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Two relaxed inertial
forward-backward-forward algorithms for
solving monotone inclusions and an
application to compressed sensing

Bing Tan® and Xiaolong Qin

Abstract. Two novel algorithms, which incorporate inertial terms and relaxation effects, are
introduced to tackle a monotone inclusion problem. The weak and strong convergence of the
algorithms are obtained under certain conditions, and the R-linear convergence for the first
algorithm is demonstrated if the set-valued operator involved is strongly monotone in real Hilbert
spaces. The proposed algorithms are applied to signal recovery problems and demonstrate improved
performance compared to existing algorithms in the literature.

1 Introduction

In this paper, our main goal is to devise accelerated iterative algorithms for solving
the classical zero point problem of the sum of two monotone operators, which is
also known as the monotone inclusion problem (shortly, MIP). Recall that the MIP
is formed as follows:

(LD find x* € H such that 0 € (A + B)x",

where H denotes a real Hilbert space with the inner product (-,-) and the induced
norm | - |, A : H — K is a single valued operator, and B : 7 — 2%¢ is a multi-valued
operator. The monotone inclusion problem is an important problem widely studied in
the fields of mathematics, engineering, physics, economics, and computer science. Its
applications are extremely wide-ranging, including portfolio optimization, resource
allocation, production planning, optimal control, image processing, signal recovery,
and more; see, for example, [1, 2, 3, 4]. The MIP is a challenging problem and has been
the subject of extensive research, leading to the development of various algorithms
and methods for solving it.

Next, we give the connection between the inclusion problem and the split feasibility
problem and show its application to signal processing problems.
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Examplel.1 The split feasibility problem (SFP) involves finding an x in the nonempty
closed convex subset C of real Hilbert space J; such that Tx is in another nonempty
closed convex subset Q of real Hilbert space JH,, where T is a bounded linear operator
mapping from J; to J,. This problem arises in image reconstruction and signal
processing. From an optimization perspective, x* solves SEP if it is a solution to the
minimization problem with zero optimal value:

1
min h(x) = = | Tx - Po Tx|,
xeC 2

where P, is the metric projection of J{; onto Q. Note that h is a convex differentiable
function and its gradient, Vh(x) = T* (I - Pq) Tx, is | T||*-Lipschitz continuous and
monotone. Hence, x* solves the SFP if it finds the solutions of the following inclusion
problem: find x* € H; such that 0 € VA(x*) + d0c(x*), where d¢ is the indicator
function of C. In (1.1), setting A := Vh and B = d0¢, we can obtain the SFP as a special
case of the MIP.

Now we show how the signal processing problem can be modeled in the form of an
SEP and thus extended to the inclusion problem. The original signal, x, is a vector in
RN with only k non-zero elements where k is much smaller than N. The bounded linear
operator C : RM*¥ represents the transformation of the signal during transmission,
and ¢ is the noise introduced during the process. The resulting noise signal, y, can be
modeledasy = Cx + ¢, wherey is a vector in R. To solve this model, we can formulate
an unconstrained optimization problem as follows:

1
min 3 |y - Cx|? subject to |x|; < ¢, where t is a positive constant.
xeR
By setting C := {|x||; < ¢} and Q := {y}, the optimization problem defined above can
be converted into an SFP model; thus, we can solve the signal processing problem by
using algorithms that solve the MIP (1.1).

Splitting methods are a well known and important class of techniques for solving
inclusion problems. They involve decomposing the original problem into two or
simpler subproblems, which can then be solved more easily. The solutions to the
subproblems are then combined to find the solution to the original problem. Splitting
methods have been widely used in various fields, such as optimization, control
theory, and computer science. They are known for their simplicity, efficiency, and
versatility, making them a popular choice for solving inclusion problems. Among
splitting methods, the forward-backward (FB) splitting algorithms [5, 6] are a
prominent method for solving monotone inclusion problems. This method splits
the original problem into two subproblems: a forward step, which involves finding
a solution that increases the objective function, and a backward step, which involves
finding a solution that decreases the objective function. The role of the forward
and backward steps is to balance the trade-off between convergence and feasibility,
allowing the algorithm to converge to the optimal solution while ensuring that the
constraints are satisfied. By alternating between the forward and backward steps,
the forward-backward splitting algorithm is able to find the optimal solution to
the monotone inclusion problem in an efficient and effective manner. The forward-
backward splitting algorithms have been extensively studied and are considered to
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be a powerful tool for solving monotone inclusion problems in various fields because
they are simple to implement, computationally efficient, and can be easily extended
to handle more complex problems.

The convergence of an FB algorithm can be slow or inefficient when the problem is
highly nonlinear or when the objective function has multiple local minima. To address
these challenges, a more advanced variant of the forward-backward splitting algorithm
called the forward-backward-forthward (FBF) algorithm (sometimes known as the
Tseng’s algorithm) has been developed by Tseng [7]. The FBF algorithm extends the
forward-backward algorithm by adding a third step, called the forward step, which
involves applying an operator that maps the current solution to a new solution that
is guaranteed to increase the objective function even further. By incorporating the
forward step, the FBF algorithm is able to overcome the convergence limitations of
the FB algorithm and find the optimal solution more quickly and efficiently, especially
for problems with highly nonlinear constraints or multiple local minima. For more
improved versions of the FB algorithm and the FBF algorithm for solving monotone
inclusion problems and their convergence results, see, for example, [8, 9, 10, 11, 12,
13, 14, 15, 16]. However, strong convergence is considered to be a more important
concept than weak convergence in infinite dimensional spaces. This is because strong
convergence implies that the limit of a sequence of functions converges not only in
the sense of distribution but also pointwise. This stronger convergence notion allows
for a more robust and accurate analysis of the limit behavior and often provides
stronger conclusions about the limit. In contrast, weak convergence only guarantees
convergence in distribution, which may not capture the fine details of the limit behav-
ior. As a result, strong convergence is often preferred in infinite dimensional spaces
when a more precise and rigorous analysis is desired. In 2018, Gibali and Thong [17]
proposed two modification schemes of the FBF algorithm by combining the FBF
algorithm with the Mann-type method and the viscosity-type method, respectively.
They established strong convergence theorems for the proposed algorithms, provided
that the parameters and operators satisfy some suitable conditions. More precisely,
their two iterative algorithms are shown below.

Gibali et al’s Mann-type FBF Algorithm 1 [17]

Initialization: Given y; > 0,4 € (0,1). Let {a,} and {J,} be two real
sequences in (0,1) such that {8, } c (a,b) c (0,1- «,) for some a > 0,
b>0andlim, . a, =0, 0, &, = co. Let t € I be arbitrary.
Iterative process:

gn=(I+ l/’nB)_l (I-ynA)ty,

Upn = 8n — Yn (Agn _Atn)s

twin=(1—a, = 8,)ty + 8pu,, Vnx1l
Update y,,11 by

o [ nlltn—gul ;
mln{m,wn}, lfAtn—Agn #0,

Yns otherwise.

(12) Vnil = {
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Gibali et al’s viscosity-type FBF Algorithm 2 [17]

Initialization: Given y; > 0,7 € (0,1). Let f : H — 3 be a contraction
mapping with constant p € (0,1). Assume {a,} is a real sequence such
that lim,, 00 0y = 0, Yo, @ty = 00. Let tg € H be arbitrary.

Iterative process:

gn=([+y,B) " (I-yuA) Ly,
Un = 8n —Vn (Agn _Atn)s
tpin = onf(ty) + (1= ap)u,, VYn>1l

Update v,,11 by (1.2).

Recently, in order to speed up the convergence speed of algorithms proposed by
Gibali et al. [17] and also to speed up the FBF algorithm, Thong et al. [18] combined
the FBF algorithm with inertial and relaxation techniques. Indeed, they proposed a
modified FBF algorithm with a non-monotonic sequence of step sizes as follows.

Thong et al’s relaxed FBF Algorithm 1 [18]
Initialization: Given y; > 0, y € (0,1), 7 € (0,1), 0 € [0,3). Let {7,,} be
a nonnegative real numbers sequence such that Y., 7, < +00. Select
starting points ¢y, t; € H.
Iterative process:

dn =ty +Y(tn - tn—l) >

-1

&n = (I+ V/nB) (I_ V’HA) dn,

Up =gn —VYn (Agn _Adn)a

th1=(1-0)t, +ou,, Vn>l
Update 41 by

3 ’1Hdn*gn H 1 _

13 =i {fhiiaivn s mafs i Ady = Agu =0,

Y + Tn, otherwise.

Inspired and motivated by the above results, our main goal in this paper is to
establish some accelerated FBF algorithms with convergence guarantee to solve the
monotone inclusion problem. The structure of this paper is as follows. In Section 2,
we introduce some auxiliary knowledge used throughout the paper. In Section 3, two
modified FBF algorithms are presented, which incorporate the influences of inertial
and relaxation and introduce a new adaptive step size scheme. Then, weak and strong
convergence analyses are performed for both algorithms, respectively. Moreover, the
R-linear convergence analysis of the first suggested algorithm is carried out under the
condition that the involved operator is strongly monotone. In Section 4, the proposed
algorithms are applied to signal recovery problems and compared with some related
algorithms. Finally, we summarize the paper in Section 5, the last section.
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2 Preliminaries

Consider a real Hilbert space H{ and a nonempty, closed, and convex subset C of .
The symbol ¢, — x as n — oo represents the weak convergence of the sequence {t,}
to x, while the expression t, — x as n — oo indicates the strong convergence of {¢, }
to x.

For all x, y € H and for all y € [0, 1], we have

@ [+ p[? < [x]? +2(y, x + y).
(i) [yx+@=p)yI* = ylxl?+ QA= PyI? - y@-p)x -yl

Definition 2.1 Let A:3 — 3 denote a single-valued operator and B:J — 2%t
denote a multi-valued operator.

(i) The operator A is called L-Lipschitz continuous with L > 0if
|lAx = Ay| < Llx-y[, Vx,yeH.
(ii) The operator A is called monotone if
(Ax —Ay,x—y) 20, Vx,yed.
(iii) The operator B is called monotone if
(u-v,x—y)>0, Vx,yeF,ueBx,veBy.

(iv) The operator B is called y-strongly monotone if there exists a number
¢ > 0 such that

(u—v,x—y)>ullx-y|* Vx,yeH,ueBx,veBy.

(v) The operator B is called maximal monotone if it is monotone and if for
any (x,u) e X x H, (u—v,x — y) > 0 for every (y,v) € Graph(B) (the graph of
operator B) implies that u € Bx.

Definition 2.2 For all x € H, there exists a unique nearest point in C, denoted by
Pc(x), such that

|x=Pc(x)| < |x=yl, VyeC,
where Pc is the metric projection of H onto C.

Remark 2.1 Let C be a nonempty closed convex subset of H. The projection Pc(x)
of a point x € H{ onto C is characterized by (see, for example, [19, p. 535, Eq. (29.1)])

(2.1) (x =Pc(x),y-Pc(x)) <0, VxeH,yeC.
More information concerning the metric projection can be found in [20, Section 3].

Definition 2.3 [21] A sequence {t, } in J{ is said to converge R-linearly to p with rate
p €[0,1) if there is a constant ¢ > 0 such that | ¢, — p| < ¢p”, VneN.

These following lemmas are crucial to the convergence analysis of main results.

Lemma 2.2 [22] Let A:J{ — 3 be Lipschitz continuous and monotone and
B : H — 27 be maximal monotone. Then the operator A + B is maximal monotone.
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Lemma 2.3 (23] Let {t,}, {pn}, and {a,} be nonnegative sequences such that
tnin Sty + &y (b — tyo1) + s V21

If there exists a real number a with0 < &, < a < 1foralln e Nand Y., | pn < +00, then
the following hold: (i) Y52, [ty — tu-1], < +00, where [t], = max{t,0}; and (ii) there
exists t* € [0, +00) such that lim, ;o t, = t*.

Lemma 2.4 [24] Let C be a nonempty set of H and {t,} be a sequence in H. If
limy oo ||tn — x| exists for every x € C and every sequential weak cluster point of {t,}
is in C, then {t,} converges weakly to a point in C.

Lemma 2.5 [25] Let {t,} be a nonnegative sequence, {0,} be a sequence of real
numbers, and {8, } c (0,1) be a sequence such that ¥, 8, = co. Assume that

tn+1£(1_8n)tn+5n0na Vn>1.

If limsupag,, <0 for every subsequence {t. } of {t,} satisfying liininf(tnkﬂ -
k—o0 =

tn,) 20, then lim,_, o t, = 0.

3 Main results

In this section, we introduce two new iterative schemes based on the forward-
backward-forward algorithm and the techniques of inertial and relaxation to solve
the monotone inclusion problem. In the framework of real Hilbert spaces, the first
proposed algorithm obtains weak convergence and R-linear convergence, while the
second suggested algorithm can achieve strong convergence. Our algorithms directly
improve on the results in [1, 2, 3, 17, 18] and many more.

3.1 Weak and linear convergence of Algorithm 3.1

The solution set of problem (1.1) is denoted as MIP(A, B). Before starting, we first
assume that the proposed Algorithm 3.1 satisfies the following conditions.

(C1) The solution set of (1.1) is nonempty (i.e., MIP(A, B) := (A + B)7}(0) # @).

(C2) The operator A:H — H is L-Lipschitz continuous and monotone, and the
operator B : H — 27¢ is maximal monotone.

(C3) Choose the parameters 7 € (0,1), y € [0,1), and o € (0,1] satisfying the follow-
ing condition:

91 () (14 y)y 0.

31 —
3D 2-0+o0q

Remark 3.1 When the parameters # and y are fixed, by solving Equation (3.1), we
can obtain a lower bound on ¢ as

ZZ—w, where w = )’(1+V2‘
1-n2+w-wn (1-y)

In other words, the parameter range of ¢ is 0 € (g,1] when # and y are fixed. Figure 1
gives the variation of ¢ with y when # is fixed.

g:
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Figure I: The relationship between the parameters y, #, and ¢.

We now proceed to present the proposed Algorithm 3.1.

Algorithm 3.1

Initialization: Given y; > 0. Select 77 € (0,1), y € [0,1), and ¢ € (0,1) satisfy Equa-
tion (3.1). Let to, t; € H and set n :== 1.

Iterative Steps: Given the iterates t,, t,_;, perform the following steps.

Step 1. Compute d,, = t, +y (tn — tu-1).

Step 2. Compute g, = (I + 1//,,B)_1 (I-y,A)d,. If g, =d, then stop and g, €
MIP(A, B). Otherwise, go to Step 3.

Step 3. Compute u, = g, — ¥, (Agn — Ady).

Step 4. Compute t,,4; = (1-0)d, + ou,, and update y,,.; by

| nldn - gal } .
min{ ———=>— ¢ +T,¢, IifAd,—-Ag,+0,
(32 Yuu- { [Ad, — Ag, ] "V T n A
EaWn + T, otherwise.

Set n = n +1and go to Step 1.

The following lemmas are important for the convergence analysis of Algorithm 3.1.

Lemma 3.2[26]  Suppose that Condition (C3) holds. Then the step size sequence {y, }
created by (3.2) is well defined, and lim, _, o, V¥, exists.

Lemma 3.3 [27] Let the sequences {d,} and {g,} be generated by Algorithm 3.1. If
limyco ||dn — gull = 0 and {d,, } converges weakly to some z € H, then z € MIP(A, B).

Theorem 3.4 (Weak convergence) Suppose that Conditions (C1)-(C3) hold and let

{tn} be any sequence formed by Algorithm 3.1. Then {t,} converges weakly to an p €
MIP(A, B).
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Proof Let pe MIP(A,B). From the definition of g,, one has (I-y,A)d, €
(I+vy,B)gy. Since B is maximal monotone, there exists v, € Bg, satisfying
(I-vy,A)d, = g, + v,v,. This is equivalent to

(3.3) Ve = ¥, (dy — gn — WnAd,) .

We have (A + B) is maximal monotone by means of Condition (C2) and Lemma 2.2.
This combined with Ag, + v, € (A + B)g, and 0 € (A + B) p implies that (Ag, + vy,
gn — P) > 0, which together with (3.3) further yields

(3.4) (dn = gn—¥n (Ady — Agn) > gn — p) 2 0.

By the definition of u,, one has

ltn = p* = |80 — ¥n (Agn — Ady) — p|?

= lgn = pI* + ¥} | Agn = Adu|” = 2y (gn — P> Agn — Ady)

= du = pI* + |dn = gul” +2(gn = du>du — p) + v | Agy — Ad,|?
~ 29 (gn — P> Agn — Ad,)

= dn = p|* + | dn — gull* = 2(gn — du» gn — du) +2{gn — du» gu — p)
+ 5 | Agn — Adul” = 2 (gn — P, Agn — Ady)

= dn = pI* = [ du — gal* = 2(dn — gn — ¥ (Ad — Agn) . g — P)
+ Y2 |Ag — Ady .

(3.5)

Using (3.2), (3.4), and (3.5), we have

2
(36)  ua-p|*< Idn—Pllz—(l—ﬂ2 ‘Z” )Idn—gnlz) Vp € MIP(A, B).

n+1

It follows from the definition of t,, that
[tuss = pI* = (1= 0) (du = p) + 0 (- p)|°

(3.7)
<(1-0) |dn = p|* + 0 Jun - pl*

Substituting (3.6) into (3.7) gives

2
48t —p| < dn—p|2—a(1—n2 Uy )|dn—gn|2, ¥p € MIP(4, B).

n+l

From the definition of u, and (3.2), we obtain

Yn
lun _gnH <
v

|dn —&n I

n+l1
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This together with the definition u,, yields
Itn1—dnl < [tnss = gnll + | dn — gnl
=[(1-0)(dn—gn) + 0 (un—gn)| + [ dn — gul

wn)
<(2-0+on—1|d, - g.].
( e L

n+l

(3.9)

Substituting (3.9) into (3.8), we obtain

2
o)

(3.10) [tner = pl* < |du = p)* - 2t = da
2—-0+o0n-"
Vn+l
——————
Qn

By the definition of d,,, one sees that

ltwsr = dnl® = [tnss = ta =y (tn = tasd)|?
= [ tusr = tal® + 9% [t = tuca|* = 29 (fnst = tar tn = tast)
> [tuar = tal® + 2 [tn = taca|® = 29 [tnsr = tal s = taca
> (1=9) [twer = tal® + (7" =) I1tu = tast|*.

Again using the definition of d,,, we have

(3.11)

Idn = p1* = [t +y (ta = taer) = pI*
(3.12) = [ +y) (ta = p) =y (b = p)
= (U 9) [t = pI” =y ltuca = P+ y (L4 p) Itn = tuca |
Putting (3.11) and (3.12) into (3.10), we obtain
o) [tne = pI* < (U ) It = pI* =y [ty = pI* + y (Lt 9) [t = |
= (= 9) [twsr = tal* + (7 = 9) [t =t ) -

This implies that
ltues = pI* =y Ita = pI* + [+ p)y =t (y* = ¥)] [ £ns1 - ta?
G1) <l plP =y ltas—plP [Ty~ (2= )]0~ tua]
~[an (0=y) =+ 9) y+ an (y* = 9)] [tnir - tall”.
Let
Ay =ty _PHZ =y ltaa _PHZ + [(1"')’))’ -y (Y2 _Y)] It. - tn—IHZ
and
en=an(1-y) = (1+y)y+a, (¥ - 7).
From (3.14), one has

An-%—l - An < =&y th+1 — 1y H2 .
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Note that lim,_,. €, > 0 by Condition (3.1). This means that {A,} is nonincreasing
2
2 ¥ ) =1-#* > 0,thereexists ¢ > 0and N; € Nsuch

2
Il/n+1

foralln > 1. Fromlim,_ o (1 -1
that &,, > ¢ for all n > N;. Hence,

(315) AnJrl - An <-€ H thi1 — Iy H2 5 Vn> Nl.

From o € (0,1], n € (0,1), and lim,_, ¥, exists, one obtains that «, as defined in

(3.10) is greater than 0 for all #n > Nj. Since y € [0,1), one can check that
(1+y)y-an(y*-y)20, VYn>N.

This together with the definition of A, implies that

2 2
Ap >ty =p|" =yt —p[”.

By induction, we have

2 2
[tn = PI" <y [taa =PI+ An

<y ltas - pl* + Ax,
(3.16) < i
< yn7N1 H tNl _p“ + AN] (y

A
<y" Nty - plP + 17N Vn> Ny

n—N1—1+ +1)

It follows from the definition of A, that
(3.17) Aper >y |ta—pI*s Vn>Ny.
By using (3.16) and (3.17), we obtain

yANl

B Syl pl <y o pl + 12

This together with (3.15) further yields (noting that y € [0,1))

k
[ Z ” tni1 — tn HZ < ANl — Ags1
n=N;

A
N gy, = pff +

I-y
Al
<ltw = pl*+ 5, Vk> Ny

<y

This implies ¥°, || fps1 — t]|> < +00. Therefore, we obtain

(3.18) ,,15130 [£041 — tu] = 0.
By the definition of d,,, one sees that

” [ dn H2 = ” tne1 — Iy H2 + Y2 th - tn—l”2 - 2Y <tn+1 —tn,ty — tn—l) .
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This combined with (3.18) gives
(3.19) lim [[ty41 = dnf =0, lim |dy —£,] =0.
From (3.13), we obtain
[twer =PI < tw = oI+ y (1t = pI* = Itas - pI*)
(1) —an (P =9)) ltn = taca |

Using y € (0,1), 22, [ty — tu_i|® < +00, (3.20), and Lemma 2.3, we deduce that

(3.20)

(3.21) lim |t - pl*=1.

By (3.18), (3.19), and (3.21), we obtain

622) Jim [ty pl° =1, lim I, - pIP = .
From (3.8) and (3.22), we have

(3.23) lim | g, —d,| =0.

Since {t, } is a bounded sequence, there exists a subsequence {¢,, } of {¢,} andz ¢ H
such that t,, — z. By means of (3.19), one has d,,, — z. Then it follows from (3.23) and
Lemma 3.3 that z € MIP(A, B). Therefore, we proved that

(i) for every p e MIP(A, B), lim,,o ||, — p| exists (see (3.21));
(ii) every sequential weak cluster point of {¢,} is in MIP(A, B).

In the light of Lemma 2.4, one concludes that the sequence {¢, } converges weakly to
p € MIP(A, B), as desired. |

Next, we show the R-linear convergence of Algorithm 3.1 in the case where the
multi-valued operator involved is strongly monotone.

Theorem 3.5 (Linear convergence) Let p be the unique solution and the sequence {t, }
be generated by Algorithm 3.2. Assume that Conditions (C1) and (C2)' hold.

(C2)" The operator A:H — H is L-Lipschitz continuous and monotone, and the
operator B : 3 — 2% is u-strongly monotone.

Choose n € (0,1), 0 € (0,1], y € [0,1), and & € (0,1) such that

(3.24) 0<ys—o8
we+2w+ ¢

where w and ¢ are defined in (3.30). Then {t, } converges to the solution p of the problem
(1.1) with an R-linear rate.

Proof Let peMIP(A,B). It follows from g, =(I+vy,B)" (I-y,A)d, that
(I-y,A)d, € (I+y,B) g, Hence,

Y, (dn — gn — YnAdy) € Bg,.
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Since 0 € (A + B)p, one has —Ap € Bp. Using the fact that B is y-strongly monotone,
we have

(dn — gn — YnAdy + YuAp. gn = P) 2 u¥n | gn — P

This combined with the monotonicity of A implies

(3.25)
(dn— gn = Vn (Ady — Agu) » gn = P) 2 ¥ | g1 — PI° + W (Agu — AP, gn — P)
> uyn g -l
By using (3.5), (3.7), and (3.25), we have
Itner = p|”
s|dn—p||2—a( 2 Vi )|d gl 204y lgn - I
I//nJrl

(3.26)

d— _ _ _ZWn)d nZ
- pI* - 01 s>(1 2 14, - g

n+l1
—af(l_ zvfwn )|d ~ |’ = 20uy. g - pI-
n+1

By means of (3.9), one sees that

1
(3.27) o te = dal < |dn - gul -
2 - ‘7+0’7w+1

From (3.26) and (3.27), one has

o1-9 (1)

[tnsr = plI* < ldw - p|* - ) [ tns1 = dn]?
(328) (2-ovongs)
k(17 ) - ol 2000 g -
I//n+1
Let
2
(3.29) 0= min{a‘f(lzn),a‘ul//}, where y := lim y,,.
Note that & € (0,1) by means of (3.29), o € (0,1), £ € (0,1), and # € (0,1). Then we
obtain
a(1- &) (1-n 5 1-8)(1-1 1- &) (1-1
i (OO0 o-000) o0-00r)
(2—0+011%—’11) (2- ‘7+U’l) (2- U+0’1)

2
lim af(l— 1721/;“) = 05(1— 112) > 26,

n—oo
n+l

lim opy, = ouy > 6.
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Thus, there exists N € N such that

(2—a+ar]WWnil)

)228, ouy, >6, VYn>N.

n+1

Let
(3.30) PR Gt 1 Gl )
. ’ (2—c7+cr;7)2 '

Since £ € (0,1),77 € (0,1),and o € (0,1], wehave w € (0,1) and ¢ € (0,1). Using (3.27),
we obtain

[t = P17 < [dn = pI = & [tnes = dul* = 26 (1 dn = gul* + gn — p7)
<|dn = p|* = € tnrs = dul* = 8 |du — p|*.
That is,
(3.31) ltwer = pI> < @ || dn = pl* = € | tnsr — dn|®, ¥n>N.
From (3.11), (3.12), and (3.31), we deduce that
[tner = pl* <@ U+ y) [t = pl* = @y [tar = pI* + 0y 1+ y) |t — tura |
—e(1=9) [twa — tu]* + ey (1=p) [t = taa*,  ¥n2N.

This is equivalent to

[twer = pIP = 0yt = pIP + € (U= ) [t — ta
<@[lta=pI” =y ltu = pl* + £ (1= 9) [t = taa]’]
~(we(1-y)—wy (1+y) —ey (1=9)) [ta = taa|*, Vn2N.
We set
Zn = tn = pI” =y ltaes = pI* + (=) 10 =t
Since w € (0,1), we have
Znt < twes = pI* = @y [t = pI” + £ (1= y) [ts1 = ]
<wZ,—(we(1-y) —wy(1+y) ey (1-9) |tn = tas|*, Vn>N.
Thanks to y € [0,1) and (3.24), we obtain
we(l-9y)—wy(Q+y)—ey(1-9) 2we(1-y) - 2wy —¢y 20.

This implies that 2, < wX, for all n > N. Now, we show that X, > 0 for all n > N.
From (3.24), we have

we &
<

< < .
we+2w+e 2+¢
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This yields

Using the definition of £,,, we deduce that
S, = (1= e (9w pI 4 e-9) ([t~ pI% + Ita — tus ) =y [ ams ~ pI?

- o=l o (02 )il

2
>(1-e(1-p))[t.—p[|" >0.
Hence, 2,1 < wZ, < --- < 0" N3y That s,

2 2N "
=Pl -y

This implies that {#, } converges R-linearly to p. This completes the proof. [ ]
3.2 Strong convergence of Algorithm 3.2

In this subsection, we present a strongly convergent version of the FBF algorithm.
More precisely, the iterative scheme is shown in Algorithm 3.2.

Algorithm 3.2

Initialization: Given y; >0, y > 0, # € (0,1), and o € (0,1]. Let {¢,} and {8, } c
(0,1) satisfy (3.33). Let tg, t; € H and set n :=1.

Iterative Steps: Given the iterates t,, t,_;, perform the following steps.

Step 1. Compute d,, = (1—8,)(tn + Yn (tn — tu-1)), where

m'n{ tn } ift, #t

1 P —— GRS ¢ -1>

(3.32) Yo = Yt =t n®tn
s otherwise.

Step 2. Compute g, = (I + 1//nB)_1 (I-vy,A)d,. If g, =d, then stop and g, €
MIP(A, B). Otherwise, go to Step 3.

Step 3. Compute u, = g, — ¥, (Agy — Ady).

Step 4. Compute t,4; = (1- 0)d, + ou, and update v, by (3.2).

Set n = n+1and go to Step L.

Theorem 3.6 (Strong convergence) Assume that Conditions (Cl), (C2), and (C4) hold.
Then any sequence {t,} created by Algorithm 3.2 converges strongly to an element p €
MIP(A, B), where p= PMIP(A,B) (0)
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(C4) Take y1>0,y>0, € (0,1), and o € (0,1]. Let {e, } and {8,} c (0,1) be two
positive sequences that satisfy

n—oo n—oo n

(3.33) lim 6, =0, 3 8, =o0 and lim <* = 0.
n=1

Proof Using similar arguments as (3.3)-(3.8) in the proof of Theorem 3.4, we have

2
039 Tty =l < 1= pl o (177 5 ) 10, - o, vpedIP(am)

n+l

By the definition of d,,, one has

ldn =Pl = (1= 84) (tn + yn (tn —ta1)) = pl
= H(l_‘sn)(tn_P)"'(l_an))’n(tn_tn—l)_‘snP”
(3.35) <(1=8x) Ita = pll+ (1= 82) yu ltn = tuaa] + 8 [ 2

= (1= 8) [t = pl+ 80 [ (1= 8,) 2% [t =t + ol
From (3.32) and (3.33), we have

Yn En
— [ty —ty1| £ — > 0asn — oo.
8,1 ” n n 1“ 6;1 -

This follows that lim, . [(1 =8n) 5 [tn = tuca + Hp||] = |pl; thus, there exists
M > 0 such that

(336) (1= 8,) X [t = taal + [p] < M, Vn 21

Using (3.35) and (3.36), one gives that

(3.37) ldn = pll < (1=8n) [tn - p[| + 6, M.

2 2
Since lim,,_, oo (1 -n? W"z’" ) =1- 7% >0, there exists 19 € N such that 1 - 112;’2—" >0,
n+l1 n+l

Vn > ny. This together with (3.34) yields that
(3.38) [twa—pl <lldn —p|, Vn>n,.
By using (3.37) and (3.38), we obtain

thH_PH < (1_611) th _PH +6nM
<max {||t, - p[, M} < - <max{|t,, - p[ . M}.

This means that the sequence {¢,} is bounded. Thus, the sequences {d,}, {g.}, and
{u,} are also bounded by means of (3.37), (3.34), and (3.6).
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From (3.37) and note that {8, } c (0,1), one finds

ldn = pI* < (1= 82)* Ita = pII* + 28, (1= 8,) M | s = p|| + 53 M°

(3.39) )
< [tn = pl” +6n My,

where M), := max {2 A=8,)M|t,—p|+8,M*:ne N}. Substituting (3.39) into
(3.34), we have

(3.40) a(l Zvj”“ )|d = gul? < n = oI = [t = I + 6,1
1

n+

Using the inequality (3.38) and the definition of d,,, we obtain

[tner = pI* <[(1=84) (£ = p) + (1= 84) yu (tn = tar) = Sup|’
< (1= 84) (tw = p) + (1= 82) yu (tn — tut) | + 284 (~pd — p)
< (=82 [tn = pIP +2(1=8,) pn ltn = Pl It = tacs]
+ 92 Itn = taca|* + 26, (=P di = tuar) + 20, (~ps tuss — p).

This yields that

ltar — pI?
Gay SO0 1= pl 8, [20-8) 16 =l 22 1y = 1y

Vn
#9 lta = tact] 2 [t =t 421 I - ol 245 th))-

n

Next, we show that { |, — p|} converges to zero. Indeed, by Lemma 2.5, it suffices to
prove that limsup,_,  ||ds, — ts1] = 0 and limsup,_, . (p, p — tn,+1) < 0 for every
subsequence {|t,, — p[} of {|t» — p||} satisfying

(.42) timinf (a1 = pll = 1, - p1) 2 0.

For this, assume that { | ¢, — p| } is a subsequence of { | ¢, — p| } such that (3.42) holds.
Then

timinf (|1t5,1 - pl* = [, - I
= timinf [(|tner = Pl = [t = PI) (ltnor = ol + 1, = p1)] 20

By (3.40) and lim,_,+ 6, = 0, we obtain

limsupa(l— g V/nk )”dnk 8nyi I
k—o0 nk+1
< lim sup I:H tng —pH2 - tnj+1 —PH2 + 87'le:|
k—oc0
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. 2 2 .
< lim sup [|| tu, = P17 = a1 — Pl ] +limsup 8, My
k—o0 k—o0

S 2 2
= ~timinf | tn0 —pI* = Jtn, ']
<0.

This implies that

(3'43) klggo Hg”k - dﬂk H =0.

From the definition of u,, and (3.2), we obtain

4
|thn, = gl <11 - Idn, = gl -
Wnk+1
This combined with (3.43) yields that
(3'44) lengo Hu”k — &ni H =0.

By the definition of t,,,1, (3.43), and (3.44), we have

(.49 lim [ty 1 = | = Jim 0 [y, ~ dy, | =0.
It follows from the definition of d,, that

” Lo = dﬂk H = H(l - Sﬂk) Yy (tﬂk - tﬂk—l) - 6"k tﬂk H

<O | (1= 8) 22 0y = tuga | + [ e |-

O,
Therefore, we deduce that
(3.46) lim [, ~dy,| = 0.
From (3.45) and (3.46), we obtain
(3.47) klggo | tn,+1 = tn, | = 0.

Since {t,, } is bounded, there exists a subsequence {t,,k}_} of {ty, } such that {tnkj}

converges weakly to z* as j — co. Thanks to (3.46), one has d,,, - z*. This combined
with (3.43) and Lemma 3.3 implies that z* € MIP(A, B). By using the property of
projection (cf. (2.1)) and the definition of p = Pyyp(4,5)(0), we have

(3.48) limsup (p, p -ty ) = lim(p,p—tu, ) ={(pp—2") <0.
J—oo J

k—o0

From (3.47) and (3.48), one gives

(3.49) limsup (p, p — ty,+1) < 0.

k—oco0

This together with (3.41), (3.45), lim, oo " |t4 — t,—1] = 0, and Lemma 2.5 yields that
lim,_, e |ty — p| = 0. That is, t, > pasn — oco. |
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4 Numerical experiments

In this section, we apply the suggested Algorithms 3.1 and 3.2 to solve the signal
recovery problem described in Example 1.1 and compare them with the ones in the
literature [17, 18]. All codes were executed in MATLAB 2018a on a personal computer
with RAM 8.00 GB.

Example 4.1 (Signal Recovery Problem) In our numerical experiments, the origin
signal x is a vector of N values, where N is significantly greater than k, the number of
randomly created spikes with either +1 or —1. The matrix C with dimensions M x N
is created using a standard normal distribution with a zero mean and unit variance,
and its rows are then orthonormalized. We introduce white Gaussian noise with
a variance of 107%, represented by ¢, to generate the observation y using equation
y = Cx + &. The recovery procedure starts with the initial signals to and t; set to
zero and terminates after 100 iterations. The accuracy of the restoration is measured
utilizing the mean squared error (MSE), which is calculated as MSE = + [x* - x|,
where x* is an estimated signal of the origin x and N denotes the dimension of x. The
parameters of our algorithms and the compared ones are set as follows.

e Sety;=1,4=05 &, =1+ ﬁ’ and 7, = ﬁ for the proposed Algorithms 3.1
and 3.2. Choose y = 0.2 and ¢ = 0.9 for our Algorithm 3.1. Take y = 0.5, 6 = 0.9,
o, = m, and ¢, = ﬁ for our Algorithm 3.2.

e Pickyy =1,7=0.5, &, = -15,and 8, = 0.5(1 - v, ) for the Algorithm 1 proposed by
Gibali and Thong [17] (shortly, GT Alg. 1). Setyq = 1,77 = 0.5, &, = -1, and f(x) =
0.1x for the Algorithm 2 suggested by Gibali and Thong [17] (shortly, GT Alg. 2)
Takey1 =1,/ =0.59=0.2,0=0.4,and 7, = ﬁ for the Algorithm 1 introduced
by Thong et al. [18] (shortly, TCPDL Alg. 1).

In first test, we set M =512, N = 1024, and k = 100. The original and noisy signals
are described in Figure 2, and the recovery results employing the proposed algorithms
are shown in Figure 3. The variation of MSE with the number of iterations for all

Original signal (N = 1024, M=512, 100 spikes)

—e Degraded signal

08 08} Eracec 8

06 o6/ |} [ 7

0.4 0.4
5} 3
Z 02 2 028
< = J
Z 0 Z o0
g g
& -0.2 502
wv v

0.4 0.4

0.6 06F |

0.8 0.8}

1 . . . . . -1 ©

0 100 200 300 400 500 600 700 800 900 1000 0 50 100 150 200 250 300 350 400 450 500
Index Index
(a) Original signal (b) Degraded signal

Figure 2: Original signal and degraded signal.
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1 (I
0.8 —= Original signal —= Original signal
—9 Recovered signal —=o Recovered signal
0.6
0.4
” 2
2 02 E
g ! g
‘_é 0 > . ety =
502 5
w1 2}
-0.4
0.6
0.8
1 pl &= ®
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Index Index
(a) Recovered by our Alg. 3.1 (b) Recovered by our Alg. 3.2

Figure 3: The original signal and the signal recovered by our algorithms.

107!

MSE

—6—Our Alg. 3.1

—=—Our Alg. 3.2

——GT Alg. 1

——GT Alg. 2

—e—TCPDL Alg. 1
i i

I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
Number of iterations

Figure 4: The variation of MSE with the number of iterations for all algorithms at M = 512, N =
1024, k = 100.

algorithms is stated in Figure 4. Finally, we applied all algorithms to solve the signal
recovery problem under different dimensions and sparsity. The results are presented
in Table 1 and Figure 5.

Remark 4.2 From Figures 2, 3, 4, and 5, and Table 1, it can be seen that the two
algorithms proposed in this paper can effectively recover the original signal. Further-
more, the proposed algorithms perform better in terms of recovery as the original
signal becomes sparser (i.e., when k << N). However, under the same dimensions
and sparsity, the proposed algorithms converge faster and perform better than the
algorithms in references [17, 18].
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M =256,N =512 M =256,N =512 M =512,N=1024 M =512, N =1024

Algorithms k=20 k=40 k=40 k=80
MSE Time MSE Time MSE Time MSE Time
(x107%)  (s) (x107%)  (s) (x107%)  (s) (x107%)  (s)
Our Alg. 3.1 0.4924 0.0138  0.0894 0.0274  0.4003  0.0377  0.0813  0.0375
Our Alg. 3.2 0.5073  0.0164  0.1123 0.0247  0.4126  0.0392  0.1127  0.0417
GT Alg.1[17] 28.4918 0.0310  9.0969  0.0286 19.6359 0.0401  10.9875 0.0451
GT Alg. 2 [17] 7.5977  0.0155  2.9808  0.0273  4.7326  0.0472  3.8092  0.0459

TCPDL Alg.1[18] 10968  0.0132  0.9244 0.0244 0.6320  0.0347  1.3719 0.0436

Table 1: The numerical results of all algorithms under different situations.

2 00 2
10 s
107
10 ff[—e—Our Alg. 3.1 o . Ei —o—Our Alg. 3.1
—=—Our Alg. 3.2 ———s | —=—Our Alg. 3.2
——GT Alg. 1 ——GT Alg. 1
——GT Alg. 2 ——GT Alg. 2
—o—TCPDL Alg. 1 | [-e—TCPDL Alg. 1
-5 n T L L L L L L L 1075 I I L L L L L hu 2
10 0 10 20 30 40 50 60 70 80 90 100 o 10 20 30 40 50 60 70 80 90 100
Number of iterations Number of iterations
(@) M =256, N =512,k =20 (b) M =256, N =512,k = 40
107! 10"
102
107
200 m
S0 s
10°F
10 H{——Our Alg. 3.1 ——Our Alg. 3.1
—=—Our Alg. 3.2 —=—Our Alg. 3.2
——GT Alg. 1 ——GT Alg. 1
——GT Alg.2 ——GT Alg. 2
—o—TCPDL Alg. | 1ot o= TCPDL Alg. 1
10 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 1
Number of iterations Number of iterations
() M =512, N = 1024, k = 40 (d) M =512, N = 1024, k = 80

Figure 5: The variation of MSE with the number of iterations for all algorithms in four cases.
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5 Conclusions

The paper presents two novel algorithms that solve the monotone inclusion problem
by incorporating improved forward-backward-forward methods with considerations
of both the inertial term and the relaxation effect. Our results demonstrate that the
proposed algorithms converge weakly and strongly, respectively, in real Hilbert spaces
under suitable conditions. Furthermore, the first proposed algorithm is proven to
have R-linear convergence when the multi-valued operator is strongly monotone. The
suggested algorithms have been applied to signal recovery problems and have shown
improved performance compared to previously published methods. These findings
make a significant contribution to the field and open up new opportunities for further
research.
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