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INERTIAL SHRINKING PROJECTION ALGORITHMS FOR
SOLVING HIERARCHICAL VARIATIONAL INEQUALITY
PROBLEMS

BING TAN, SHANSHAN XU, AND SONGXIAO LI*

ABSTRACT. In this paper, we propose two inertial shrinking algorithms to ap-
proximate a solution of hierarchical variational inequality problems with nonex-
pansive mappings in Hilbert spaces. We prove strong convergence theorems under
some mild conditions. Finally, we present some numerical examples to compare
our algorithms with some existing algorithms, which illustrate the advantage of
our proposed algorithms.

1. INTRODUCTION

Let C' be a nonempty convex and closed subset in a real Hilbert space H. A
mapping 7' : ¢ — C is said to be nonexpansive if [Tz — Ty|| < |z — y| for
all z,y € C. The set of fixed points of a mapping T' : C' — C is defined by
Fix(T) := {x € C : Tx = z}. Moudafi and Mainge [20] introduced the following
hierarchical fixed point problem (in short, HFPP) for a nonexpansive mapping T
with respect to a nonexpansive mapping .S on C, namely,

(1.1) find z* € Fix(T')  such that (z* — Sa2™*,2" —z) <0, Vz e Fix(T).
It is easy to check that solving HFPP (1.1) is equivalent to the fixed point problem:
(1.2) find 2" € € such that 2" = Ppiy(r) 0 Sz7,

where Ppiy(1y stands for the metric projection of H onto Fix(7). The solution set
of HFPP (1.1) is represented as ¥ := {x* eC:z*= (PFiX(T) o S) :U*} We easily
prove that HFPP (1.1) is equivalent to the variational inequality problem:

(1.3) find " € ¢ such that 0 € (I — S)2" + Npig(r) ("),

where [ is the identity mapping on C' and Npiyr) is the normal cone to Fix(7)
defined by

N _J{ueH:(y—=,u) <0, VyeFix(T)}, if z € Fix(T),
Fix(T) = 9, otherwise.

It is worth mentioning that when S = I, the solution set of HFPP (1.1) is nothing
but Fix(7T"). We note that HFPP (1.1) covers monotone variational inequalities and
convex programming problems and acts as a useful framework for applied sciences,
etc, see, for instance [1,2,14,19,23,26]. By setting S = I — vA, where A is -
Lipschitzian and k-strongly monotone with v € (O, 2k/772], then HFPP (1.1) is

2010 Mathematics Subject Classification. 47J20, 47TH10, 90C52.

Key words and phrases. Hierarchical variational inequality problem, shrinking projection, iner-
tial Mann algorithm, nonexpansive mapping, strong convergence.

*Corresponding author.



872 B. TAN, S. XU, AND S. LI

reduced to a so-called hierarchical variational inequality problem: find z* € Fix(T)
such that (A (z*),z —x*) > 0, Va € Fix(T). We note that HFPP (1.1) has the
iteration algorithm w11 = Pyix(7) (S7n) based upon relation (1.2). It will converge
if a fixed point of the operator Pgi 1) o S exists, and if S is averaged, not just
nonexpansive. But calculating Ppiy(7) 0 S in this case is usually not easy. It would
be nice if we could devise an algorithm that uses T' itself, rather than Py 7)o S.
For this purpose, Moudafi [19] introduced the following Mann iteration algorithm
for solving HFPP (1.1):

(1.4) Tnt1 = (L= vp) Xy + v ASxp + (1= N\p) Ty), Vn >0,

where {v,} and {\,} are two sequences in (0,1). It should be noted that {z,}
generated by (1.4) converges weakly to a solution of problem HFPP (1.1). It is
worth mentioning that some algorithms in signal processing and image reconstruc-
tion may be written as the Mann iteration. The main feature of its corresponding
convergence theorems provides a unified frame for analysing various specific algo-
rithms. In practical applications, many problems, such as, quantum physics and
image reconstruction, are in infinite dimensional spaces. To investigate these prob-
lems, norm convergence is usually preferable to the weak convergence. In 2008,
Takahashi, Takeuchi and Kubota [27] established strong convergence of the Mann
iteration with the aid of projections.

Yn = Uny + (1 —vp) Tz,
(1.5) Crni1={u € Cp : |lyn — ul| < |lzn — ull},
Tni1 = P, 00, Vn € N.

They proved that the sequence {z,,} generated by (1.5) converges strongly to a fixed
point of a nonexpansive mapping 7T'. This method is now referred as the shrinking
projection method. In recent years, many authors studied these projection-based
methods in various spaces; see, e.g., [8,9,22,24,28|.

In general, the convergence rate of Mann algorithm is slow. Fast convergence
of algorithm is required in many practical applications. In particular, an inertial
type extrapolation was first proposed by Polyak [21] as an acceleration process.
In recent years, some authors have constructed different fast iterative algorithms
by inertial extrapolation techniques, such as, inertial Mann algorithms [16], inertial
forward-backward splitting algorithms [15], and fast iterative shrinkage-thresholding
algorithm (FISTA) [5].

In 2008, Mainge [16] introduced the following inertial Mann algorithm by unifying
the Mann algorithm and the inertial extrapolation:

{ Wn, :$n+5n (wn _wn—l)a

1.6
(16) Tng1 = (1 = Ap) wy + AT (wy) ,n > 1.

Note that the iterative sequence {x,} generated by (1.6) converges weakly to a fixed
point of T under some assumptions.

Recently, based on the projection method and the hybrid method, Malitsky and
Semenov [17] introduced a new hybrid method without extrapolation step for solving
variational inequality problems, and proved a strong convergence theorem. Their
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numerical experiments show that this method has a competitive performance. For
related works, see [6,11,12,25,30].

Inspired and motivated by the above works. In this paper, by combining iterative
methods (1.4), (1.5) and (1.6), we introduce two new inertial shrinking projection al-
gorithms for solving HFPP (1.1). Two strong convergence theorems are established
in the framework of real Hilbert spaces. We also give three numerical examples
to illustrate the computational performance of our proposed algorithms over some
previously known algorithms in [11,29].

2. PRELIMINARIES

Throughout this paper, we denote the weak and strong convergence of a sequence
{z,,} to a point x € H by z,, = x and z,, — x, respectively. Let wy,(x,) denote the
set of all weak limits of {z,,}. For any x € H, there exists a unique nearest point in
C, denoted by Pox such that ||z — Pox|| < ||z —y||, Yy € C, where P is called the
metric projection of H onto C'. Moreover, Pox is characterized by the properties
Pox € C and (Pox — z, Pox —y) < 0, Vy € C. This characterization implies the
following inequality

(2.1) ly — Pox||* + ||z — Pox||* < ||z — y||*, Va € H, andy € C.

Lemma 2.1 ([13]). Let C' be a nonempty closed convexr subset of a real Hilbert
space H. Given x,y,z € H anda € R, {u € C : ||y — ul]* < ||z — u||* + (z,u) + a}
is convex and closed.

Lemma 2.2 ([4]). Let C be a nonempty closed convex subset of a real Hilbert space
H, and T : C — H be a nonexpansive mapping. Let {x,} be a sequence in C and
x € H such that x,, = x and Txy, — 2, — 0 as n — +oo. Then x € Fix(T).

Lemma 2.3 ([12]). Let {a,} and {&,} be nonnegative real sequences, assume that
v e [0,1),¢ € RT and for alln € N the following inequality holds: an+1 < va,+C&p,
Vn > 1. If Y72 & < +oo, then lim, o ap = 0.

Lemma 2.4 ([18]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {x,} C H, w € H and q = Pou. If wy (x,) C C and ||z, — ul] < |Ju — gl
Vn € N, then {z,} converges strongly to q.

3. THE INERTIAL SHRINKING PROJECTION ALGORITHM

Theorem 3.1. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
S, T : C — C be two nonexpansive mappings. Assume that Q = V(" Fix(S) # 0.
Let

{571} C [(51,52] ,01 € (—O0,0],(SQ € [0, OO)7

(3.1) {vp} € v, 1),v € (0,1), {\} € [M1,X2] C (0,1).
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Set x_1,x9 € C arbitrarily. Define a sequence {x,} by the following:
Wy, = Ty + Op (xn - mn—l) )
Yn = (1 = vn) Wy + vy (ANpSwp, + (1 = N\y) Twy,) ,
Cur = {u € Cu: llyn = ull” < flwn — ul*}.

Tnt+1 = PCn+1x07 n Z 0.

(3.2)

Then the sequence {xy} defined by (3.2) converge strongly to =* = Poxy.

Proof. Obviously, ¥ is closed and convex, since ¥ = Fix (PpiX(T) OS) # 0 and
Fix(S) is also closed and convex. Therefore, €2 is closed and convex and hence Pozg
is well defined.

Step 1. We show that Q2 C (41 for all n. From Lemma 2.1 we know that C,41 is
closed and convex. For all z € €2 we have

lym = 21 < (1 = v wn = 21 + v (An IS0 = 2]
(3.3) (1= ) [ Twn = 21 = Ay (1= An) [ Swn = T |?)

<wn = 2|I* = vpAn (1 = Ap) [|Swn — Twy? .

So z € Cp41 for each n > 0 and hence Q C Cp41 C Cy, Vn > 0.

Step 2. We show that {z,} converges weakly to z* € Fix(T). From z,, = Pg, zy,
this together with the fact that Q C C,, implies ||z, — zo|| < ||z — x|, V2 € Q. In
particular, {z,} is bounded and

(3.4) |z — zol| < ||lx* —=zo||, where z* = Poxo.

The fact 41 € Cpy1 C Cp, we have ||z, — zo|| < ||zp+1 — xol|, this implies that
limy, o0 ||Zn — @o|| exists. Using (2.1), we have

(3.5) [2n — xn+1||2 < lzns — x0H2 — [lzn — 370”27 Vn > 0.

Therefore, combining (3.4) and (3.5) we have

N N

> lenss = @al® < 3 (lenss = 2oll” = llow = ol) < Jla* = w0l = llz - wol*,
n=1 n=1

which implies that > > [|2n41 — 2 ||? is convergent and hence
(3.6) lim ||zp41 — zn| = 0.
n—oo
Next, by the definition of w,, in (3.2) and 6; < 0, < d2, Vn, we have
[wn = x|l = bn [0 — znall < max{|61],[02]} [[2n — zn-all = O.

Therefore, ||w, — Zni1|| < ||wn — 2nl| + ||2n — Zpg1|| = 0. Since z, 41 = Po,,, 20 €
Chy1, by the definiton of Cyy1, it follows that ||y, — Zpg1 || < ||wn — Tng1||* = 0.
Furthermore, we have ||y, — 2n|| < ||yn — Znt1ll + [|Tny1 — znl| — 0. Again, since

(3.7) [wn = ynll < lwn = znll + l2n — ynl = 0,
from (3.1), (3.3) and (3.7), we have
VnAn (1= An) [[Swn — Twn||2 < lwn — ZH2 — llyn — Z”Q < K [lwn = ynll,



INERTTIAL SHRINKING PROJECTION ALGORITHMS 875

where K := sup,>o {||lwn — 2| + [[yn — 2[|}. From (3.7), we get
(3.8) lim || Sw, — Twy,|| = 0.
n—o0
Further, from (3.2), (3.7) and (3.8), we have
1
(3.9) | Twr, — wy| < o |y — wn|| + A |Swy, — Twy, || — 0.
n

Therefore, [|[Swy, —wy,|| < ||Swy, — Twy,|| + || Twy, — wy|| — 0. Since

(3.10) [Ty — x| < T2 — Twpl| + | Twn — wn || + [[wp — zn |
' <2 ||lwy — 2| + | Twn — wyl| = 0.

Thus, it follows from (3.10) and Lemma 2.2 that every weak limit point of {z,} is

a fixed point of the mapping T, i.e., wy, (z,,) C Fix(T'). Therefore, {z,} converges

weakly to z* € Fix(T). Further, {w,} converges weakly to z* € Fix(.5).

Step 3. We show that z* € U. From (3.2), we have y, — w,, = vy (A (Swy, — wy,) +

(1 = Ap) (Twy, — wpt)), Therefore,

Vn&n (wn = yn) = (I = S)wn + (1 ;:”> (I = T)w,.

For all u € Fix(T') and using monotonicity of I — S, we have

<wn—yn,wn - u> =(I = S)wyp — (I = S)u, wy — u)

Vn>\n

+{((I — S)u,w, — u)

11—\,
(3.11) +— (wy, — Twy,, wy, — u)
>((I — S)u,w, —u)
1—-X\,
+ 5 (wp, — Twp, wy, — u) .

Using (3.1), (3.7) and (3.9) in (3.11), we have
li_im (u— Su,wy, —u) <0, VueFix(T).

By the fact that {w,} weakly converges to z*, we have ((I — S)u,z* —u) < 0,
Vu € Fix(T). Since Fix(T) is convex, Au + (1 — A\)z* € Fix(T) for A € (0,1),

(I=S)Au+ 1 =Nz, 2" — (Au+ (1= N)z"))
=M = S)Au+ (1 =XN)z"), 2" — u),
which implies (I — S)(Au + (1 — N)z*),2* —u) < 0, Vu € Fix(T). Taking limits
A — 04, we have (I —S)z*, 2* —u) <0, Vu € Fix(T), that is, x* € ¥. Thus z* € Q.
Step 4. We show that x,, — z*, where x* = Pqozy. Combining wy, (z,) C 2, (3.4)
and Lemma 2.4, we get that {z,,} converge strongly to x* € Q, where z* = Poxg. O

Remark 3.2. (i) The term (x,, — z,,—1) in (3.2) introduces an inertial step that
produces acceleration with proper choice of §,. It should be noted that in
(3.2) that the term 9, is a generalized term that was defined by the expression

1. _ 14++4/1+412
22 in [3,7] and ttzﬂl o) ).

(where t; = 1,tp41 =
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(ii) The conditions (3.1) on {0,}, {vn} and {A\,} in the inertial shrinking pro-
jection algorithm (3.2) are obviously relaxed. Theorem 3.1 does not need the

conditions > 7 Ap, < 400 and limy, 00 W;Li)\y"” = 0 in [19]. In fact, these two

conditions are very strong, which prohibits the implementation of the related
algorithms.

4. THE INERTIAL SHRINKING PROJECTION ALGORITHM WITHOUT
EXTRAPOLATING STEP

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let
S, T : C — C be two nonexpansive mappings. Assume that Q = ¥ Fix(S) # 0.
Let

{571} C [(51,52] ,01 € (—00,0]7(52 S [0,00), {)\n} S [)\1,/\2] C (0, 1)

(4.1) 1 o
{vn} € (0,v],v € (0, T5o)° € (0, 1),n11_>rr0101nf1/n > 0.

Set x_1,x0,y0 € C arbitrarily. Define two sequences {x,} and {yn} by the following:
Wy, = Tp, + Op (xn - xnfl) 5
Yn+1 = (1 = vn) Wy + vn (A Syn + (1 = An) Tyn)

Crtt = {u € Cu: g = ul* < (1= va) llwn — ull® + vallyn — ul?},
Tny1 = Po, . x0, n >0,

(4.2)

Then the sequences {x,} and {y,} defined by (4.2) converge strongly to x* € €,
where z* = Pqxg.

Proof. As the same in Theorem 3.1, we have Pqoxg is well defined. From Lemma
2.1 we can easily observe that C),1 is closed and convex. For all z € Q2 we have

o1 = 207 < (1= vn) flwn = 2IP
v (An 1Sy = 21 + (1= Aa) [Ty — 2
A (1= ) 1Sy — Tyl
< (1= ) lwn = 21> + vy — 211

which implies that u € Cj 41 and hence 2 C C,41 for all n > 0. Using the same
arguments in Theorem 3.1, we can get that the sequence {x,} is bounded. Further,
we can prove that

oo
2 .
(4.4) Z |Tnt1 — znl|” < 400, and nh_)n(r)lo |Xnt1 — xn|| = 0.

n=1

and

(4.5) nh_{rolo |lwn, — x| =0, and nh_}nolo llwn — Tpy1|| = 0.
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On the other hand, by the definition of w, in (4.2), we have
lwn = a1 | < llzn = @nst | + 83 len — 2
(4.6) + 0 [l = 2asa | + llon = 2
< (14 80) e — s>+ 60 (14 60) a0
From (4.6), the fact that z,+1 € Cp4+1 and (4.1), we obtain
st = a1 l® < (1= v) [(1+80) llom = @l + 6 (14 00) @ = 20|’

v [lyn = 2all? + ln = Tl + 2 @ = @020 = @0t1)|

1+ 202
(@) <" o = 2l + (B2t 5T = P
+ 62(1 + 52) H-Tn - -Tnle2 < SD* ||yn - anQ +&ns

where " = v (140) < Land &, = (341222 2, — g |4 82(L482) [0 — na
Since S°°° | [|znt1 — 2al|> < 400, we have S°° &, < co. Therefore, applying
Lemma 2.3 in (4.7), we have

(4.8) lim ||y, — zn] = 0.

n—oo

From (4.4) and (4.8), we obtain

(4.9) [Ynt1 = Znll < Yns1 — Tngall + l2ns1 — znll = 0.
Combining (4.5) and (4.8), we have
(4.10) 1yn = wnll < llyn — znll + [l2n — wn | — 0.
It follows from (4.5) and (4.9), we obtain
(4.11) 1 — )l < s — @nll + 2 — wal] = 0.
It follows from (4.10) and (4.11) that
(4.12) Tim [t = i1 — v (s = )| = 0.
From (4.3), we have
vadn (1= M) 1S90 = Tyl < llwn = 2II* = [gns1 — =1
+ v (Iln = 21> = Jhwa = 2I)
SLlwn = yniall + M [[yn — wall,
where L := sup,>q {[|wn = 2[| + [yn1 — 2[I}, M = suppso {[[wn — 2] + llyn — 21}

Using (4.1), (4.10) and (4.11), we have

(4.13) lim || Sy, — Tyn| = 0.
n—oo
Further, from (4.2), we have

Un || TYn — ynH < yng1 — wn” + Un [[wn = ynll + vn A, ”Tyn — Synll,
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which implies

1
(4.14) 1TYn = ynll < = lyn+1 = wall + lwn = yull + An [ Tyn = Synl -

n
Hence, it follows from (4.1), (4.10), (4.11) and (4.13) that lim,— e [|TYn — ynl| = 0.
From (4.13), we have lim,, o0 [|Syn — yn|| = 0. The rest of the proof is similar to
the proof of Theorem 3.1. O

Remark 4.2. It should be noted that Algorithm (4.2) is different from Algorithm
(3.2). Note that the conditions (4.1) of our Algorithm (4.2) are different from Dong
et al. Algorithm (5.3).

5. NUMERICAL EXPERIMENTS

In this section, we do several computational experiments in support of the con-
vergence of our proposed algorithms and compare with some existing algorithms in
literatures. All the programs are performed in MATLAB2018a on a PC Desktop

Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz 1.800 GHz, RAM 8.00 GB. First, we
introduce three algorithms, which solve our proposed problems.
In [29], Yao, Cho and Liou obtained the following theorem.

Theorem 5.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let f : C — H be a p-contraction with p € [0,1), namely, ||fx — fy|| < pllz — y||
for all z,y € C. Let S,T : C — C be two nonexpansive mappings with F(T) # 0.
Suppose that the following conditions are satisfied:

(C1) limy oo v =0 and Y o7 | vy = 00;

(C2) limp o0 &2 = 0;

(C3) limp 00 7|V"_Vl;"‘1‘ =0 and limy, 7|<"_Ci"_1| =0 or

(C4) Y02 |vn — vn—1| < o0 and > 07 |G — Gu1]| < 0.
Set x_1,x9 € C arbitrarily. Define a sequence {x,} by the following:
{ Yn = CnSTn + (1 — Gn) Tn,

(5-1) Tnt1 = Povnf (zn) + (1 —vp) Tyn), Vn > 1.

Then the sequence {x,} defined by (5.1) converges strongly to a point x* € F(T).
Recently, Dong et al [11] obtained the following theorems.

Theorem 5.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let
S, T : C — C be two nonexpansive mappings. Assume that Q = W\ Fix(S) # 0. Let
{571} C [(51,52] ,01 € (—O0,0],52 S [0,00),{Z/n} € [I/, 1),V S (0, 1)7{>\n} S [)\1,)\2] C
(0,1). Set x_1,x9 € C arbitrarily. Define a sequence {x,} by the following:

Wy = Ty + 5n (xn - xn—l) 5

Yn = (L — vp) wp + vp (ApSw, + (1 — Ap) Twy,) ,

(5.2) Cn={ueC: lyn—ul® < llwn —ul*},
Qn={ueC:(x,—uz9—x,) >0},

Tn+1 = Po,n@.ro, n > 0.
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Then the sequence {x,} defined by (5.2) converge strongly to x* € §, where z* =
PQJI().

Theorem 5.3. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
S, T : C — C be two nonexpansive mappings. Assume that Q = U (Fix(S) # (). Let
{6n} C [01,02],01 € (—00,0],d2 € [0,00),v, C (0,v),v € (0, %],{)\n} € [M, N C
(0,1). Set x_1,x0,yo € C arbitrarily. Define two sequences {x,} and {yn} by the
following:

Wp = Tp + 5n (xn - xn—l) 5
Yn+1 = (1 - Vn) Wy, + Vp ()\nsyn + (1 - >\n) Tyn) 5
(5.3) Co={u €t Jynsr — ull® < (1= v) fwn = ull” + villyn — ul}

Qn={ueC:(x,—uz9—x,) >0},

 Tnt1 = Pe,n@,ro, n>0.

Then the sequences {x,} and {y,} defined by (5.3) converge strongly to x* € €,
where x* = Pqxy.

Let C C H be a nonempty closed convex set of a real Hilbert space H. We
consider the variational inequality problem:

(5.4) find z* € C such that (A(z"),z—2%) >0, VzeC.

where A : H — H is a mapping. Denote by VI(C, A) the solution of the variational
inequality problem (5.4). Define T': H — H by T := Po and S : H — H by
S :=1—~A, where 0 < v < 2/L (L is the Lipschitz constant of the mapping A).
From (1.1)-(1.3) we get Fix (Pco(I —~vA)) = VI(C, A). Therefore, the variational
inequality problem (5.4) is a special case of the hierarchical fixed point problem
HFPP (1.1).

Example 5.4. Taking A : R?> — R? as follows:
A(z,y) = (22 + 2y + sin(z), —2z + 2y +sin(y)), Vz,y € R.

Let C = {x € R?| — 10e < z < 10e}, where e = (1,1)". It is not hard to check that

A is Lipschitz continuous with constant L = 1/26 and 1-strongly monotone [10].
Therefore the variational inequality (5.4) has a unique solution z* = (0,0)".

Our parameter settings are as follows. In Algorithm (5.1), set ¢, = (n+1)72,
Vn = (n+1)7", f(z) = 0.5z and v = 0.9/L. In Algorithm (3.2), Algorithm
(4.2), Algorithm (5.2) and Algorithm (5.3), set 6, = 0.4, A\, = 0.9, v, = 0.4
and v = 0.9/L. Let x_1 = xg, yo be randomly generated by the MATLAB function
kxrand(m,l) (where, Case I: k = 1, Case II: k = —1, Case III: k£ = 10, Case IV:
k = —10). Denote by E,, = ||z, — *||, the error of the iterative algorithms. Maxi-
mum iteration 5000 or E, < 1073 as a common stopping criterion. Our numerical
results are shown in Table 1 and Figure 1.

Further, we performed a parameter analysis on the proposed Algorithm (3.2).
Figure 2(a) shows the effect of inertial parameter on the convergence rate when
An = 0.9, 1, = 0.4, and Figure 2(b) shows the effect of choosing different \,, and v,

when 6, = i”;l
n
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TABLE 1. Compare the number of iterations for Example 5.4

Cases Alg. (3.2) Alg. (4.2) Alg. (5.2) Alg. (5.3) Alg. (5.1)
I 98 127 668 1725 > 5000
II 82 139 930 1520 > 5000
111 144 192 4005 > 5000 > 5000
v 120 197 2992 > 5000 > 5000

g ‘—O—Yac el;l. Alg. (5.1) o ‘—O—Yao ez;\.Alg,(5.1)

~—— Dong et al. Alg. (5.2) ~—+#— Dong et al. Alg. (5.2)
—&— Dong et al. Alg. (5.3) —&— Dong et al. Alg. (5.3)
—6— Our Alg. (3.2) —6—Our Alg. (3.2)
—%— Our Alg. (4.2) —— Our Alg. (4.2)
E 107
.!,
® i ‘ ‘ ‘ ‘ I 3 ‘ ‘ ‘ |
(a) Case I (b) Case IT
- ‘—Q—Yaoe(‘al.A\g.(SU o't ‘—Q—Yaaet‘a\.Alg.(SJ)

~—— Dong et al. Alg. (5.2)

—&— Dong et al. Alg. (5.3)| |
—&— Our Alg. (32)
—— Our Alg. (4.2)

—— Dong et al. Alg. (5.2)
4 —&— Dong et al. Alg. (5.3)

1078 —&— Our Alg. (3.2)
9 —— Our Alg. (4.2)

1000 2000 3000 4000 5000
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FIGURE 1. Convergence behavior of {E,} for Example 5.4

Example 5.5. Consider the linear operator A(x) = Mx + g, where ¢ € R™ and
M = NNT +U + D, where N is a m x m matrix, U is a m x m skew-symmetric
matrix, and D is a m x m diagonal matrix with its diagonal entries being non-
negative (hence M is positive symmetric definite). The feasible set C' is given by
C={xeR": -5<uz;<b5,i=1,...,m}. It is clear that A is monotone and Lip-
schitz continuous with constant L = ||M]|. In this experiment, all entries of N,U
are generated randomly and uniformly in [—5,5] and D is generated randomly in
[1,5]. Let ¢ = 0, then, the solution set is z* = {0}. Setting m = 2, our other pa-
rameters and stopping criterion are the same as in Example 5.4. Numerical results

are reported in Table 2 and Figure 3.
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FIGURE 2. Parameter analysis for Example 5.4

TABLE 2. Compare the number of iterations for Example 5.5

250

Cases Alg. (3.2) Alg. (4.2) Alg. (5.2) Alg. (5.3) Alg. (5.1)
I 83 125 440 978 > 5000
II 67 108 346 1073 > 5000
II1 147 162 2890 > 5000 > 5000
v 145 194 2025 3354 > 5000
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F1GURE 3. Convergence behavior of {E,,} for Example 5.5
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Example 5.6. Let us consider the following nonlinear optimization problem via

min F(x) = 1+ 2% — e

(5:5) s.t. —bHe <z < be,

where z = (z1,22)" € R2, e = (1,1)T. Observe that VF(z) = (2:1,‘1,23326_:6%)T
and the optimal solution for F(z) is * = (0,0)". Taking A(x) = VF(z), it is easy
to check that A(x) is monotone and Lipschizt continuous with constant L = 2 on
the closed and convex subset C = {:c ER?: —be<z< 56}. Our parameters and
stopping criterion are the same as in Example 5.4. Numerical results are reported
in Table 3 and Figure 4.

TABLE 3. Compare the number of iterations for Example 5.6

Cases Alg. (3.2) Alg. (4.2) Alg. (5.2) Alg. (5.3) Alg. (5.1)

I 80 92 753 3284 > 5000

11 74 86 433 1098 > 5000

111 85 131 1479 > 5000 > 5000

v 167 265 2998 > 5000 > 5000
° —&— Yaoetal. Alg. (5.1) ° 3 —&— Yaoetal. Alg. (5.1)

~—%— Dong et al. Alg. (5.2) ~— Dong et al. Alg. (5.2)
~—&— Dong et al. Alg. (5.3) ~—&—Dong et al. Alg. (5.3)

—6—OurAlg. (3.2) —&—Our Alg. (3.2)
—— Our Alg. (4.2) —— Our Alg. (4.2)

o 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(a) Case I (b) Case II
10 10
—0— Yaoetal. Alg. (5.1) —&— Yao etal. Alg. (5.1)
3 Dong et al. Alg. (5.2) % - Dong et al. Alg. (5.2)
—&— Dong et al. Alg. (5.3) —&— Dong et al. Alg. (5.3)
—6— Our Alg. (3.2) k) —6—Our Alg. (3.2)

—— Our Alg. (4.2) 10° ;,"i‘ —— Our Alg. (4.2)
i)

-3 Y
10 = -
1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

(c) Case III (d) Case IV

FIGURE 4. Convergence behavior of {E,} for Example 5.6

Remark 5.7. Example 5.4-Example 5.6 show that our proposed Algorithm (3.2)
and Algorithm (4.2) have better convergence behaviors than Algorithm (5.1), Al-
gorithm (5.2) and Algorithm (5.3). In addition, Algorithm (3.2) and Algorithm



INERTTIAL SHRINKING PROJECTION ALGORITHMS 883

(4.2) has the dual advantages of small oscillation and fast convergence. Figure 2

th—1

shows that the Algorithm (3.2) has a faster convergence rate when ¢, = and
An = 0.9,v, = 0.6.
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