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Abstract. To handle pseudomonotone variational inequality problems in real Hilbert spaces, four modified
inertial projection and contraction algorithms with non-monotonic step sizes are suggested in this paper.
The proposed algorithms take advantage of a novel non-monotonic step size criteria, allowing them to
work without previous knowledge of the Lipschitz constant of the mapping involved. Under certain
situations, the strong convergence of the iterative sequences generated by the suggested algorithms is
established. Finally, several numerical experiments are offered to validate the theoretical conclusions.
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1. INTRODUCTION

Let 2" be a nonempty, closed, and convex subset of a real Hilbert space .72 embedded with
inner product (-) and induced norm || - ||. Assume that Q : 2~ — ¢ is a nonlinear mapping.
Recall that the classical variational inequality problem (shortly, VIP) for Q on 2" is presented
below:

find b* € 2 such that (Qb*,b—b") >0, Vbe Z . (VIP)

The solution set of (VIP) is denoted as Q. In the past decades, the theory, models, and algorithms
of variational inequality problems have received considerable attention and research interest
from scholars due to their wide applications in engineering, operations research, economics,
image reconstruction, optimal control, etc (see, e.g., [1, 2, 3]). On the other hand, it is known
that a differentiable pseudoconvex function is characterized by the pseudomonotonicity of its
gradient (see [4]). Thus the class of pseudomonotone operators is an extension of the class of
differentiable pseudoconvex functions. In recent years, pseudomonotone operators attracted the
interest of many scholars due to their applications in many important fields, such as fractional
programming [5, 6], Nash equilibrium [7], and consumer theory of mathematical economics
[8, 9]. The purpose of this paper is to investigate several efficient numerical methods to address
the variational inequality problem with a pseudomonotone operator in real Hilbert spaces.
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Many iterative techniques for solving variational inequality problems in infinite-dimensional
spaces have been proposed throughout the last few decades. Following that, we discuss some
obstacles and limitations of various known algorithms for addressing variational inequality
problems, which motivates us to propose some new ideas in this study. The projection-based
technique is the focus of this paper. The projected gradient method (abbreviated PGM) is the
most basic projection-type technique, as it calculates the projection on the feasible set only
once per iteration. However, the convergence condition of the PGM demands that the operator
involved is strongly monotonic, which may be difficult to meet in actual situations. To overcome
this difficulty, Korpelevich [10] presented a two-step projection approach (now known as the
extragradient method, abbreviated as the EGM) to solve the variational inequality problem. The
convergence of the EGM is verified when the operator involved is monotone or pseudomonotone.
It should be noted that the EGM needs the projection on the feasible set to be computed twice for
each iteration. Because it is difficult to compute the projection onto the feasible set (especially
when it is complicated), the EGM increases its computational burden compared to the PGM
that only computes the projection once. A natural idea is whether it is possible to combine
the computational efficiency of the PGM with the convergence advantage of the EGM. That
is, is there a method that computes the projection on the feasible set only once and can obtain
convergence if the operator involved is monotone (or even pseudomonotone)? The answer is
affirmative. Recently, various numerical approaches for solving variational inequality problems
that only need to calculate the projection on the feasible set once were presented; see, for
example, the projection and contraction method [11], the Tseng’s extragradient method [12],
the subgradient extragradient method [13, 14, 15], and the projected gradient method [16]. In
the situation that the operator is monotone, the weak convergence of these approaches was
demonstrated.

Recently, many iterative methods based on the techniques considered in [11, 12, 13, 14, 15, 16]
were presented to find solutions of variational inequalities; see, e.g., [17, 18, 19, 20, 21, 22,
23, 24, 25]. Note that the step sizes of the methods in [18, 21, 22] are related to the Lipschitz
constant of the mapping involved, which indicates that the knowledge of this constant is required
as a requirement for their work. However, this constant is not always available in practice,
which would lead to the failure of the fixed-step algorithms in [18, 21, 22]. To address this
limitation, two types of step size update criteria were proposed: one is an Armijo-type line
search strategy (see, e.g., [17, 19, 20, 25]), and the other is an adaptive technique that makes
use of previously known knowledge to perform a simple computation (see, e.g., [23, 24]). It
should be emphasized that the Armijo-type criterion may need to compute the projection on
the feasible set multiple times in each iteration to find a suitable step size. The disadvantage of
the adaptive methods in [23, 24] is that they generate a non-increasing sequence of step sizes
during the iteration. The use of these two types of step size criteria may affect the computational
efficiency and performance of the proposed algorithms. Recently, some new methods with
adaptive non-monotonic step sizes were proposed to solve variational inequality problems;
see, for instance, [26, 27]. Due to the existence of a class of operators that do not satisfy
monotonicity in real applications (e.g., pseudomonotone operators), the methods presented
in [17, 18, 19, 20, 24] for solving monotone variational inequalities will not be available in the
case where the operators involved are non-monotone. This inspires us to develop algorithms that
can solve a wider range of pseudomonotone variational inequalities. Recently, several algorithms
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were developed to solve pseudomonotone variational inequality problems in Hilbert spaces;
see, e.g., [21, 22, 23, 25]. Another aspect of relevance in this study is the convergence speed
of the algorithm. Fast iterative algorithms are preferred to fulfill the computing demands of
real applications. As one of the acceleration approaches, the inertial idea is widely utilized
and explored by academics in optimization and engineering. The essential principle behind
inertial techniques is that the next iteration is determined by the sum of the preceding two (or
more) iterations. This minor adjustment can significantly enhance the convergence speed of the
algorithm used. Recently, many researchers constructed a large number of numerical methods to
solve variational inequalities, equilibrium problems, splitting problems, inclusion problems, etc;
see, e.g., [28, 29, 30, 31, 32] and the references therein.

Inspired by the preceding research effort as well as some ongoing work in the subject, four
inertial projection and contraction approaches for solving variational inequalities in Hilbert
spaces are presented in this paper. The following is a summary of our contributions.

(1) Our four algorithms employ a novel non-monotonic step size rule allowing them to work
without knowing the prior knowledge of the Lipschitz constant of the operator involved,
which is preferable to the fixed-step algorithms presented in [18, 21, 22] for practical
applications.

(2) We introduce a new parameter 3 to modify the projection and contraction method introduced
in [11] and the modified subgradient extragradient method proposed in [17]. Numerical
results show that the new parameter 8 has a significant effect on the convergence speed of
the methods presented in this paper.

(3) Our four iterative schemes obtain strong convergence in infinite-dimensional Hilbert spaces,
which is preferable to the weak convergence results in the literature (e.g., [17, 18, 23, 26]).

(4) The operators involved in our algorithms are pseudomonotone, which is a broader class of
operators than monotone operators. Therefore, the four schemes presented in this paper are
more useful than the methods for solving monotone variational inequality problems used
in the literature (e.g., [17, 18, 19, 20]). In addition, the inertial factor is also added to the
proposed algorithms to improve their convergence speed.

The remainder of this paper is structured as follows. The next section covers some of
the fundamentals that will be required in the sequel. Section 3 is devoted to presenting and
analyzing the convergence of four adaptive iterative techniques for solving variational inequalities.
Section 4 provides two simple numerical examples to show the computational efficiency of the
suggested methods. A brief summary of the paper is presented in Section 5, the last section.

2. PRELIMINARIES

Let 2" be a nonempty, closed, and convex subset of a real Hilbert space 7. The weak
convergence and strong convergence of {b,} to b are represented by b, — b and b, — b,
respectively. For each a,b,c € ¢, we have the following known inequality and equality

(D) o +all* < [|5]* +2(a,b+a);
(2) [Inb+Ba+Acl* = nbl* + Bllall* + Allc]|* = nBllo - all* = nA b —c|> = BAa—c|]%,
where 1,B,A € [0,1] withn+B+A = 1.

For each point b € JZ, there exists a unique nearest point in 2", denoted by Py (b), such

that Py (b) = argmin{||b —al|,a € Z"}. Py is called the metric projection of 5 onto 2. It is
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known that P4 has the following basic properties:
(b— Py (b),a—Py (b)) <0, VbeH ae X, 2.1

and
Py (b) — Py (a)||* < (Pyr (b) — Py (a),b—a), Vb,ac . (2.2)
Recall that an operator Q : 57 — J¢ is said to be

(1) L-Lipschitz continuous with L > 0 if |Qb — Qal| < L||b —al|, Vb,a €

(2) x-contraction with x € [0,1) if ||Qb — Qal|| < x||b—al|, Vb,a € 7,

(3) monotone if (Qb — Qa,b—a) > 0,Vb,a € I

(4) pseudomonotone if (Qb,a—b) > 0= (Qa,a—Db) > 0,Vb,a € I,

(5) sequentially weakly continuous if for each sequence {b,} converges weakly to b implies
that {Qb, } converges weakly to Qb.

Lemma 2.1 ([33]). Ler {A,}, {&,}, and {p,} be sequences of nonnegative numbers such
that Ap1 < Ephp+ pn, Vn € NUIF{E,} C [1,4), Y (En—1) < oo, and Y5 pn < oo, then

lim,,_e0 A, exists.

Lemma 2.2 ([34]). Let {b,} be a positive sequence, {a,} be a sequence of real numbers and

{xn} be a sequence in (0,1) such that ¥;>_| xn = oo. Suppose that b, 1 < (1 — X)) bp+ Xnan,

Vn > 1. Iflimsupay,, <0 for any subsequence {by, } of {b,} satisfying lirrLinf (bn,+1— by, ) >0,
m—soo

m—oo

then lim b, = 0.
n—soo

3. MAIN RESULTS

In this section, we present the four modified inertial projection and contraction methods with
a non-monotonic step size criterion for solving pseudomonotone variational inequalities in real
Hilbert spaces. They can work well without the prior knowledge of the Lipschitz constant of the
operator.

3.1. The Mann-type projection algorithms. In this subsection, we propose two Mann-type
iterative schemes to discover the solutions of variational inequalities. Our methods are inspired
by the inertial method, the modified subgradient extragradient method [17], and the Mann-type
method. Now we are in a position to state our Algorithm 3.1

The following prerequisites are assumed to be satisfied to study the convergence of Algo-
rithm 3.1.

(C1) The feasible set 2" is a nonempty, closed, and convex subset of a real Hilbert space .7,
and the solution set of the (VIP) is nonempty, i.e., Q # 0.

(C2) The mapping Q : 7 — S is pseudomonotone, L-Lipschitz continuous on 7, and
sequentially weakly continuous on .2 .

(C3) Assume A; > 0, u € (0,1), {a,} C [1,00) with lim, e, = 1, {&,} C [1,00) with
Z::O(én —1) < oo, and {p,} C [0,c0) with YooPn < oo

(C4) Let {€,} be a positive sequence such that lim,_,c % =0, where {x,} C (0,1) satisfies
limy,yeo X =0 and Y5 | xn = oo. Let {7,} C (a,b) C (0,1 — x,) for some a > 0,b > 0.

We first establish a lemma which verifies that the step size criterion (3.2) is valid.
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Algorithm 3.1

Initialization: Take ¢ >0, A; >0,7n € (0,2/u),and B € (n/2,1/1). Let by,by € F.
Iterative Steps: Calculate the next iteration point b, as follows:
Step 1. Compute a,, = b, + ¢,,(b, — b,—1), where

. & )
ming —— @ », ifb,#b,_1;
Pn = {an_bn—lu ¢} 1 b # b (3.1)

otherwise.

Y

Step 2. Compute g, = Py (a, — BA,Qay,), where the next step size 4,1 is updated by

. .uanHan_gnH .
MTA . A n n bl f n I’l;
Dyt = mm{ [Oa— Qg "o TP - 10 7 0 (3.2)
Enln + Py otherwise.

If a,, = g, then stop and g, € Q; otherwise, go to Step 3.
Step 3. Compute d, = Py, (a, — N4, ®,0g,), Where

H, = {b S | <an_Banan_gn>b_gn> < O},
and
<an_gn7vn>

o 0 O 48— PAa(Qdn = Oga). (3.3)

a)n —

Step 4. Compute by, 11 = (1 — ) — Ty)ay + Tudy.
Setn:=n+1 and go to Step 1.

Lemma 3.1. Assume that Condition (C3) holds. Then the sequence {A,} generated by (3.2) is
well defined and 1im,, . A,, exists.

Proof. Since Q is Lipschitz continuous with L > 0 and o, > 1, one obtains

[0 an — gl > 10||an — gnl| S B
|Qan—QOgnll — Lllan—gnll — L
This together with &, > 1 and y,, > 0 yields

. |lan — gnll } (M
Appr=ming —————=— E A, +pp e >mins —, A, ¢ .
! { HQan_anH g P {L }

By induction, we have that {A,} has a lower bound {u/L,A;}. It follows from (3.2) that
A1 < EA, + pr. Combining Lemma 2.1 and Condition (C3), we conclude that lim,, . A,
exists. That is the desired result. ]

Remark 3.1. We show that if a,, = g;, or v, = 0 in Algorithm 3.1, then g,, € Q. By the definition
of v, and (3.2), one obtains

[l = llan — gnll — BAnl|Qan — Qgul|

an — &n
AT (3.4

_(_ Burow, B
_(1 e \lan — ganl|-

> llan —gnll =
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It can be easily showed that

oAy
fonl < (142555 ) o, ) 65)

Combining (3.4) and (3.5), we have
o, a,A
(1—‘“‘ " ")nan—gnnsnvnns (1+ﬁ“ z ”)nan—gnn.

From lim,, ... &, = 1 and Lemma 3.1, one sees that

. Oy
lim

n—oo }’H-l

=1.

As a result, there exists a constant ng such that 1 — Buouty ” a" % > 0 for all n > ng (noting that

B < 1/u). Thus we obtain that a, = g, if and only if vn = 0 Hence, if a,, = g, or v, = 0, then
gn =Py (gn — BA,Qgy). This implies that g, € Q by means of (2.1).

The following lemmas are very helpful in analyzing the convergence of Algorithm 3.1.

Lemma 3.2. Suppose that Conditions (C1) and (C2) hold. Let {a,} and {g,} be two sequences
generated by Algorithm 3.1. If there exists a subsequence {ay,} of {a,} such that {a,, }
converges weakly to ¢ € F and limy,_ye ||ay,, — gn,, || = 0, then ¢ € Q.

Proof. The proof follows the proof in [35, Lemma 3.8] and thus it is omitted. UJ

Lemma 3.3. Suppose that Conditions (C1) and (C2) hold. Let {d,}, {gn}, and {a,} be three
sequences generated by Algorithm 3.1. Then, for every b* € Q, there exists ny > 0 such that

(1_ ﬁ.uanln>2
* * n An
|dn—b HZS |an—b ||2_||Cln—dn—3wnvn”2 Bz( B- n)(THz”an_gnHZ
1+ On n>
n+1

for all n > ny.
Proof. By b* € Q C & C H,, and (2.2), we obtain
2ldy — b 2 = 21| P (a0 — 12y @,08) — Py ()
<2(dy —b*,an — Ny ®,Q8n — b")
= lldn = 7| + l|an — N 20 @280 = b*[* = | — @t + 11 20 0, Q||
= [ldn = b*|1* + [lan = b* |1 + n* A7 07| Qgnl1* — 2(an — b*, N 21, O81)
— |ldn — an||* = 1A 07 || Qgnl|* — 2(dn — an, N A0, 0gn)
= [ld —b*|1* + [lan — b*|1* = l|dn — an||* = 2(dn — b*, N 2n 2 Qs),
which means that
dn — %[ < [lan — || = ||dn — aul|* — 2N Au @y (dy — b*, Qgn)- (3.6)

Using g, € 2" and b* € Q, one has (Qb*, g, —b*) > 0. This together with the pseudomonotonic-
ity of mapping Q yields (Qgy,g, — b*) > 0, which implies that

<anadn_b*> > <anadn_gn>~ (3.7)
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Note that @, > O for all n > ny. Indeed, by the definitions of ®,, v,, and (3.2), we have
(an — gn, Vn) _ |an — gn’lz — (an — gn, BAn(Qan — 0gn))

wn —

o2 [ 0nl|? 48)
n}{fn .
(12422 g, — g, P
- [[0al|?
Note that 1 — B“%:ll” > 0 for all n > ng. Combining (3.5) and (3.8), we obtain
(1 _ ﬁlianl )
W, > >0, Vn>n. (3.9)
(1 + ﬁ,Ll(X,J,,)
A’nJrl
From (3.7) and (3.9) (noting that € (0,2/u)), we deduce that
— 2N 0, (Qgn,dy — b*) < =21, 0, (Ogn,dy — gn)- (3.10)
By d, € H,, and the definition of H,, one has {(a, — BA,Qa, — gn,dn — gn) < 0. This shows that
<an —8n— ﬁln(Qan - an)vdn - gn> < ﬁll’l<le’l7dl’l _gn>' (3.11)
Using the definitions of v, w,, (3.10), and (3.11), we obtain
—2N 24, 0,(08n,dy — b*) < —2%0),1@)”,([” —8n)
. n
- _2_a)n<vn;an_gn>+2_wn<vnaan_dn> (312)
B B
= —2%w3|]vn\|2+2%wn(vn,an —dp).

Now, we estimate Z%wn(vn, a, — d,). According to the formula 2ab = a® + b*> — (a — b)?, we

have

2
22 0Ot — dn) = || an — o2 + - @2 0,

B B2
It follows from (3.8) that

BuronAy
o = (1 PR o, — 2.

n+1

P~ llan — dy — L a0, (3.13)

B

This together with (3.5) implies

Branh, >

0\ 2 ||an — gnll* @‘77&

O |va* > <1—B§ : ) =gl ——5llan — gl (3.14)
n+1 ||vnH <1+ﬁﬂanln>

ln +1

Combining (3.6), (3.12), (3.13), and (3.14), we conclude that

e — b (12 < [l — 5> [ an — dn — L a2 0,2

B

n (1-Bgen)
—@(Zﬁ—n)<l+m>zl

2'rHrl

lan —gnHz, Vn > ng.
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The proof is completed. U
We now prove the strong convergence of Algorithm 3.1.

Theorem 3.1. Suppose that Condition (C1)—(C4) hold. Then the sequence {b,} generated by
Algorithm 3.1 converges strongly to b* € Q, where ||b*|| = min{||c|| : ¢ € Q}.

Proof. First, we show that the sequence {b, } is bounded. Indeed, thanks to Lemma 3.3 (noting
that 28 —n > 0), one obtains

\ldy —b*|| < |lan—b*||, Vn=>ng. (3.15)
By the definition of a,, we have
Xn
From (3.1), we obtain ¢,||b, — b,—1|| < €&, for all n > 1, which together with lim,_,e % =0
implies that
£
lim ﬁubn —b,_1]| < lim = =0. (3.17)

n—ee Xn n—e° ¥n

According to (3.17), we obtain that %an —Dby—1]| — 0 as n — o. Therefore, there exists a
constant S| > 0 such that

O by —byr <1, W1
which combining with (3.15) and (3.16) produces
ldn = b%|| < [lan —b*|| < [lbn = b*|| + XnS1, Vn = no. (3.18)
By the definition of b, 1, we have
1bns1 = b7 < (1= 20— Tn) (an — %) + Tu(dn — D7) || + 2l |67 (3.19)
From (3.15), we obtain
(1= 20 = %) (an = b") + Tuldn — b7) |
< (1= )0 = %) llan = b*|1* + T |y — b7 (> +2(1 = g — T) Tulld — b7 [[lan — b
< (1= 20— %)l = 6" |1 + T3 llan — b1 +2(1 = 2 — T) Tall a — b7
= (1 —Xn)2||an—b*||2,
which yields
11 = 0 = %) (@n — B) Tl — 59| < (1= ) llan — 7). (3.20)
Combining (3.18), (3.19), and (3.20), we have
161 = b7 || < (1= ) [lan — &% || + 2167
< (L= 2u)l[bn = b* [ + 2 ([167]| + S1)
< max{||b, —b*||,||b*|| +S1}, Vn>ng
< - <max{||bu, — 07|, [|67]| + 51}
That is, the sequence {b,} is bounded, so are {a,}, {g.}, and {d,}.
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Using (3.18), we have
lan = 51> < (Il = b*[| + £a51)?
= ||bn — b*||* + (25116 — b*[| + 2257 (3.21)
< by = b (> + 2aS2

for some S, > 0. By means of Condition (C4) and the definition of b, |, we obtain

1Bt =571 = [[(1 = du — ) (an — ) + Tuldy — b*) + xu (=) ||
= (1 )tn— Ta)llan — " + Tl dn — 7[> + a |67 |

5 ) 5 (3.22)
— Tu(1 = Xn — T)llan — dn||” = XnTalldnll” — X (1 = X0 — T) || @n|
< (1= 20— ) llan — b*|1* + Talldn — b*[|* + 2167
Combining (3.21), (3.22), and Lemma 3.3, we have
|bnv1 _b*Hz < (=)0 — )l an _b*H2+TnHan _b*Hz_TnHan_dn_ %a)nvn”2
Buous\?
n 1_ lnle 2 *(12
— Ty (2B —M)————5llan — gull” + 24107
ﬁ <1+ﬁ:uan)~n)
A
n+1
< o =0 1P = llan —d — g0l + 215"+ 52)
Bronin 2
n 1- A1 2
— Ty (2B —N)———5llan—gnll", Yn > no.
B <1 ﬁ”anln)
T Tt
n+1
Thus,
SRR (.-
Tullan — dp — 5 00, |1> + 155 (2B — ) ~—— L |a, — g
wlln=dn = g Ol gy 2 n)<1+ﬁuan/ln)2H L (3.23)
ln-o—l
< lbw = b*[* = |bag1 — B*[* + xa(||6*]|* + S2), Vi > no.
According to the definition of a,, one has
||an_b*||2 < ||bn_b*||2+2¢n||bn_b*||”bn_banH +¢3an_bn*1’|2
(3.24)

< |bn —b*||* +38¢u | by — ba1],

where S := sup,n{||6n — b*||,9||bn — bn_1]|} > 0. Set d, = (1 — 1,)a, + Tudy. According to
(3.15), we have

|dn —b*|| < (1 —1)||an — b*|| + Tul|dn — b*|| < ||an — b7, V1 > ny. (3.25)
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Combining (3.24) and (3.25), we have
b1 = b* 1> = (1= %) (dn — b) = (@ — dn) — b |1?
<(1_xn) | dn b*”2_2Xn<an_ dp+b" b,y —b")
(1_9571) Hd _b*|’2+27(n<an_dnab*_bn+1>+2Xn<b*ab*_bn+1>
(1= ) ldn = B>+ 22l lan — du|l[[bn 1 — b* || + 20 (b*, b = buy1)  (3.26)
(1- xn)\lbn—b*Herxn[%nHan dn|[[[bn1 =07
350,

IN

IN

+2(b*,b* —byat) +

b~ b 1”} Vi > no.

Finally, we need to show that {||b, — b*|| } converges to zero. Throughout this paper, we always
suppose that {||b,,, —b*| } is a subsequence of {||b, —b*||} such that liminf,, e ||y, +1 —b*| —
|bn,, — b*||) > 0. Then,

timin (b1 — b2 = 16, )
= liminf [(|[bn,,+1 — (| = [|bn, — b)) ([Ibw, 1 = " +[bw, = b"[)] = 0
Combining (3.23), Condition (C4), n € (0,2/u), and B € (n/2,1/u), we have

_ ﬁ”anmlnm ) 2

1jn1?jgp Tnmﬁz( p—n) EiJrﬁ:Z;nm)

nm+l

2 n 2
2 ”anm — 8niy H + Tnm Hanm - dnm - Ewnmvnm H

< timsup [1bn, — b~ 1w, 1= b* ] +Timsup g, (/6% +52)
m—eo meree
= —timinf |}y, 1 = "> = [lbn, —b7|*] <0

which yields that

_n
" B

nil_fgo ||gnm _aan =0 and n%l_rgo ||anm —dy wnmvan =0.

From the definition of ®,,, we obtain

n n
lan,, — dn,, || < |lan,, —dn,, — Ewnmvan + EwanUan

n n <ann _gl’l ’Dnm>
= ||an,, — dn,, — = O, Vn,, || + 57— =
N L
n

S ||a”m_dm ﬁw”mvnm||+ﬁ||anm gan
Hence we have that lim,,_,e. ||dy,, — an,, || = 0. This together with the boundedness of {b,} yields
lim 1, ||an,, — dn,, ||||bn,+1 —b*|| = 0. (3.27)
m—oo

From Condition (C4) and (3.17), we obtain

||bnm+1 —Clan = xanClan + Tandnm —Clan - O asm — o,
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and

anm _aan = Xnm : %anm - bnm—l H — 0 as m —» oo,

Nm

From the above facts, we conclude that
||bnm'~‘1 - bnm H S ||bnm+1 - anm || + ||anm - ban — 0 asm — oo. (3'28)
Since the sequence {b,,} is bounded, there exists a subsequence {bnmj} of {by,,} such that

by, — c when j — oo. Furthermore,
J

limsup(b*,b* — by, ) = lim (b*,b* — by, ) = (b*,b" —c). (3.29)
m—yoo Jree I

We have that a,, — ¢ since ||b,,, — ay,,|| — 0. This combining with lim,— ||@n,, — gn,, || =0

and Lemma 3.2 implies that ¢ € Q. By (2.1), (3.29) and the definition of *, we have

limsup(b*,b* — by, ) = (b*,b* —c) <O0. (3.30)
m—yoo
From (3.28) and (3.30), one obtains
limsup(b*,b* — by, +1) < limsup(b*,b* — by, ) <O0. (3.31)
m—soo m-—yoo

Combining (3.17), (3.26), (3.27), (3.31), and Lemma 2.2, we have that b,, — b* as n — oo. That
is the required conclusion. U

Next, we introduce a new modified inertial projection and contraction algorithm that is inspired
by the Algorithm 3.1 of Gibali et al. [19] to find the solutions of pseudomonotone variational
inequalities in infinite-dimensional Hilbert spaces

Algorithm 3.2

Initialization: Take ¢ > 0,A; > 0,1 € (0,2),and B € (0,1/u). Let by, b; € F.
Iterative Steps: Calculate the next iteration point b, as follows:

an = by + @ (by —by-1),
gn = Py (an — BAnQan),
dp = an — 1 0y Oy,
bpy1 = (1 = Xn — Tn)n + Tudy,
where {¢,}, {4,}, and {@,} are defined in (3.1), (3.2), and (3.3), respectively.

The following lemma is critical in analyzing the convergence of Algorithm 3.2.

Lemma 3.4. Assume Condition (C1) and (C2) hold. Let {a,}, {gn}, and {d,} be three sequences
created by Algorithm 3.2. Then

* 2_ *
ldy — b % < flan —b*[2 — n”uan—dnuz, Wb € Q,

and

Bronin
g HZ < <1+ At ) Ha —d HZ
= <1_Blian)tn>n meooeie

n+1

llan —



232 B. TAN, X. QIN

Proof. From the definition of d,,, one sees that

Hdn _b*H2 = ||an — N,y _b*Hz
w2 . ) o ) (3.32)
= |lan —b*||” —2nw,(a, — b*,v,) + 1 wnanH .
Combining (3.2) and (3.3), we obtain
<an_b*avn> = <an_gnavn>+<gn_b*:vn> (3.33)

= <an — &n; Un> + <gn - b*aan —8n— ﬁ)tn(Qan - an>>
According to g, = Py (a, — BA,Qay) and (2.1), we obtain
(an — gn— BAuQay, g, —b*) > 0. (3.34)

Using b* € Q and g, € 2", we have that (Qb*,g, — b*) > 0. This combining with the pseu-
domonotonicity of mapping Q yields that

<anagn - b*> > 0. (3.35)
By (3.33), (3.34), and (3.35), we obtain
{(ay —b*,0,) > (an — gn, Un)- (3.36)

By the definition of d,, one obtains d, — a, = N®,v,. From the definition of w,, we have
(an — gn, V) = 0|V, ||>. Combining (3.32) and (3.36), we obtain

ldy = B> < llan —b"||> = 201 @n{an — gn, Va) + 1> 05| V4|

= [lan — b*|1* = 2n 07 | val* + 1 07 | va|?
7 _
= llan =07 == oo
7 _
= flan 5" = = lan — du >
On the other hand, by the definition of d,, and (3.14), we deudce that
(1 _ ﬁﬁanln>2
| dn _anH2 = ﬂzwaUnHz > UZT’:;z”an _gn||2-
(1 + ln+l )
Thus we obtain
2
o[ () :
||an_gn” < Bl Han_dnH .
(l_ An-H )n
The proof is complete. O

Theorem 3.2. Assume that Condition (C1)—(C4) hold. Then the sequence {b,} generated by
Algorithm 3.2 converges strongly to b* € Q, where ||b*|| = min{||c]|| : ¢ € Q}.

Proof. Thanks to Lemma 3.4 and 1 € (0,2), we obtain
\dn —b*|| < ||la,—b*|, Vn>1. (3.37)
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We find that the sequences {b,}, {a,}, {gn}, and {d,} are bounded by using the same facts as
stated in Theorem 3.1. Combining (3.21), (3.22), and Lemma 3.4, we obtain

* * * 2— *
|bny1—b ||2 (1= —)llan—0b ||2+Tn||an_b ||2_Tn nHan_dnHz"'%ng ||2

< 1w — 5% = 5= {lan — dn | + 2 (115> + S2)-

Thus we have

2

lan —dnl* < 1w = 6" 1> = [[bnr1 = b [> + 2 (|67 +52). (3.38)

Using the same facts as stated in Theorem 3.1, we have that (3.26) holds. Combining (3.38) and
Condition (C4), one obtains

. 2— . * * *
imsup 5, =, — | < imsup [, — 5> = o1 =51+ 2, (171 + 52)]
m—oo

m-—yoo

<0,

which means that limy,, e ||dp,, — ay,, || = 0. We find that lim,, ;e ||gn,, — @x,, || = 0 by means of
Lemma 3.4. As claimed in Theorem 3.1, one has the same result as (3.27)—(3.31). Thus we
obtain that b, — b* as n — oo, [

3.2. The viscosity-type projection algorithms. Next, we introduce two viscosity-based solu-
tions to address variational inequalities. The viscosity version of the proposed Algorithm 3.1 is
depicted in Algorithm 3.3 below.

Algorithm 3.3

Initialization: Take ¢ >0, A; > 0,1 € (0,2/u),and B € (n/2,1/u). Let bo,b; € F.
Iterative Steps: Calculate the next iteration point b, | as follows:

(an = by + n (b —bp-1),
8n =Py (an — BAQan) ,
dn = Pr, (an — NAn @, 08n),
Hy ={be A | {an— BAnQan—gn,b—gn) < 0},
b1t = XS (dn) + (1 = Xn) dp,
where {9, }, {4}, and {®,} are defined in (3.1), (3.2), and (3.3), respectively.

Theorem 3.3. Assume that Condition (C1)~(C3) and (C5) hold. Then the sequence {b,}
generated by Algorithm 3.3 converges strongly to b* € Q, where b* = Pq (f(b*)).

(C5) Let f: H — I be a Kk-contraction mapping with x € [0,1), and let {g,} be a positive
sequence such that llmn%w— = 0, where {y,} C (0,1) satisfies lim,_,e ¥, = 0 and

Zn_] %l’l = ©0.
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Proof. It follows from the definition of b, and (3.18) that
[bns1 = b || < xull £ (dn) = FOO)| + 2l £ (D7) = B7[| + (1 = %) [| dn — b7 |

N S1+ || f(b*) —b*

< (1= (1= )z [ba— '] + (1K), D=

1-x
+ b*) —b*

1—x

7vn2n0

This means that {b,} is bounded. Hence, {a,}, {gn}, {dx}, and {f(d,)} are also bounded.
Combining (3.21) and Lemma 3.3, we have

1Bys1 — b*|?
< 2l B+ 1F67) D)+ (1~ )~

= Xlldn — b*||* 4+ (1 = x) || dn — 6™ > + 2 (2||iy — B*[|]| f(B*) — b || + || f(B*) — b*||?)
< |ldn — b*||* + 253

swwww%w%—@—g%ww
n (1 Blia"l"y
— L (2B =)~ |y — gul >+ 2uSa, ¥ > g,
B (1 + ﬁ.uanln>
;l'n+1

where S3 := max{2||d, — b*|||| f(b*) — b*|| + || f(b*) — b*|*} and Sy := S, + S3. Hence

n (1_%%)2 n

_zﬁ_n—nﬂan_gn 2+ an_dn__wnvnz

52( ><1+Bﬁanln)2” 1=+l B | (3.39)
n+1

< |bn = b*[1* = 1bps1r — b*||* + xuSa, Y > no.
From (3.15) and (3.24), we have

1Bt =571 = 112 (f (dn) = F(B7)) + (1= ) (dn = b*) + 2 (£ (6") = ) ®
< Kl dn =¥ (17 + (1= 20) [l = 7[> + 20 (£ (b) = b* b1 — b*)

N 3 o
< (U= (=0 loa =B P+ (1= 020 [ o=t O40
2

+ E(f(b*) —Db*,by1q —b*)] , Vn > ny.

Finally, we show that {||b, — b*||} converges to zero. From (3.39), Condition (C5), n € (0,2/u),
and B € (n/2,1/u), we have

Bl Ay \
1 _ mNm
limsup 1(2[3 -1n) ( Ao +1 )

. n
moe | B (

+ ||anm _dnm - _a)nmv”lmH2

B

tn,, — &n,lI>
1+ _B”anmlﬂnl)z " "
A1

< limsup [|[ba,, —b*|1* = 1w, 1 = 5" + X,,S4] <0,

m—yoo
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which indicates that
) ) n
r}ll—rgo Hgnm - anm H = 0 and n!llirio Hanm _dnm - Ea)nmvan = 0
As claimed in Theorem 3.1, one can show that lim,,_« ||d,, — ay,,|| = 0. Combining Condi-
tion (C5) and (3.17), we have

and
b1 =l = 2o 222 W = B 1| =5 O = o
Therefore, '
1By i1 = by || < 1By t1 — oy || |1y, — iy | + ||y, — By | = Oas m —s 00, (3.41)

Since {b,,, } is bounded, there exists a subsequence {bnmj} of {b,,, } such that by, —cas j— e,
In addition,
limsup(f(b*) —b*,b,, —b*) = lim (f(b*) — b*,b,, —b")
m—se0 Jee ! (3.42)
= (f(b")—b*,c—D").

We have that a,,, — c as ||b,,, —an,, || — 0, which combining with lim,,_sc ||an,, — &n,, || = 0 and
Lemma 3.2 yields that ¢ € Q. Using (2.1), (3.42), and the definition of b*, we have

limsup(f(b*) —b*,by,, —b*) = (f(b*) —=b*,c —b") <O. (3.43)

m—soo

By (3.41) and (3.43), one sees that

limsup(f(b*) — b*,bnm+1 — b*> S limsup(f(b*) — b*,bnm — b*> S 0. (3.44)
m—oo m—soo
From (3.17), (3.40), (3.44), and Lemma 2.2, we have that b,, — b* as n — oo, 0

The final iterative technique described in this study is depicted in Algorithm 3.4 below, which
is also a viscosity version of the suggested Algorithm 3.2.

Algorithm 3.4

Initialization: Take ¢ >0, A; > 0,1 € (0,2),and B € (0,1/u). Let by, by € 7.
Iterative Steps: Calculate the next iteration point b, | as follows:

an = by + @n (bn — bn—1),
8n =Py (an— BAQan) ,
dp = G — 1 @y Vy,
bt = Inf (dn) + (1 = %) dn,
where {9, }, {4,}, and {®,} are defined in (3.1), (3.2), and (3.3), respectively.

Theorem 3.4. Assume that Condition (C1)~(C3) and (C5) hold. Then the sequence {b,} formed
by Algorithm 3.4 converges strongly to b* € Q, where b* = Po (f(b*)).
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Proof. We can obtain that {b,}, {a,}, {gn}, {d,}, and {f(d,)} are bounded by using the same
arguments as declared in Theorem 3.3. Combining Lemma 3.4 and (3.21), we have

2— * *

TnHan = dn||* < |lbw = b1 = 1bws1 = b*|* + xS, (3.45)
where Sy is defined in (3.39). Furthermore, we can derive (3.40) by using the same facts as
declared in Theorem 3.3. Using Condition (C5) and (3.45), one obtains

2-1

lim sup @y, —dy, ||* <O,

m—yoo

which implies that limy,— ||dy,, — an,, || = 0. This together with Lemma 3.4 yields that
llm ||gnm _anm || - 0'
m—oo

As claimed in Theorem 3.3, we can obtain the same facts as (3.41)—(3.44). Hence we deduce
that b, — b* as n — o, O

4. COMPUTATIONAL EXPERIMENTS

We provide two numerical examples occurring in finite and infinite dimensional spaces to
demonstrate the efficiency and computational advantages of the suggested approaches and
compare them with the known ones in [25]. All the codes written in this section are realized
using MATLAB 2018a on an Intel(R) Core(TM) i5-8250S CPU @ 1.60 GHz personal computer
with RAM 8.00 GB.

4.1. A finite dimensional example. The first example has been considered by many researchers.

Example 4.1. Give a linear operator Q : R — R as follows:

where g € R", G = BBT + S+ E, B R™™M §c R"<M g skew-symmetric, and E € R"*"™ is
diagonal matrix whose diagonal terms are non-negative. The feasible set .2 is a box constraint
with the form 2~ = [—2,5])™. It is easy to show that Q is monotone, Lipschitz continuous, and its
Lipschitz constant L = ||G||. In this numerical example, all entries of B, S are generated randomly
in [—2,2], E is generated randomly in [0,2], and g = 0. The solution set of the (VIP) is b* = {0}.
The maximum number of iterations of 200 as a common stopping criterion and the initial values
bo = by are randomly generated by rand(m, 1) in MATLAB. We use D, = ||b, — b*|| to measure
the n-th iteration error of all algorithms.

4.1.1. Sensitivity analysis of parameters. We test the performance of the proposed algorithms
under different parameters. Specifically, we consider the following three cases.

Case 1: Compare ¢. Pick n =15, y,=1/(n+1), 1, =0.8(1 — xn), f(b) =0.1b, ¢ =
{0.2,0.4,0.6,0.8},&,=100/(n+1)%,=0.8,4 =0.6,u =0.6, 0, = 14+1/n, &, =14+1/(n+
', and p, = 1/(n+1)"! for the proposed Algorithms 3.1-3.4. The numerical behavior of the
proposed algorithms with different parameters ¢ is illustrated in Fig. 1. The information shown
in Fig. 1 tells us that the inertial factor plays a significant role in the convergence of the proposed
methods.

Case 2: Compare 3. Taken = 1.5, o =1/(n+1), 7, =0.8(1 — x»), f(b) = 0.1b, ¢ = 0.6,
€ =100/(n+1)%, B ={0.8,0.9,1.0,1.1}, A, =0.6, u = 0.6, &y = 1 +1/n, E, =1+ 1/(n+
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FIGURE 1. The behavior of our algorithms with different ¢ in Example 4.1 (m = 20)

!, and p, = 1/(n+ 1)"! for the proposed Algorithms 3.1-3.4. The numerical performance
of the proposed algorithms with different parameters f is shown in Fig. 2. It can be seen from
Fig. 2 that the suggested approaches have a superior numerical performance when the appropriate
parameter [ is chosen.

Case 3: Compare A,. Taken = 1.5, x, =1/(n+1), 1, = 0.8(1 — x»), f(b) =0.1b, ¢ = 0.6,
€, =100/(n+1)%, B =0.8, 4; = 0.6, and u = 0.6 for the proposed Algorithms 3.1-3.4. We
consider the impact of different parameter choices in the step size criterion (3.2) on the proposed
algorithms. The numerical behavior of the proposed algorithms with different step size A, is
expressed in Fig. 3. The findings in Fig. 3 show that utilizing the non-monotonic step size
criterion (orange, green, and purple lines in Fig. 3) resulted in faster convergence and accuracy
than using the non-increasing step size criterion (blue and red lines in Fig. 3).

4.1.2. Comparison with known algorithms. To end this example, we compare the proposed
algorithms with the Algorithms 3.1, 3.3, 3.4 and 3.6 presented by Tan, Li and Cho [25] (shortly,
TLC Alg. 3.1, TLC Alg. 3.3, TLC Alg. 3.4 and TLC Alg. 3.6). The parameters of all algorithms
are set as follows.
e Take ¢ =0.6,&,=100/(n+1)2,n=1.5, . =1/(n+1),7,=0.8(1 - y,), and f(b) =0.1b
for all algorithms.
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e Choose f =0.8, 4 =0.6, u=0.6,0,=1+1/n,& =1+1/(n+ 1)1, and p, = 1/(n+

e Pick 6 =2, £ =0.5, and ¢ = 0.6 for TLC Alg. 3.1, TLC Alg. 3.3, TLC Alg. 3.4 and
TLC Alg. 3.6.
The performance and numerical results of all algorithms with three dimensions are shown in

Fig. 4 and Table 1. We find that the proposed methods have a higher accuracy and faster conver-
gence than the numerical methods introduced by Tan et al. [25], and this result is independent of

Dy =z — 27|
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FIGURE 2. The behavior of our algorithms with different 8 in Example 4.1 (m = 20)

1)!'! for the proposed Algorithms 3.1-3.4.

the size of the dimension.

4.2. An infinite dimensional example.

Example 4.2. Let 2# = L*([0, 1]) be an infinite-dimensional Hilbert space with inner product

1
(b,a) = /O b(t)a(t)dr, Vb,ac A,

and induced norm

1 1/2
1b|| = (/ \b(t)|2dt> , Vbet.
0



ADAPTIVE MODIFIED INERTIAL PROJECTION AND CONTRACTION METHODS 239

10% : : T T T T T T T 10% : : T T T T T T T
——Our Alg. 3.1, ay = 1,6, = 1,p, = 0 ——Our Alg. 3.2, a, = 1,6, = 1,p, = 0
A ——Our Alg. 3.1, ay = L& = 1+ gyer.pa = 0 —=—Our Alg. 3.2, 0, = 1€, = 1+ ;:4m,p0 =0
10°F ——Our Alg. 3.1, ap = 1,& = 1,pn = b i 10° —6—Our Alg. 3.2, ay = 1,6 = 1,pu = G H
—a—Our Alg. 3.1, a, = ) ¢, = 1,p, =0 —a—Our Alg. 3.2, a, = @ ¢, =1,p, =0
102F —e—Our Alg. 3.1, a = g, = 14 e po = b [ 3 —e—Our Alg. 3.2, 0 = &0 ¢, = 1+ Lo p = o i
= 107
B L
|
£ 0%k
] i
Q 108F
]0710 L
1012 3
]0714 L L L L L L L L L Iorl?_ L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
Number of iterations Number of iterations
(a) Our Algorithm 3.1 (b) Our Algorithm 3.2
10% T T T T T T 10% T T T T T T
——Our Alg. 33, ay = 1,6, = L,p, = 0 ——Our Alg. 34, ay = 1,&, = L,p, = 0
N —&—Our Alg. 3A3,%:1,§":1+W‘)..,pn:u —a—OurAlg.'.4,a7.:1.§,1:1+("lﬁ.p":0
10° ¢ ——Our Alg. 33, 0 = 1,6, = 1,p0 = by 1 10°F ——Our Alg. 3.4, @, = L&, = 1,p0 = gy 1
—a—Our Alg. 3.3, a, = ™ ¢, = 1,p, =0 —a—Our Alg. 34, a, = @ ¢, = 1,p, =0
10°F —o—Our Alg. 33, an = ) & = 1+ b, po = b [4 s —e—Our Alg. 3.4, an = " &, = 1+ b po = iy
102 F 4
ol T
| “ ]074 L
£ 0k £
I\: H: 100F
[0t ]
-8 L
10
10—10 L
5 10 L
102 F 10
10—1-’! L L L L L L L L L 10*]2 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

Number of iterations

(d) Our Algorithm 3.4

Number of iterations

(¢) Our Algorithm 3.3

FIGURE 3. The behavior of our algorithms with different A,, in Example 4.1 (m = 20)
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FIGURE 4. The behavior of all algorithms with different dimensions for Example 4.1

Assume that r and R are two positive real numbers such that R/(k+ 1) < r/k < r < R for some

k >

1. Let 2 be defined by

X ={be A |b||<r},

and the operator Q : 7 — ¢ be given by

Qb= (R—|b||)b, Vbe .
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TABLE 1. Numerical results of all algorithms with different dimensions for Example 4.1

m =20 m =150 m =100
D, CPU (s) D, CPU (s) D, CPU (s)

Our Alg. 3.1 3.60E-13 0.0350 3.12E-09 0.0314 1.13E-07 0.0335
Our Alg. 3.2  9.23E-12 0.0221 3.71E-08 0.0208 2.03E-07 0.0269
Our Alg. 3.3  1.86E-14 0.0222 1.06E-07 0.0238 1.26E-06 0.0331
Our Alg. 34  9.48E-12 0.0246 6.05E-07 0.0204 3.06E-06 0.0271
TLC Alg. 3.1 1.03E-08 0.0618 3.06E-07 0.0468 1.76E-06 0.0940
TLC Alg. 3.3 2.52E-09 0.0526 2.01E-07 0.0429 3.91E-06 0.0825
TLC Alg. 3.4 1.03E-08 0.0437 3.06E-07 0.0454 1.76E-06 0.0626
TLC Alg. 3.6 2.52E-09 0.0398 2.01E-07 0.0416 3.91E-06 0.0609

Algorithms

The solution of the variational inequality problem (VIP) with Q and 2~ given above is b*(¢) = 0.
It is not hard to check that operator Q is pseudomonotone rather than monotone, and thus the
algorithms proposed in the literature (see, e.g., [17, 18, 19, 20]) for solving monotone VIPs
will not be available. For this experiment, we choose R = 1.5, r = 1, k = 1.1. The parameters
of all algorithms are set as follows. Select p =0.2, &, =1/(n+1)2, =15, x, = 1/(n+1),
T, = 0.9(1 — xn), and f(b) = 0.1b for all algorithms. Adopt B = 1.0, A; = 0.1, u = 0.4,
o =1+1/nE =1+1/(n+1)"!,and p, = 1/(n+1)!"! for the proposed algorithms. Choose
0=2,§=0.5, ¢ =04 for TLC Alg. 3.1, TLC Alg. 3.3, TLC Alg. 3.4 and TLC Alg. 3.6.
The maximum number of iterations 50 is used as a common stopping criterion. We employ
Dy, = ||by(t) — b*(t)|| as the error measure for the n-th step of all algorithms. The performance
of all methods with three different initial values are stated in Fig. 5 and Table 2.

—+—Our Alg. 3.1 ——TLC Alg. 3.1

Our Alg. 3.2 ——TLC Alg. 3.3
—+—Our Alg. 3.3 ——TLC Alg. 3.4/]
——Our Alg. 3.4 —v—TLC Alg. 3.6

—0—Our Alg. 3.1 ——TLC Alg. 3.1

Our Alg. 3.2 ——TLC Alg. 3.3
—+—Our Alg. 3.3 ——TLC Alg. 3.4
——Our Alg. 34—v—TLC Alg. 3.6

——Our Alg. 3.1 ——TLC Alg. 3.1

Our Alg. 32 ——TLC Alg. 33
—+—Our Alg. 3.3 —+—TLC Alg. 3.4
——Our Alg. 3.4 —v—TLC Alg. 3.6

0 25 30 35 15 20 25 30 3 E 5 15 20 25 30
Elapsed Time [sec] Elapsed Time [sec] Elapsed Time [sec]

(@) bo(r) = by (1) = 1063 (b) bo(r) = b () = ¢! (e) bo(r) = b1 (1) = log(1)

FIGURE 5. The behavior of all algorithms with different initial values for Example 4.2

As shown in Fig. 5 and Table 2, the suggested approaches outperform the methods incorporated
with Armijo-type step size introduced by Tan et al. [25] in terms of accuracy and convergence,
and this discovery is unrelated to the choice of initial values. It is worth emphasizing that our
approaches employ an adaptive non-monotonic step size rule, which enables them to perform
iterative step size updates using a simple computation based on previously known information.
However, the algorithms with Armijo-type step size in [25] take more time in infinite-dimensional
spaces because they may need to calculate the projection on 2" multiple times for each iteration
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TABLE 2. Numerical results of all algorithms with different initial values for Example 4.2

bo(t) =b1(t) = 10> bo(t) =bi(t) =¢' bo(t) =b;(t) = log(t)
Algorithms -, ©cpiy()  p,  CPU(s) D, CPU (s)

Our Alg. 3.1 1.49E-28 22.4082 7.91E-29 22.5626 2.39E-29 21.9969
Our Alg. 3.2 1.58E-27 21.0311 2.94E-29 21.1421 1.82E-28 20.3942
Our Alg. 3.3 8.12E-31 21.9393 1.26E-30 21.9759 3.11E-30 21.6810
Our Alg. 3.4 4.32E-29 20.8793 1.37E-30 20.9848 2.86E-30  20.6285
TLC Alg. 3.1 2.44E-26 47.6775 1.94E-26 47.4733 6.06E-27 46.9403
TLC Alg. 3.3 1.99E-27 47.4819 1.32E-28 47.5316 3.79E-27 46.9302
TLC Alg. 3.4 1.55E-25 46.7254 6.04E-26 46.8658 4.99E-26 46.2634
TLC Alg. 3.6 8.69E-27 47.0215 8&.75E-27 47.1401 9.09E-27 46.7680

to determine the suitable step size. Therefore, the non-monotonic step size criterion introduced
in this paper is preferable to the Armijo-type step size criterion.

5. CONCLUSIONS

This paper introduces four modified adaptive numerical approaches for discovering the solu-
tions to pseudomonotone VIPs in infinite-dimensional Hilbert spaces. The suggested methods
use a novel adaptive step size criteria that do not need a line search, allowing them to work
with the loss of previous knowledge of the Lipschitz constant of the mapping involved. Under
certain moderate restrictions put on the parameters, strong convergence theorems for the sug-
gested approaches are confirmed. Finally, two numerical examples are provided to confirm the
advantages of our proposed methods with respect to previously known ones. How to perform the
convergence analysis of the proposed algorithms and the extension of our algorithms to Banach
spaces are future research directions.
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