 _ 2_2) (A _ 2i v 112
lz, = pII” <llw, = pII” = lly, = w,ll W(AW,, Y, —P) + e lw, = yall
n+1

-24,(y, — D, Ay, —Aw,)

2
n

<l = I = (1= 725 )by =3, = 24,05, = -,

n+1

(3.32)
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Since p € VI(C,A), we have (Ap,y, — p) > 0. From the pseudomonotonicity of A,
we get

(A, 3, —p) 2 0. (3.33)
Combining (3.32) and (3.33), we obtain

/12

”Zn _p”2 < “Wn _p||2 -1 _M2_n ”Wn _ynllz'
)’2

n+1

The proof of the lemma is now complete. O

Theorem 3.2 Assume that Conditions(C1)—(C5) hold. Then, the sequence {xn} gen-
erated by Algorithm 3.2 converges to the unique solution of the (BVIP) in norm.

Proof Step 1. The sequence {xn} is bounded. Indeed, according to Lemma 3.4, we

;—) =1— u? > 0. Thus, there exists n, € N such that

n+l1

have lim,_ (1 — p?

2
1-— ,u22—” >0, Vn>n,. (3.34)

n+1
Combining Lemma 3.5 and (3.34), we obtain
llz, —pll < llw, —pll, Vn2n,.

As the same as (3.10)—(3.13), we have {xn} is bounded. We also get {zn} and {wn}
are bounded.

Step 2.

22
(1= 12 I =30l < Uy =PI = Wy =PI+ @My (339)

n+1

for some M, > 0. Indeed, from (3.14) and Lemma 3.5, we have

%51 =PI = llz, — @,y Fz, — plI?
(3.36)

2 2 An 2
S ||Wn_p” - 1 —M “Wn_yn” +anM2
)'2

n+1

for some M, > 0. By (3.16), we obtain

2
2 )'ﬂ 2 2 2
(1= 12 ) =3l < Wy =PI = Ity =PI+ @My (337)
n+1

where M, := M, + M;, both M, and M; are defined in Step 2 of Theorem 3.1.
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Step 3.

2y 3M0,
st =PI (1= @)l =PI+ | L CFpp = )+ == P, =

for some M > 0. Using (3.17) and (3.18), we can get the desired result immediately.

Step 4. {||xn - p||2} converges to zero. According to Step 4 in Theorem 3.1,
we suppose that {llxnk —p||} is a subsequence of {||xn —p||} satisfying
liminf,_, (||)cnkJrl -pll - ||xnk —p||) > 0. From Step 2 and Condition (CS5), one
obtains

/12
: 2 " 2 : 2 2
tim sup (1= 52" )lw,,, = v, I < limsup {5, = pI> = 01 = I + @, M,)
k—o0 et k—oo
<0.

By (3.34), it follows that lim,_, || Y, = W, || = 0. According to the definition of z,
in Algorithm 3.2 and (3.29), we have

e

lim iz, =y, [l < lim 2, [|Ay, —Aw, || < lim 4 Iw,, = yu Il =0,

e n+1
which implies that lim,_ [y, —z, [l = 0. Using the same facts as (3.19)~(3.25),
we obtain

timsup [ 22 (F )4 0 Il <o
imsup | —(Fp,p —x, + —|x, —x, _ ]S . 3.38
k—»oop 7 1 a1l " =1 ( )

Therefore, using Step 3, Condition (C5) and (3.38), by means of Lemma 2.3, one
concludes that lim,_,  ||x, — p|| = 0. The proof is completed. |

Now applying Theorem 3.2 with F(x) = x — f(x), where f : H — H is a contrac-
tion mapping with constant p € [0, 1). It is easy to verify that the mapping F : H - H
is (1 + p)-Lipschitz continuous and (1 — p)-strongly monotone on H. In this case, by
choosing y = 1, we obtain the following result.

Corollary 3.2 Let A : H— H be L|-Lipschitz continuous and pseudomono-
tone on H and f : H — H be a p-contraction mapping with p € [0, \/g —2). Set
0>0,4, >0, ue(,1). Assume that {an} is a real sequence in (0, 1) such that
lim, =0and ) a, = oo. Let xy,x; € H and {xn} be defined by

n— 0o an
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-

W, =X, + en(xn _xn—l) s

. € .
min u 0, ifx #x
{nxn— ol po i # .

s otherwise .

where 6, = {

Yn = PC(Wn - A’nAwn) s
) 2y =Yn— in(Ayn _Awn) ’
Xnl = (1 - an)zn + a,f(z,,) ’

; Hllw, =yl . 3
A= min { e Ay } if Aw, — Ay, # 0,
A otherwise.

(3.39)

ns

Then the iterative sequence {xn} generated by (3.39) converges to p € VI(C,A) in
norm, where p = Pyyc 4)°f (p)-

4 Numerical examples

In this section, we provide some numerical examples to show the numerical
behavior of our proposed algorithms and compare them with Algorithm 1 and
Algorithm 2 in [18]. We use the FOM Solver [29] to effectively calculate the pro-
jections onto C and 7. All the programs were implemented in MATLAB 2018a
on a Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz computer with RAM 8.00
GB.

Example 4.1 Consider a mapping F : R™ — R™ (m = 5) of the form F(x) = Mx + q,
where

M=BB"+D+K,

and B is an m X m matrix with their entries being generated in (0, 1) , D isan m X m
skew-symmetric matrix with their entries being generated in (—1, 1), K is an m X m
diagonal matrix, whose diagonal entries are positive in (0, 1) (so M is positive sem-
idefinite), g € R™ is a vector with entries being generated in (0, 1) . It is clear that
F is L,-Lipschitz continuous and f-strongly monotone with L, = max{eig(M)},
p = min{eig(M)}, where eig(M) represents all eigenvalues of M.

Next, we consider the following fractional programming problem:

x"Ox+a'x+a
b'™x+b,
subject tox € C :={x € R’ : b'x+ by >0},

minf(x) =

where
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5 -1 2 02 1 1
-1 6 —-130 2 0

0=|2 -1 3 01|a=|-1|b=|-1][ay=-2b,=20.
0 3 050 -2
2 0 1 04 1 1

It is easy to check that Q is symmetric and positive definite in R> and hence f is
pseudo-convex on C = {x € R3 : bTx + b, > 0}. Let

(bTx+by)(20x + a) — b(x"Qx + a’x + a)

A) 1= Vf() =
(bTx + by)’

It is known that A is pseudomonotone and Lipschitz continuous.

We compare our proposed Algorithm 3.1 and Algorithm 3.2 with Algorithm 1
and Algorithm 2 proposed by Thong et al. [18]. Our parameters are set as follows. In
all algorithms, set 4 =0.1, ¢, = 1/(n+ 1), y = 1.7/3/(L§), A, = 0.6. Take 6 = 0.4,

=100/(n + 1)* in Algorithm 3.1 and Algorithm 3.2. We use D, = ||x, — x,_, ||
to measure the error of the n-th iteration since we do not know the exact solution to
the problem, and the maximum iteration of 200 as the stopping criterion. Numerical
results are reported in Figs. 1, 2.

Example 4.2 We consider an example that appears in the 1nﬁn1te dimensional

Hilbert space H = L*[0,1] w1th the inner product (x,y)= fo x(®)y(t)dt and

the induced norm |x|| = ( / x()?dr)!/?. Let r, R be two positive real num-

bers such that R/(k+ 1) <r/k <r <R for some k> 1. Take the feasible set
= {x € H : ||x|| £ r}and the operator A : H — H given by

AX) =R - |lx|]Dx, VxeH.

Note that A is not monotone. Taking a particular pair (%,y) = (X, kX) and choosing
X € C such that R/(k + 1) < ||X|| < r/k, one can see that k||X|| € C. By a straight-
forward computation, we have

(A® — AG), X = 7) = (1 = IXI*R — (1 + blIX]) < 0.

Hence, the operator A is not monotone on C. Next we show that A is pseu-
domonotone. Indeed, assume (A(x),y—x)>0 for all x,y€ C, that is,
((R = ||Ix|)x,y — x) > 0. Since ||x]| < R, we have {x,y — x) > 0. Therefore,
(A),y —x) = ((R = llylDy,y — x)
> (R - ||)’||)(<y,y —.X> - <x’y _x>)
=R - yIDlly — x> > 0.

Let F : H — H be an operator defined by (Fx)(¢) = 0.5x(¢), ¢ € [0, 1]. It is easy to see
that F is 0.5-strongly monotone and 0.5-Lipschitz continuous. For the experiment,
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100 T T T T T T T T T
—*—Our Alg. 3.1
—o—Thong et al. Alg. 1
—4—Qur Alg. 3.2

10" —&—Thong et al. Alg. 2|3

[

1 0-5 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

# Iteration

Fig. 1 Comparison of the number of iterations of all algorithms for Example 4.1

100 T T T T T T T T T
—*—Our Alg. 3.1
—6—Thong et al. Alg. 1
] —A—Qur Alg. 3.2
107 F —&—Thong et al. Alg. 2|3
= 102 F E
|
i
&
=107 F ]
10 F E
10-5 ! ! ! ! ! ! ! ! !

0 0.005 0.01 0015 0.02 0.025 0.03 0.035 004 0.045 0.05
# Elapsed Time [sec]

Fig.2 Comparison of the elapsed time of all algorithms for Example 4.1

we choose R = 1.5, r =1, k = 1.1. The solution of this problem is x*(#) = 0. Our
parameters are the same as in Example 4.1. The maximum iteration of 50 as the
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stopping criterion. Figs. 3, 4 show the behaviors of D, = ||x,(r) — x*(r)|| generated
by all the algorithms with the starting points x,(¢) = x,(¢) = 1. Moreover, we adjust
the inertial parameters of the proposed algorithms to # = 0.2 and keep the other
parameters the same as in Example 4.1. Figs. 5, 6 show the numerical behavior of all
algorithms in this case.

Remark 4.1 We have the following comments on Examples 4.1 and 4.2.

e As shown in Figs. 1,2, 3, 4, 5, 6, in terms of the number of iterations and exe-
cution time, we can intuitively see that our proposed Algorithm 3.1 and Algo-
rithm 3.2 are superior to the Algorithm 1 and the Algorithm 2 proposed by
Thong et al. [18], respectively. It is worth noting that, due to the large inertial
parameters we choose, our algorithms have higher accuracy and there are also
oscillations. How to reduce oscillation is the next issue we need to consider in
the future.

e The two algorithms proposed in this paper are semi-adaptive. That is, they can
work without knowing the prior information of the Lipschitz constant of map-
ping A. However, in order to guarantee the strong convergence of the algorithms,
we need to calculate x, | =z, — a,yFz,, where 0 <y < i—f, which requires the

2

restriction that parameters f and L, must be known.

—*—Our Alg. 3.1
Thong et al. Alg. 1

—&—OQOur Alg. 3.2

—a—Thong et al. Alg. 2

) ¢

-14 g 1 1 1 1 1 1 I | |
0 5 10 15 20 25 30 35 40 45 50
# Iteration

Fig.3 Comparison of the number of iterations of all algorithms for Example 4.2 (inertial 8 = 0.4)

@ Springer



Bilevel pseudomonotone variational inequality problems 541

100 E T T T T T T E
i —*—Our Alg. 3.1 ]
N —e—Thong et al. Alg. 1|3
107F BEX —&—CQur Alg. 3.2 3
; —=—Thong et al. Alg. 24
_ 107
= |
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| 100 1
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n 108 3
s !
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10.14 ; Il Il Il Il Il Il ]
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Fig.4 Comparison of the elapsed time of all algorithms for Example 4.2 (inertial 6 = 0.4)
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Fig.5 Comparison of the number of iterations of all algorithms for Example 4.2 (inertial 6 = 0.2)
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Fig.6 Comparison of the elapsed time of all algorithms for Example 4.2 (inertial 6 = 0.2)

5 Conclusions

In this paper, we introduced two new extragradient algorithms to solve bilevel
variational inequality problems in a Hilbert space. The algorithms were con-
structed with the aid of the inertial technique, the subgradient extragradient
method, the Tseng’s extragradient method and the steepest descent method. Only
one projection onto the feasible set is needed at each iteration. Two new stepsize
rules are used in our algorithms, which makes them easier to work without know-
ing the knowledge of the Lipschitz constant of the involved mapping. Two strong
convergence theorems of the iterative sequences generated by the algorithms were
proved. The theoretical results are also confirmed by some numerical examples.
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