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1. Introduction

The primary goal of this study is to construct several accelerated iterative methods with adaptive
step sizes for finding the solutions of variational inequality problems in infinite-dimensional Hilbert
spaces. Let A : H — H be an operator and let { be a real Hilbert space with inner product (-, -) and
norm || - ||. Take C C H is a nonempty, closed, and convex subset of H. The variational inequality
problem (shortly, VIP) is find x* € C such that

(Ax*,x —x*) >0, VxeC. (VIP)

Variational inequality theory provides a fundamental model for many areas; for example engineer-
ing, economics, traffic management, operations optimization, and mathematical programming, and it
constructs a unified framework for many optimization problems (see, e.g. [1,6,22,28,42]). Therefore,
the theory and solution methods of variational inequalities have received more and more attention
from scholars.
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A vast variety of numerical approaches for solving variational inequality problems have been pre-
sented throughout the last few decades. Next, we review some known methods in the literature for
solving variational inequalities in finite- and infinite-dimensional spaces, which motivate us to pro-
pose new iterative algorithms. The Korpelevich extragradient method [15], which calls for computing
the projection on the feasible set twice in each iteration, is the oldest and simplest method for dealing
with the variational inequality problem. It is well known that computing projections may be chal-
lenging, particularly when the structure of the feasible set is intricate. Some approaches that only
need computing the projection on the feasible set once per iteration have been developed to solve
this problem; see, e.g. [3,11,40]. The main idea of these methods is to replace the iterative process of
the second step in the extragradient method with a display calculation. Numerous variations based
on these techniques [3,11,40] have recently been presented (see, e.g. [14,24,29,30,34,36,39,43]). Their
numerical tests demonstrate the computational effectiveness and benefits of the suggested algorithms.

Recently, inspired by the work of Dong, Jiang and Gibali [8], Thong and Gibali [32] proposed
the following Algorithm 1.1 to solve VIP in Hilbert spaces. On the other hand, Gibali, Thong and
Tuan [10] also proposed the following Algorithm 1.2 for solving the monotone variational inequality
problem based on the projection and contraction method [11].

Algorithm 1.1

Initialization: Given A > 0,1 € (0,1), u € (0,1),and y € (0,2).

Iterative Steps: Let xo € H be arbitrary and calculate x,,4 as follows:

Step 1. Compute v, = Pc(x, — A,Ax,), where A, is chosen to be the largest k € {A, AL A%,...}
satisfying

K [|Axy — Avpll < 1 |0 — vall (1)

If x, = v, then stop and v, is a solution of (VIP). Otherwise, go to Step 2.
Step 2. Compute z, = Pr, (x4 — Y AnpnAvy), where Ty, := {x € H : (X — LpAXy — Vy, x — vyy) < 0},
and

lloxn — Vn||2
A

Step 3. Compute x,41 = (1 — oty — Bu)Xn + Buzn.
Setn:=n-+1gotoStep 1.

on =1 —p) s §n =Xy — Vp— Ay (Axy — Avy) . (2)

Algorithm 1.2

Initialization: Given A > 0,1 € (0,1), u € (0,1),and y € (0,2).
Iterative Steps: Let xo € H be arbitrary and calculate x,,4 as follows:
Step 1. Compute v, = Pc(x, — An,Axy,), where A, is generated by (1).
Step 2. Compute z, = X, — Y pugn> Where p, and g, are defined in (2).
Step 3. Compute x, 41 = (1 — oy, — Bu)Xn + Buzn-
Setn:=n-+41goto Step 1.

The strong convergence theorems for the suggested iterative techniques in infinite-dimensional
Hilbert spaces were obtained by Thong and Gibali [32] and Gibali et al. [10], respectively, under some
reasonable restrictions imposed on the mapping and parameters. It is important to keep in mind that
the Algorithms 1.1 and 1.2 only need to perform the projection on the feasible set once throughout
each iteration. Their numerical tests demonstrate that the suggested algorithms outperform the exist-
ing approaches [3,8,24] in terms of computational efficiency and accuracy. Furthermore, we note that
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the Algorithms 1.1 and 1.2 employ an Armijo-type line search step size criterion enabling them to
operate without requiring prior knowledge of the Lipschitz constant of the mapping. However, using
Armijo-type step sizes may require the proposed algorithm to calculate the projection values on the
feasible set multiple times per iteration. To overcome this drawback, Yang and Liu [46] introduced a
new adaptive step size criterion which only needs to use some previously known information to com-
plete the calculation of the step size. Recently, many scholars have used the idea of this criterion to
construct numerous algorithms for finding the solutions of variational inequalities and equilibrium
problems; see, e.g. [9,16,31,33,36,45,47].

Many scholars have focussed a lot of their attention and study on the concept of inertial as one
of the ways of acceleration. The primary characteristic of inertial-type approaches is that the combi-
nation of the previous two (or more) iterations determines the outcome of the subsequent iteration.
It has been observed that this minor adjustment might accelerate the convergence of inertial-free
algorithms. Numerous inertial-type methods have been developed to handle variational inequalities,
equilibrium problems, split feasibility problems, fixed point problems, inclusion problems, and oth-
ers (see, e.g. [4,7,12,23,25,26,29,31,35,36,43]). Numerous numerical simulations show the benefits
and effectiveness of their inertial methods compared to the version without inertial terms.

In this paper, we suggest two adaptive algorithms with inertial terms to handle variational inequal-
ity problems in real Hilbert spaces, inspired and motivated by the aforementioned findings. We made
the following contributions to this research.

e Our two algorithms use a new step size without any line search procedure, which generalizes the
step size suggested by Liu and Yang [16]. In addition, our two adaptive algorithms are preferable
to the fixed-step algorithms suggested in [4,35]. Numerical experimental results show that our
step size is useful and efficient, and that our two algorithms require less execution time than the
algorithms in [10,32] that use the Armijo step size.

e Our two algorithms are designed to solve pseudo-monotone variational inequality problems,
which improves the results used in [8,10,24,32,45,46] for finding the solutions of monotone
variational inequalities.

e To accelerate the convergence speed of the proposed algorithms, the inertial term is also embed-
ded in our algorithms. Numerical experimental results demonstrate that the proposed algorithms
converge faster than the methods without inertial in [10,32].

e The strong convergence theorems of the proposed algorithms are proved under some suitable
conditions. This improves the weak convergence results obtained in [3,8,16,25].

e To demonstrate the benefits and computational effectiveness of the suggested methods in com-
parison to those that were previously known in [10,32], several numerical experiments and
applications in optimal control problems are provided.

The rest of this paper is structured as follows. Basic definitions and lemmas that should be utilized
are gathered in Section 2. In Section 3, we describe two new non-monotonic inertial extragradient
algorithms and examine their convergence. In Section 4, a few numerical tests are provided to demon-
strate the benefits and effectiveness of the suggested algorithms. In Section 5, we solve the optimal
control problem utilizing the suggested methods. Finally, Section 6 provides a succinct review of the
research.

2. Preliminaries

The following equality and inequality are useful for our proofs.

x4+ yI1? = lIx1? +2(x ) + IyI% Yxye™, 3)
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and
lx+yII> < xI* +2(nx+y), VxyeH. (4)

Let C C 'H be a nonempty, closed, and convex. Recall that the metric projection of H onto C, denoted
by Pc, which is defined as for any x € H, there exists a unique nearest point in C, given as Pc(x) such
that

lx = Pc)| <llx—=yl, VyeC
Note that P¢ has following properties:
(x — Pc(x),y — Pc(x)) <0, VxeH,yeC, (5)
and
e = yI* = llx = Pc@I* + Iy = Pc@)I’, ¥xeH, yeC. (6)

Let VIP(C, A) denote the solution set of the variational inequality problem (VIP). It is easy to check
the following relation according to (5).

ze€ VI(C,A) & z=Pc(z— AAz), VA>0O0. (7)

Definition 2.1: A mapping A : C — H is said to be:

(1) monotone if (Ax — Ay,x — y) > Oforallx,y € G;

(2) pseudomonotone if (Ax,y — x) > 0, we have (Ay,y — x) > Oforall x,y € C;

(3) L-Lipschitz continuous if there exists a constant L > 0 such that ||Ax — Ay|| < L|lx — y|| for all
xy e G

(4) sequentially weakly continuous on C if, for each sequence {x,} C C such that x, — x, we have
Ax, — Ax.

Remark 2.1: From the above definitions, we see that (1) = (2), but the converse is not true in general
(see, e.g. [27, Example 4.2]).

Lemma 2.1 ([5]): Let C C H be a nonempty closed and convex set and A : C — H be a pseudomono-
tone and continuous mapping. Then z is a solution of the problem (VIP) if and only if

(Ax,x —2z) >0, VxeC.
Lemma 2.2 ([17]): Let {a,} and {c,} be sequences of nonnegative real numbers such that
a1 < (1 =68)an+by+cp, Yn=>1,

where {8,} is a sequence in (0,1) and {b,} is a real sequence. Assume that Y oo ¢, < 00. Then the
following results hold:

(1) Ifb, < 6,M for some M > 0, then {a,} is a bounded sequence.
() IfY 02y 8n = 00 andlimsup,_, . g—: <0, then lim,_, o0 a, = 0.

Lemma 2.3 ([18]): Let {I",,} be a sequence of real numbers that does not decrease at infinity in the
sense that there exists a subsequence {I';} of {T',} which satisfies Ty, < Ty, 41 for each i € N. Define
the sequence {k (n)}>n, of integers as follows:

k(n) := max{k < n: Ty < Tk},

where ng € N such that {k < ng : Ty < Tkq1} # 9. Then the following results hold:
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(1) «(ng) <k(ng+1) <--- andk(n) — oo.
(2) T < Tiem+1 and Ty < Ty for each n > ny,.

3. Main results

We make the following assumptions about our algorithms in order to prove some strong convergence
theorems for them:

(A1) The feasible set Cis a closed and convex subset of a real Hilbert space H;
(A2) The mapping A : H — H is L-Lipschitz continuous and pseudomonotone on 7;
(A3) Themapping A : H — 'H satisfies the following condition: for each {t,} C Csuchthatt, — x,

[Ax|| < liminf ||At,|; (8)
n—oQ

(A4) The solution set of the problem (VIP) is nonempty, that is, € := VIP(C,A) # @, where
VIP(C, A) denotes the solution set of the problem (VIP);
(A5) The positive sequence {§&,} satisfies lim,_ E—: =0, where {a,} C (0,1) such that

o
limy 000y =0and ) oo oy = 00.

Remark 3.1: (1) For Assumption (A2), it suffices to assume that the mapping A is continuous pseu-
domonotone if H is a finite-dimensional Hilbert space and it is not necessary to assume A
satisfies (8).

(2) Note that Assumption (A3) is weaker than the sequential weak continuity of the mapping A,
which often assumed in many recent works related to the pseudomonotone problem (VIP) (see,
for example, [4,14,29,34,36,39,43]). Indeed, let A : H — H be a mapping define by Ax = x|/ x||
for all x € H. It can be shown that A satisfies Assumption (A3), but not sequentially weakly
continuous (see [21,38]). However, if A is monotone, then Assumption (A3) can be removed.

Now, we are in a position to describe the proposed Algorithm 3.1.
The following lemma is crucial for proving the convergence results.

Lemma 3.1: Let {A,} be a sequence generated by (11). Then there exists A € [min{%,ko},ko +
> o0 | Pnl such that . = limy_, o0 Ap.

Proof: The proof of this lemma follows as that of Lemma 3.1 in [44], so we omit it here. [

Remark 3.2: The adaptive step size in this work is different from the studied adaptive step size as in
many works. In particular, if p, = 0 and g, = 1 for all n > 0, then the step size reduces to the step
size of many methods (see, e.g. [9,33,36,45-47]). In addition, if p, # 0 and g, = 1 for all n > 0, then
the step size becomes the step size in [16].

Lemma 3.2: Let {r,}, {va} and {g.} be the sequences generated by Algorithm 3.1. If r, = vy, or g, = 0,
then v, € Q.

Proof: By the definition of g,, we have
”gn” = Ity — vu — Au(Ary, — Avy) ||

> \lrn — vull = AnllAry — Avy||

An
> lrp — vall — QHM)L_”rn — Vall
n+1

A
= <l—qnu ! )Hrn—vnn.
)\n-',-l
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Algorithm 3.1 Modified inertial subgradient extragradient method

Initialization: Given 4y > 0, ¢ > 0,0 > 1, y € (0, %) and p € (0,1). Choose {p,} C [0, 00) such
that Y > ) pn < 0o and {g,} C [1,00) such that lim, o gx = 1.

Iterative Steps: Let x_1, xo € H be arbitrary and calculate x,,; as follows:

Step 1. Given the iterates x,,_; and x,, (n > 0). Set

tn = (1 —an)(xn + dn(xXn — Xn—1))>

where

. €n .
o= m{m‘ﬁ} s ®

b, otherwise.
Step 2. Compute
vy = Pc(ry — AyAry).

If r, = v, or Av, = 0, then stop and v, is a solution of the problem (VIP). Otherwise, go to Step 3.
Step 3. Compute

Xnt+1 = Pr,, (rn — Y AnpnAvy),
where Ty, := {x € H : (r, — AyAry, — vy, x — v,) < 0} and p,, is defined as follows:

lrn — Vn”2

> &ni=Tn—Vn— An(Ar, — Avy), (10)
llgnll

Poni=(1—p)

and update the step size by

. qnitllrn — vall
A =min{ A ,————— ¢ . 11
n+1 1 { n+ Pn Ay — Avy| (11)
Setn:=n-+1gotoStep 1.
We can also show that
An
lgnll < | 1+ gnpt l7n — vall.
)\n+1
Therefore, we conclude that
A An
1 —quu lrn — vall < ”gn” <|(1+guu 7 — vall. (12)
An+1 An+l

By Lemma 3.1, one sees that lim,,_, o A, exists, which together with lim,_, g, = 1 gives

A
lim dntn
n—>00 Ayiq

=1

q){’“—)\” > 0 for all n > ng. Hence we have that r, =

Therefore, there exists a constant ng such that 1 — .
vy if and only if g, = 0 by means of (12). If r, = v, then v, = Pc(vy, — A,Avy). This means that

vy, € 2 by means of (5). |
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Lemma 3.3: Suppose that Assumptions (A1)-(A4) hold. Let {x,} be formed by Algorithm 3.1. Then,
for each p € Q2 and n > ng, we have

2
| B _P||2 < lirn _P”z —Itn — Xpy1 — V)Ongn”Z -V <; - V) Xnllrn — Vn||2>

1—n )
o
1+ guu

Antl

where x, = (

Proof: Let p € Q. Then it follows from (6) that

%01 = PII* < I17n — Y AnpnAva — PII* = Itn — Y AnpuAVy — Xni1ll*
= lIrn — pII> = 2V Anpn(rn — ps Avi) + V2 A2 ppll Avull* — NIty — Xnst I
+ 2V Ann{tn — Xni1s Avi) — Y2 A2 02| AV,
= llra = pI* = 10 — Xns1 1> = 2V A on{AVns Xng1 — D)
= llru — pII* = Irn — Xng1I> = 2V Ao AV X1 — Vi) — 2V Ao { AV, Vi — D).

Since p € Q and v, € C, one has (Ap, v, — p) > 0. Then, by the pseudomonotonicity of A, we have
(Avy, v, — p) = 0. Hence we have

%01 = plI* < llrw = PI* = 17n — Xnt1 I = 2V An o (AVi, X1 — V). (13)
It is clear that x,,+; € T, and hence

— 2Y AnPn{AVp, Xny1 — Vi)
= 2Y0n {rn — AnAry — Vi, Xnt1 — Vi) =2V 0ulrn — Vo — An(Ary — Avi)s X1 — V)

<0

< =2Y0u{tn — Vi — An(Ary — Avy), Xpug1 — Vi)
= —2Y0u{gn> Xn+1 — V)
= =2Y0u(gn>Tn — Vu) + 2V 0u(gn> Tn — Xn+1)- (14)

Now, we estimate —2y 0y, (gn, 'n — V) and 2y 04 (gn, 'n — Xn+1). By the definition of g, and (11), we
have

(gna Tn — Vn) = (rn — Vn — An(Ary — Avy), 1y — Vi)

2
> lrn — vull® — Anll(Ary — Avi) |lllr — vall

A
= <1 _Qnﬂk —7—1) lrn — Vn”2~
n

Since lim,,_, 5o (1 — qn,uki‘il) =1—pu> ITTM > 0, there exists 1y € N such that
A 1—
1 —guu LI 'u>0, VY n > ng.
An+1 o
Thus we deduce
— U

2
(GnsTn — V) = lrn —vulls Y n=>no.
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HT,,*V,,HZ

AL . Therefore we obtain
n

Since py = (1 — ) , we have p,lIgall®> = (1 — ) llry — vall®

_ e,

= 2YPn{gw T — Vn) = — gall?, V1= no. (15)

On the other hand, it follows from the equality 2(a, b) = ||a||* + ||b||> — ||a — b]|? that

2Y0n{(gnstn — Xng1) = Itn — xng1 1> + ¥2021gnll> = 10 — Xn1 — Y ongall®. (16)

Substituting (15) and (16) into (14), we obtain

2
— 2V AP AVp, Xpg1 — Vi) < It — xn+1||2 —lry — Xpg1 — Vpngn”Z -Y (; - V) pﬁllgnllz‘

(17)
By the definition of g,;, we see that
Ignll < Itn — vall + AnllAry — Avy||
An
< lrn — vall + gnpt l7n — vall
Antl
An
=|1+guu 7 — vall.
Ant1
This implies that
1 1
2 = P :
llgnl a1+ qn,ukn:l Vllrn — vall?
Hence we have
l7n = vall* (1-w?
Pullgnl® = (1 = ? = > I = vl (18)
llgnl (1 + gnu372)

Combining (13), (17), and (18), we obtain

2
041 _P||2 < llra —P||2 —Itn — Xnt1 — Vpngn”Z -V (; - V) Xnllrn — Vn”z) VY n > ng,
(19)

2

1—

where x, := —MA . |
1 + qnu)\n:—l

Lemma 3.4 ([37]): Suppose that Assumptions (A1)-(A4) hold. Let {r,} be generated by Algorithm 3.1.
If there exists a subsequence {1, } C {ry} such that {r,, } converges weakly tov € H andlimy_, o ||rn, —
Vil =0, thenv € Q.

Now, we prove the strong convergence of Algorithm 3.1.

Theorem 3.1: Suppose that Assumptions (Al)-(A5) hold. Then the sequence {x,} generated by
Algorithm 3.1 converges strongly to x* = Pq(0), where ||x*|| = min{||x|| : x € Q}.
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Proof: First, we show that {x,} is bounded. From Lemma 3.3 and y € (0, %), one has

%01 —pll < llrn — pll
=1 —an)(Xn — p + ¢n(xXn — Xn—1)) — onpll
<@ —ap)lxn —p + ¢n(xn — xp—D) || + anll —pli
= A =an)llxn = pll + A = an)bullxn = Xn-1ll +anlpll, V1= no.

Putting ¢, := (1 — ozn)‘p” Iy — xu—1ll + llp|l for all n > ng. It is easy to see that lim,_, t, exists,
which implies that {¢,,} is s bounded. Then by Lemma 2.2, one has {||x, — pl|} is bounded. Note that

lxnll < lXn —p +pIl < llxu — pll + lIpll-

Hence {x,} is bounded and consequently so are {r,,} and {v,,}. Let x* be the minimum-norm solution
of , that is, x* = Pq(0). From (4), we have

s — x* 1% = 1(1 = o) (e — X* + P(Xn — Xn—1)) — ™12
< (1= )2 lxn — X 4 uCn — X0 1) 1* + 200 (X", x* — 1)

<(1- an)z (”xn - x*||2 + 200 (%0 — Xn—1, %0 — X" + Py — xn—l)))

+ 20, (X", X* — 1)

<A —apllxy — X*Hz +2(1 —an)Pullxn — xn—111K1 + 2“n<x*a X — n)s (20)

where Ky := sup, - o{llxn — X" + ¢n(xn — x4—1) |} Putting (20) into (19), we obtain

1 — 212 < (1= o) [l — x* 1> 4+ 2(1 — @) Pullxn — xu—1 1K1 + 200 (x*, x* — 1)
2 2
— lrn — xp1 _Vpngn” -Y __)/ Xnlltn — vall% (21)
which implies that

41 — 2 1% < (1 — o) 136 — 2512 + 2(1 — @) Pullxn — xn—111Ky + 200 (X*, X1 — T)

+ 20y (X*, X — Xn+1) (22)

for all n > ng. From (21), we have
2 2 %112 %112
lrn — Xpnr1 — V:Ongn” +y = —v ) xullrn —val® < llxn — X717 = lIxpg1 — 277 + 20, K5 (23)

for all n > no, where K; := sup,,_.,, {(1 — a,,)i—:”xn — Xp—1 || K1, |||l — x* I}

Now, we prove the strong convergence of {||x, — x*||?} converges to zero by consider the following
two cases.
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Case 1. Suppose there exists N € N such that {||x, — x*[?} is monotonically nonincreasing for
n > N. Since {||x, — x*||?} is bounded, we have {||x, — x*||*} converges and hence

2 2
l%n = x*1° = lI%n41 — x"[I7 = 0.

Since y € (0, %) and lim,,_, oo xn > 0, it follows from (23) that

lim ||y — Xp41 — Yougnll =0 and  lim |[|r, —vul| = 0. (24)
n—od n— o0
Iy, ich gives L < — 0
For all n > ng, we note that ||g,|| > == ||r, — vx ||, which gives ol = Tl Hence we have

lrn — xnt1ll < lrn — Xnt1 — Yougull + vonllgnll
lrn — Vn||2
llgnll

< |ty — Xp41 — V;Ongn” +vyolry — vall.

= |lry — Xn+1 — YPugull + v(1 — )

Then it follows from (24) that

lim ||r, — xuq1ll = 0. (25)
n—oo
Moreover, we see that
I — rall = (1 — @n)Pn(xn — Xp—1) — cpXyll

< (A = an)Pullxn — xu—1ll + apllxall

=0y ((1 - an)%”xn — Xp—1ll + ”xn”) .

n
Thus we have
lim ||x, —ry]| = 0. (26)
n—>00
It follows from (25) and (26) that
Xn41 — Xnll < lI%ng1 — 1all + Irn — x4l > 0 asn — oo. (27)

Since {x,} is bounded, we can choose a subsequence {x,,} of {x,} which converges weakly to some
point v € H such that

lim sup(x*, x* — x,) = lim (x*,x* — x,) = (x*, 2 —v).
n— 00 k—o0

From (26), we also get {r,, } converges weakly to v € ‘H, which together with Lemma 3.4 and (24)
implies that v € Q := VIP(C, A). From (5), we obtain

lim sup{x*, x* — x,,) = (x*,x* —v) <0. (28)
n— oo

Moreover, from (27) and (28), we also get

lim sup{x*, x* — x,41) = lim sup{x*, x* — x,) < 0. (29)
n—0o0 n—oo

This together with (22) and Lemma 2.2 yields that lim,,—, « [ X, — x*[|> — 0, that is, x, — x*.
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Case 2. Suppose that there exists a subsequence {I';;} of {I",;} such that I, < I'y;,4; foralli e N.
In this case, we define an integer sequence « (1) by « (n) := max{k < n: 'y < I'yy;} forall n > ny
(for some ng large enough). By Lemma 2.3, {k (n)} is a nondecreasing sequence such that « (n) — oo
asn — oo and ey < Temy41 foralln > ng. Put Ty, := ||x, — x*||? for all n € N. By (23), one has

2
ITeny = Xeom+1 — Yoem&emll> + ¥ (= =¥ ) Xeo Iteon — v lI*
o

=< ”xk(n) - x*Hz - ”xlc(n)Jrl - x*”z + 20f/c(n)KZ

=< 20 (K2,
where K, > 0. Following similar argument as in Case 1, one has
nli)néo ”rf((n) — Xk (n)+1 — Vpk(n)gk(n)” =0 and nlggo ”rK(ﬂ) - VK(n)” = 0.

Moreover, we have

lim ||xx(n)+l — Tk(n) =0 (30)
n—oo
and
lim sup (x*, x* — x¢(m)+1) < 0. (31)
n—odo

From (22) and T'c(ny < T'(n)+1, One gets
Iean+1 =217 < (1 = @) 1%y = %1% + 21 = @) Bicom 1% = Xeen—1 1K
+ 204 () (X, Xie(my+1 — Tn) =+ 20 () (X7 X = Xe(my41)
< (1= de)IXem+1 — X 17 + 20 = i) Pem % my — Xe(m—111K1
F 204 (n) (X, Xic (41 — Tie(m)) + 20 (m) (67 X — Xe@my+1)
which implies that

o)
K ”xk(n) — Xk (n)—1 IK1
Qe (n)

||xK(n)+l - X*Hz <2(1-— O‘K(n))
+ 2||x/<(n)+l — Ti(n) I ”x* Il + Z(x*, X" — xlc(n)+l)s
where K; > 0. Combining (30) and (31), we obtain
lim %1 — x> = 0.
n—o0
By Lemma 2.3, we have
Ixn = x*II* < [ Xe(my1 — x> — 0as n — oo.

Hence x, — x*. Therefore we can conclude that {x,} converges strongly to the minimum-norm
solution of (VIP) from the above two cases. |

Next, we introduce the second modification of inertial extragradient method (see Algorithm 3.2
below) for solving pseudomonotone VIPs. This method motivated by the projection and contraction
method [11] with a generalized adaptive step size.

Lemma 3.5: Suppose that Assumptions (A1)-(A4) hold. Let {x,} be created by Algorithm 3.2. We
have
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Algorithm 3.2 Modified inertial projection and contraction method

Initialization: Given 4y > 0, ¢ > 0,0 > 1, y € (0, %) and p € (0,1). Choose {p,} C [0, 00) such

that Y > ) pn < 0o and {g,} C [1,00) such that lim, o gx = 1.
Iterative Steps: Let x_1, xo € H be arbitrary and calculate x,,; as follows:
Step 1. Given the iterates x,,_; and x,, (n > 0). Set

tn = (1 —an)(xn + dn(xXn — Xn—1))>

where ¢, is defined in (9).
Step 2. Compute
vy = Pc(ry — AnAry).

If r, = v, or Av, = 0, then stop and v, is a solution of (VIP). Otherwise, go to Step 3.
Step 3. Compute

Xn+1 = Tn — VPngn>

where p, and g, are defined in (10), and update the step size by (11).
Setn:=mn-+1gotoStep 1.

(1) 1 = pIP < llr = pI> = 12 = ) lxnss — rull® for each n > ng and p € 9

2
1+q”“%?11 )

@) Nrw = vall® < a1 — rall?, where x; = ( T

Proof: (1) Let p € 2, one sees that

%51 = pII* = lrw — Yougn — pII
= |Irn — pII* = 2¥Pulrn — pogn) + v202lgnll*

From the definition of g,, we see that

(ry _P’gn> =|r, — Vn”Z — Aty — v, Ary — Avy) + (v —PsTn — Vn — An(Ary — Avy))
> |l — Vn||2 — Anlltn — vullllAry — Avy|| + (Vo — py i — Vi — Ap(Ary — Avy))

A
et (1 — qnlt . ) lrn — Vn||2 4+ (Vp — ps 1y — Vi — Ay(Ary, — Avy)).
)\n+1
According to limy,—, oo (1 — qnukij’rl) =1—u> % > 0, there exists 79 € N such that
A 1—
1—quu LI 'u>0, Y n > ngp.
)\.n+1 o

Thus we have

l—p

(th — D> gn) =
Since v,, = Pc(r, — AnAry) and from (5), one has
(tn — AnAry — v, vy — p) = 0.
Moreover, using (Ap, v, — p) > 0 and the pseudomonotonicity of A, one gets

(Avy, vy — p) = 0.

llry — Vn”z + {1y — v — A(Ary — Avy), vy —P)> VY n > ng.

(32)

(33)
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Hence

(rn — v — An(Ary — Avy), vy —P) = (rn — AAry — Vu, vy _P) +An (Avp, vy —P> > 0. (34)

>0 20

Combining (33) and (34), we obtain

I—p
(rn = P.gn) = lrn = vall, V1= ng.
It follows from the definition of p,, that
1 2
(th — D, &n) = ;pn”gn” »  ¥Yn>mn. (35)

By using (33) and (36), one has
2
Ix%ns1 =PI < llra —plI> — ¥ (; — y) PEllgnll®, V1> ng.

Since X1 = n — ¥ Pugn> we have p2||g, > = %len_;.l — 74|%. Hence we have

1 /2
%01 — plI* < llrm — plI* — ” (; - y) I%ns1 — mall®, V1> no. (36)

(2) By the definition of p,, we have

1 1 1
Irn = vall® = 3 - pullgnll® = 37— - o 7 onligall®)
n
1 1
R W”xrﬂrl —rall®. (37)
- n

1

1
> - So
5 > .
llgnll At 22002 Irn—vall2

An
From |[gnll = (1 + gnpt37%) 17 — vall, we have

s — vall? 1—pu
pn=(1—p)———— > Pt (38)
llgnl (1 + gup372)
Combining (37) and (38), one has
7w — vall* < Xpll%ns1 — rall®, (39)
2
1+qnu P
where x, = <y(1—_2’)“) . |

Theorem 3.2: Suppose that Assumptions (A1)-(A5) hold. Then the sequence {x,} created by
Algorithm 3.2 converges strongly to x* = Pq(0), where ||x*|| = min{||x| : x € Q}.
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Proof: From Lemma3.5and y € (0, %), by using the same argument as in Theorem 3.1, we have that
{x,} is bounded. Moreover, we can show that

lrs — x*”Z <A —apllxn — x*HZ +2(1 — an)Pullxn — xn—111K1 + 200, (X, 5% — 1), (40)
where x* = Pg(0) and K; > 0. Putting (40) into (36), we obtain

ln41 — plI? < (1 — an) 0 — % 1% + 2(1 — @) Pulln — xa—111K;
1 /2
+ 2an<x*)x* —Ip) — — <_ - V) ||xn+1 - 7'n”z
)/ o

< (1 —a)llxn — 5 1% + 2(1 — @) Pullxn — xa—111K
+ 20[,1<x*, Xpy1 — Tn) + 2an(x*, X" — Xnt1) (41)

for all n > ng. From (41), we have

1 /2

" (; - 7/) Ixnt1 = rall® < llxw = %5117 = Io0g1 — x°I1° + 204Kz, ¥ 1> g, (42)
where K; > 0. Finally, we prove the strong convergence of {x,} converges to x* = Pq(0) by consider
the two cases, which are the same as in Theorem 3.1. Thus it follows from (42) that lim,_, o0 || x4+1 —
7n|l = 0. This together with (39) gives thatlim,_, o || — v»|| = 0. The rest of the proof can be easily
proved by similar arguments to that of Theorem 3.1 and so we omit it. [

4. Numerical experiments

The purpose of this part is to illustrate the benefits and computing effectiveness of the suggested algo-
rithms in comparison to several strongly convergent schemes in the literature [10,32]. The numerical
examples take place in both finite- and infinite-dimensional spaces. The programmes are all executed
in MATLAB 2018a using a PC with an Intel(R) Core(TM) i5-8250U CPU running at 1.60 GHz and
8.00 GB of RAM.

Example 4.1: Let A : R™ — R™ be given as Ax: = Gx+ g where g € R” and G := BB" + S+ E,
matrix B € R™*™, matrix § € R"*™ is skew-symmetric, and matrix E € R™*" is diagonal matrix
whose diagonal terms are nonnegative (hence G is positive symmetric definite). The feasible set C
isgivenby C:={x e R" : =2 <x; <5,i=1,2,...,m}. It is easy to see that A is monotone (hence
it is pseudomonotone) L-Lipschitz continuous with L = ||G||. In this example, all entries of B, E are
produced randomly in [0, 2] and S is produced randomly in [—2,2]. Let g = 0. Then the solution set
is x* = {0}.
We compare the proposed algorithms with the following.

e Algorithm 3.1 in Thong and Gibali [32] (shortly, TG Alg. 3.1).
e Algorithm 3.1 in Gibali et al. [10] (shortly, GTT Alg. 3.1).

The parameters of our algorithms and the compared ones are set as follows.

e TakingAg =05, =04,y =150, =1/(n+1),p,=1/(n+ D", g, = n+1)/n,¢ =04
and &, = 100/(n + 1)? for our Algorithms 3.1 and 3.2.

e Choosing L =05, [=05 pu=04 y=15 o,=1/(n+1) and B, =0.5(1 —«w,) for
TG Alg. 3.1 and GTT Alg. 3.1.

The starting values xo = x are produced at random using 5rand(m, 1) in MATLAB, and the max-
imum number of iterations 200 serves as a common stopping condition for all methods. At the nth
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Figure 1. The behaviour of our Algorithm 3.1 for different p, and g,, in Example 4.1. (a) m = 20. (b) m = 50. (c) m = 100 and (d)
m = 200.

Table 1. Numerical results for all algorithms under different dimensions in Example 4.1.

m=20 m =50 m = 100 m = 200

Algorithms Dy, CPU Dy, CPU Dy, CPU Dy CPU

OurAlg. 3.1 2.09E—05 0.0349 4.42E—-05 0.0273 3.74E—-04 0.0337 1.09E—03 0.0419
OurAlg. 3.2 2.34E—-05 0.0239 4.58E—05 0.0228 3.78E—04 0.0267 1.08E—03 0.0370
TG Alg. 3.1 1.11E-02 0.0430 3.49E—-02 0.0412 5.77E—-02 0.1538 8.88E—02 0.1683
GTTAlg. 3.1 1.11E-02 0.0370 3.49E-02 0.0364 5.77E—02 0.0709 8.88E—02 0.1286

step, we utilize D, := ||x, — x*| to calculate the iteration error. First, we test the effect of different
parameters p, and g, on the proposed algorithms with different dimensions, as shown in Figures 1
and 2. Next, Table 1 shows the results of the proposed methods compared to some known ones in
different dimensions, where ‘CPU’ denotes the execution time in seconds.

Example 4.2: We consider an example in the Hilbert space H := L?([0, 1]) associated with the inner
product

1
o) = /0 P AL Vpqet,

and the induced norm
1/2

1
Ipl == <f0 Ip(t)lzdt> , VpeH.
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Figure 2. The behaviour of our Algorithm 3.2 for different p, and g, in Example 4.1. (@) m = 20. (b) m = 50. (c) m = 100 and (d)
m = 200.

The feasible set is given by C := {x € H : ||lx|| < 1}. Let A : C — H be as follows.

1
(Ax)(t) == / (x(t) — Qt,v)g(x(v)) dv + h(t), Vtel[0,1], xeC,
0

where
Q) 2ty el ) heo) 2tef
V) = ———,  g(x) := cosx, =
ever —1 evel —1

Note that A is monotone (hence it is pseudomonotone) and L-Lipschitz continuous with L = 2
(see [13] for more details) and x*(t) = {0} is the solution of the (VIP).

The parameters of all algorithms are maintained the same as in Example 4.1. We utilize D,, :=
|26, (£) — x*(¢)|| to calculate the iteration error of the nth step and set the maximum number of iter-
ations for all algorithms to 50. The numerical behaviours of all algorithms with four starting points
X0 (t) = x1(t) are reported in Table 2.

From Examples 4.1 and 4.2, we have the following observations.

(1) It can be seen from Figures 1 and 2 that the suggested methods have different impacts with
different parameters p,, and gq,. Note that when m = 50, 100, the proposed algorithms on gq,, # 1
has a higher accuracy than g, = 1 when the values of p, are the same. In addition, the proposed
algorithms on p, # 0 has a better performance than p, = 0 when the values of g,, are the same.
Thus, the iteration step sizes of the proposed algorithms are useful and efficient.
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Table 2. Numerical results for all algorithms at different initial values in Example 4.2.

x =56 X1 = 4sin(2t) x1 = 8log(t) x1 = 3exp(t)

Algorithms Dy CPU Dy CPU Dy CPU Dy CPU

OurAlg. 3.1 8.44E-21 28.0391 8.80E—21 28.6204 1.83E-21 29.3688 3.27E-17 33.3884
Our Alg. 3.2 3.95E-21 26.4142 5.39E—-22 27.1204 6.45E—18 27.3436 2.94E—13 34.7676
TG Alg. 3.1 7.47E—06 35.4475 1.02E—05 35.3399 2.68E—05 37.8135 1.50E—05 44.1810
GTTAlg. 3.1 6.70E—06 34.3776 8.30E—-06 34.3631 2.05E—05 36.7857 1.25E—-05 43.5128

(2) From Tables 1 and 2, we can obtain that our two algorithms have a better accuracy and less execu-
tion time than the algorithms presented in the literature [10,32]. These findings are independent
of the size of the dimension and the choice of starting values. On the other hand, it is worth not-
ing that the algorithms presented in [10,32] use an Armijo-type step size, which may lead them
to require more execution time than our suggested adaptive algorithms.

5. Applications to optimal control problems

In this section, we use the proposed algorithms to solve the optimal control problem (see [20,29,41]
for a description of this problem). Next, we run two tests in optimal control problems to illustrate the
performance of our algorithms and compare them with the ones in [10,32]. The parameters of the
algorithms are set as follows.

e Taking Ao = 0.5, 0 =04, y = 1.5, 0, = 107*/(n+ 1), p, = 1071 /(n+ D', g, = (n+ 1) /n,
¢ =0.0land &, = 10~*/(n + 1)? for our Algorithms 3.1 and 3.2.

e Choosing A=1, [=0.5 u=04, y =15, a, = 107*/(n+1) and B, =0.5(1 — ) for
TG Alg. 3.1 and GTT Alg. 3.1.

Example 5.1 (See [19]): Consider the following problem:

minimize x,(37)

subjectto  x1(t) = x2(%),
xX(t) = —x1(t) +u(t), Vtel0,3r],
x(0) =0,
u(t) e [—-1,1].

The exact optimal control of Example 5.1 is known:

1, ift € [0,t/2) U (3m/2,5m/2);

ut(t) = .
—1, ifte (x/2,37/2) U (57/2,3n].

The initial controls u(t) = u;(t) are randomly generated in [—1,1] and the stopping crite-
rion is either D, := ||tp41 — ty|| < 107 or the maximum number of iterations is reached 1000.
Figure 3 gives the approximate optimal control and the corresponding trajectories of the proposed
Algorithm 3.1.

We now consider an example in which the terminal function is not linear.
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Figure 3. Numerical results of the proposed Algorithm 3.1 for Example 5.1. (a) Initial and optimal controls and (b) Optimal
trajectories.

u(t)

Figure 4. Numerical results of the proposed Algorithm 3.2 for Example 5.2. (a) Initial and optimal controls and (b) Optimal
trajectories.

Example 5.2 (See [2]): Consider the following problem:

minimize — x;(2) 4+ (x (2))2 ,
subjectto X1 (t) = x2(¢),
X () =u(t), Vtelo,2],
x1(0) =0, x2(0)=0,
u(t) € [—1,1].

The exact optimal control of Example 5.2 is known:

1, ifte[0,1.2);

*
t) =
) -1, ifte (1.2,2].

The approximate optimal control and the corresponding trajectories of the proposed Algorithm 3.2
are shown in Figure 4.

The results of our methods as well as the compared algorithms in Examples 5.1 and 5.2 are given
in Table 3, where ‘Tter.” represent the number of iterations.
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Table 3. Numerical results for all algorithms in Examples 5.1 and 5.2.

Example 5.1 Example 5.2
Algorithms Iter. CPU Dy, Iter. CPU Dy,
OurAlg. 3.1 100 0.0468 9.9010E—05 175 0.0680 6.4170E—05
Our Alg. 3.2 111 0.0507 9.9305E—05 273 0.0823 8.7029E—05
TG Alg. 3.1 202 0.1245 9.9507E—05 417 0.1623 9.9175E—05
GTTAlg. 3.1 224 0.0856 9.9756E—05 1000 0.6143 2.4875E—-04

From Figures 3, 4 and Table 3, it is clear that whether the terminal function is linear or nonlinear,
the suggested techniques for solving optimal control problems can still produce satisfactory results.
Additionally, compared to the algorithms described in the literature [10,32], they take fewer iterations
and less time.

6. Conclusions

In this paper, two iterative approaches with a novel adaptive step size rule are suggested for locating
the minimum-norm solution of a pseudomonotone variational inequality problem in a real Hilbert
space. Without previous knowledge of the operator’s Lipschitz constant, the strong convergence of the
sequences produced by these methods has been demonstrated. To confirm the effectiveness and ben-
efits of the suggested algorithms and to compare them with some related approaches in the literature,
several numerical experiments have been carried out. Additionally, the optimum control problem has
been investigated as an application of our main results.
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