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ALTERNATED INERTIAL SUBGRADIENT EXTRAGRADIENT
METHODS FOR SOLVING VARIATIONAL INEQUALITIES

ZHENG ZHOU, BING TAN, AND SUN YOUNG CHO

ABSTRACT. The goal of this paper is to study some iterative algorithms for
solving a pseudomonotone variational inequality in Hilbert spaces. The iterative
algorithms presented in this paper are based on the alternated inertial method
and the subgradient extragradient method. Weak convergence of the algorithms
is established by the adaptive stepsize criterion in Hilbert spaces.

1. INTRODUCTION

Let ‘H be a Hilbert space with inner product (-, -) and induced norm ||-||, and let C
be a nonempty, closed, and convex subset of . The variational inequality (for short,
VI) is to find a point 2* € C such that (Az*, x—x*) > 0,Vx € C, where A: H — H is
a given mapping. For simplicity, let VI(C, A) denote the solution set of VI from now
on. It is known that many researches, such as constrained minimization problems,
equilibrium problems, and complementarity problems, are regarded as a special form
of the VI, and many solution methods have been introduced to study the solutions of
the VI recently; see, e.g., [2,7-9,20,31] and the references therein. The most well-
known extragradient method was proposed by Korpelevich [13] and Antipin [1].
Unfortunately, this method is limited from the viewpoint of computation. Thus,
Censor et al. [6] designed a subgradient extragradient method (for short, SEG). For
any a starting point x1 € H, the sequence {z,} generated by the SEG is constructed
by

Yn = Po(z, — NAxy,),
T, = {U ceH | <5L'n — MMz, _ymu_yn> < 0}7

Tn+l = PTn (xn - >\Ayn)>
where mapping A is monotone and L-Lipschitz continuous and Pg is a metric pro-
jection from H onto C. If A € (0, 1), then {z,} and {y,} converge weakly to a
point in VI(C, A) according to Censor et al. [6]. In addition to these improvements,
the condition of the employed mapping A in the VI has been weakened from strong
monotonicity to monotonicity, or even pseudo-monotonicity. From the above re-
search, many interesting results have been established; see, e.g., [4,5, 14,24, 27-29]
and the references therein. In the large-scale data calculations, the improvement
of the convergence rate of the iterative algorithms is also a particularly impor-
tant work. For this reason, based on the heavy ball with friction dynamical sys-
tem, Alvarez and Attouch [3] proposed an inertial proximal point algorithm (for
short, IPPA) to solve the inclusion problem with maximal monotone mappings. By
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virtue of this feature, many inertial algorithms were introduced in recent years;
see, e.g., [19,25,26, 32] for more details. Recently, Mu and Peng [17] pointed out
that the sequence generated by IPPA loses the Fejér monotonicity of the sequence
generated by the proximal point algorithm, and even fluctuates around the exact
solution of the related problem. To overcome this shortcoming, they immediately
proposed an alternated inertial proximal point algorithm and got the convergence
of this algorithm in R™. Some recent results on alternated inertial can be found
in [10,21,22].

Inspiration by Censor et al. [6] and Mu and Peng [17], we construct several new
alternated inertial algorithms to find solutions of a pseudomonotone variational
inequality and prove their convergence under the condition of the adaptive stepsize
criterion.

2. PRELIMINARIES

Some basic definitions and related lemmas are listed below. Let H be a Hilbert
space and C' be a nonempty, closed and convex subset of H. The symbol z,, — =
represents weak convergence of {z,} to z. The metric projection of H onto C is
expressed as Pc, i.e., Po(x) := argmin,co ||z —y|, Vo € H. In addition, Pc satisfies
the following property: (Pcx—x, Pox—y) < 0,Vy € C & ||ly—Poz||*+||z— Pox|* <
|z — y||?. Meanwhile, for any z,y € H and o € R, the following statement holds:

(2.1) loz+ (1 = o)yll* = oflz|® + (1 = o)l|y]* = o(1 = o) = — yI*.

Definition 2.1. For any x,y € #H, a mapping A : H — H is said to be (1) monotone
if (Az — Ay, x —y) > 0; (2) pseudomonotone if (Ay,z —y) >0 = (Az,z—y) > 0;
(3) L-Lipschitz continuous if there exists L > 0 such taht || Az — Ay|| < L||z — y||.

Lemma 2.2 ([16]). Let C' be a nonempty, closed and convex subset of a Hilbert
space H and A : C — H be a pseudomonotone and continuous mapping. Then,

x* e VI(C,A) if and only if (Az,z —z*) >0, Vo € C.

Lemma 2.3 ([18]). Let C' be a nonempty subset of H and {x,} be a sequence in H
such that the following conditions hold: (i) for every x € C, lim,,_, ||x, — || exists;
(ii) every sequentially weak cluster point of {xn} is in C. Then {x,} converges
weakly to a point in C.

Lemma 2.4 ([11]). Let H1 and Ha be two real Hilbert spaces. Suppose that A :
H1 — Ho is uniformly continuous on bounded subsets of Hi and Q) is a bounded
subset of Hi. Then, A(Q) is bounded.

3. ALTERNATED INERTIAL SUBGRADIENT EXTRAGRADIENT METHODS

In this section, we introduce two iterative algorithms to solve the pseudomonotone
variational inequality based on the subgradient extragradient method by using the
idea of alternated inertial terms and the adaptive stepsize. To begin with, suppose
that the solution set VI(C, A) is nonempty and some standard assumptions are as
follows:

(A1) H is a Hilbert space and C' is a nonempty, closed and convex subset of H.
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(A2) The mapping A : H — H is pseudomonotone and L-Lipschitz continuous
but L is unknown.

(A2") The mapping A : H — H is pseudomonotone on H and uniformly continuous
on bounded subsets of H.

(A3) The mapping A : H — H satisfies the following condition

whenever {z,} C C and x,, — z,one has |Az|| < liminf ||Az,|.
n—oo
Based on the above setting conditions, the improved algorithms are of the form:

Algorithm 3.1. Give A\ > 0, u € (0,1) and two nonnegative real numbers se-
quences {ay,} and {&,} satisfying a, € [0,a] C [0,5%) and 0%, &, < +o0.
Choose initial values xg, 1 € ‘H and set n := 1.

Step 1. Compute

_J Tn, n = even,
(3.1) Wn = { Tn + a(zy — xp—1), n =odd.

Step 2. Compute y, = Po(w, — \yAwy,). If w, = y, or Ay, = 0, then stop.
Otherwise, go to Step 3.

Step 3. Compute x,+1 = Pr, (w, — A\ Ayy), where T), := {z € H | (w, — N\ Awy, —
Step 4. Compute

— 2 _ 2 .
N { min {plypceltlonn il y e 4 it (Awy — Ayn, Zgt — ga) > 0,
n+1l —

Wn _Ayn yTn+1—"Yn

A+ En, otherwise.
Set n:=n 4+ 1 and return Step 1.
Algorithm 3.2. Give [, u € (0,1), v > 0 and a nonnegative real numbers sequence
{an} satisfying a,, € [0,a] C [0, 15“). Choose initial values zp, 1 € H and set
n = 1.
Step 1. Compute

o, n = even,
Wn = { T + Ty — Tp—1), n=odd.
Step 2. Compute y,, = Po(wy, — ApAwy,), where A, := 4™ and m,, is the smallest
nonnegative integer m satisfying yI" ||Aw, — Ayn|| < pllwn — ynl| . i w, = y, or
Ay, = 0, then stop. Otherwise, go to Step 3.
Step 3. Compute z,,+1 = Pr, (w, — A\ Ayy), where T, := {z € H | (w, — \yAw,, —
Yn, T — Yn) < 0}, and set n :=n + 1 and return Step 1.

Remark 3.3. In the past, when dealing with the pseudomonotone variational in-
equality (see, e.g., [27,28]), the assigned mapping was always endowed with the
sequentially weakly continuity, (for each sequence {z,} with x,, — z implies Az,
converges weakly to Ax). It is worth noting that a weak condition setting, Condi-
tion (A3), is taken into consideration on the mapping A. In fact, if A is sequentially
weakly continuous, Condition (A3) holds under the weak lower semicontinuity of
the norm. On the contrary, it is not true. Some existing examples, which suffice to
illustrate this point can be found in [29].
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Remark 3.4. If w, = y, or Ay, = 0 for some n (that is, Algorithms 3.1 and 3.2
stop at the n-th iteration), then y,, is a solution of the VI. This stop criterion is also
considered in many other subgradient extragradient algorithms; see, e.g., [27-29].

3.1. Convergence of Algorithm 3.1.

Lemma 3.5 ( [15,24]). Assume that Conditions (A1) and (A2) hold. Then the
adaptive stepsize {\,} in Algorithm 3.1 is well-defined and has the following prop-
erty: limy, oo Ay = X with A € [min{Z, XA}, \1 +&], and § =307 &

Lemma 3.6 ([29]). Suppose that Conditions (A1) and (A2) hold. For any n > 1
and x* € VI(C, A), the sequence {x,} generated by Algorithm 3.1 has the following

property: ||zn1 — a*|* < Jwp — 2| = (1 = u22) (lwn = yall® + lens1 = yall?) -

Lemma 3.7. Suppose that Conditions (A1) and (A2) hold. The sequence {x,}
generated by Algorithm 3.1 has the following properties:

(I) For anyn > 1 and z* € VI(C, A),

|z2n+2 — ¥

A2nt1
<l =P = (1= 13250 ) (o = s P+ sz = s )

mn
[ A2n
A2nt1

(I1) limy,—eo ||x2n — x*|| exists and the sequence {xa,} is bounded.

Proof. (I) According to VI(C, A) and Algorithm 3.1, it is obvious that VI(C, A) C
C C T,. Setting n:=2n+1 and z* € VI(C, A), we have from Lemma 3.6 that

— (1 + a2n41) (1 - - 2042n+1) (lz2n — yonll* + 22041 — y2nul?) -

|Z2n+2 — 2*||?
(3.2)

A2n41
A2n42

Applying (2.1) to (3.1), we obatin

S||Wan+1 — T - — QK T2n+2 — Y2n+1 Yon+1 — W2an+41 .
<|l 17— (1 | 1>+ 1] [&

(3.3) lwans1 — 2% = (1 + a2ni1) [[22n41 — %[> — @2ng w20 — 2*||
+ aont1 (1 + Oé2n+1) ||£U2n+1 - 962n||2 .

Besides, using Lemma 3.6 again, and setting n := 2n, we have

|22n+1 — 2¥|?
)\211

<l =P = (12
n

Adding (3.3) and (3.4), we see that

(3.4)

)mmM4—muP+m%—x%wy

[

(35) SH-TQn - -T*H2 + aon+1 (1 + a2n+l) Hl'2n+l - x2n||2

A
~ (i) (1022 ) (o = vl + L = 220]).
2n+1




ALTERNATED INERTIAL SUBGRADIENT EXTRAGRADIENT METHODS 2597

Further, put (3.5) into (3.2), we obtain

|@2n+2 — 2*||?

A2
<l =17 = (1= 15250 ) (o = s P+ sz = s )
n

A
— (1 + a2n41) <1 — 2a2n+1> (lz2n — yonll* + 22041 — you?) -

2n+1

(II) Using Lemma 3.5 and a,, € [0,a] C [0, 15#), we observe that 1 — u%’il -

29p41 > 1 — u/\i‘iil — 2« and
. Aon+1) . Aon, _

nh_}rgo <1_M>\2n+2 =1-pu>0, nh_)rgo 1—,11)\211+1 —2a)=1—p—2a>0.
Therefore, there exists a nonnegative integer IV such that 1 — p )\2‘211 —2a > 0,
n > N. In the light of Lemma 3.6, we have ||xo,42 — z*|| < |lz2n — 2*||, n > N,
which implies that lim,, o ||x2, — ¥ exists and {z2,} is bounded. O

Lemma 3.8. Assume that Conditions (A1) and (A2) hold and {z,} is generated
by Algorithm 3.1. Then all weak cluster points of {x2,} are contained in VI(C,A).

Proof. First, using Lemma 3.7 and setting n — 0o, we obtain

(3 Jim (20, = gzl = i [z, = g =0,

In view of the Lipschitz continuity of A, we have

(37) lim HA$2n - AygnH < lim LHCCQn - anH =0.
n—oo n—oo

Further, without loss of generality, we assume that a subsequence {xay,} of {z2,}
converges weakly € H. It follows from lim,_, [|Z2n, — y2n|| = 0 that {yan,} also
converges weakly to Z. Since C is closed and convex subset in H and {y2n,} is
contained in C', then £ € C. Using the definition of y,, and ws, = x3,, we have
(Ton; — Aon; ATon, — Yon,, & — Yan,) < 0, Vo € C. Equivalently, we can derive the
following form

(3.8)

1
Uz

Since A is Lipschitz continuous, then {Azs,,} is bounded. Furthermore, letting
i — 00 in inequality (3.8), we obtain

(3.9) liminf(Axza,,, z — x2,,) > 0, Vo € C.

1—00
Moreover, by (3.6), (3.7) and (3.9), we obtain
<Ay2ni7 T — 3/2m> — <Ay2nl - Aﬂfgni y L — :L‘Zni> + <Al’2nl y L — m2n¢> + <Ay2n,~, ':E2n¢ - an,>
and

(3.10) liminf(Ayan,, * — yan,) > 0, Vo € C.

1—00
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Next, choose a decreasing positive numbers sequence {6;} such that lim;_,~ 6; = 0.
For each i > 1, we can always find the smallest positive integer M; such that

(311> <Ay2nja$ - y2n]-> + 92 Z 07 vj 2 Mia

where the existence of M; follows from (3.10). Meanwhile, since {6;} is decreasing,
then {M;} is increasing. On the other hand, for each 4, suppose AygnMi = 0, other-

Ayon, .
= mv one get <Ay2nMi722nMi> =

1 for each i. Naturally, it follows from (3.11) that <Ay2nMi T+ 0iz0m,, —ygan) > 0.
By the fact that the mapping A is pseudomonotone, we have

(3.12) (A(x + bizanyy, ), T + Oi2ony, — Yona,) = 0.

wise, yan,, is a solution of VI. Setting z2,,,

Suppose AZ # 0 (otherwise, 7 is a solution). By means of Condition (A3), we obtain
0 < [[Az*| < liminf; o0 [[Ayan, . Since {y2n,, } C {y2n,} and 0; — 0 as i — oo, we
obtain

0 < limsup

- 02 ZZTL]Wi
1—00

= limsup < i > < - li'm SUP; o0 i =0,
i—00 ”Ay2m H lim 1nfi—>oo HAy2m H

which implies that lim;_, o 0;29, a, =0 Further, for all x € C', we have

(3.13)

(Az,z — &) = liminf(Az, © — yon,, )
i—00 ¢

>liminf(Az — A(z + 0,220, ), T + 0i22n,, — Yon,, ) — Iminf 0;(Ax, z9,,, ) = 0.
1 1 k3 Zﬁm 1

1—00
As a consequence, we have € VI(C, A) by Lemma 2.2. O

Theorem 3.9. Assume that Conditions (A1), (A2), and (AS3) hold. The sequence
{zn} generated by Algorithm 3.1 converges weakly to a point in VI(C, A).

Proof. Based on the results in Lemmas 3.7 and 3.8, we can obtain that the whole
sequence {xa,} converges weakly to a point in VI(C, A) by Lemma 2.3. In addition,
suppose that {xa,} converges weakly to z € VI(C, A) and {z2,} converges weakly
to z € VI(C,A). Then & = Z by Remark 5.1.12 in [23], which implies that Z is
unique. Last, for all y € H, we get
‘<x2n+1 - i‘vy)’ S |<Hf2n - jayﬂ + ‘<$2n+1 — T2n, y>|
< [(z2n — Z,9)| + #2041 — @2ul[lyll = 0, as n — oo

Therefore, {x2,+1} converges weakly to z in VI(C, A). In summary, {z,} converges
weakly to a point & € VI(C, A). This completes the proof. O

3.2. Convergence of Algorithm 3.2.

Lemma 3.10 ([12]). Suppose that Conditions (A1) and (A2') hold.

(I) The Armijo line-search stepsize sequence {\,} in Algorithm 3.2 is well-
defined and A, < for allm > 1.

(IT) Foranyn > 1 andx* € VI(C, A), the sequence {x,} generated by Algorithm
8.2 has the following property:

Tt — w*HQ < lwp, — x*HQ —(I—p) (Hwn - yn||2 + || Tny1 — ynHZ) .
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Lemma 3.11. Suppose that Conditions (A1) and (A2') hold. The sequence {x,}
generated by Algorithm 3.2 has the following properties:

(I) For anyn >1 and z* € VI(C, A),
lz2n+2 — 2|7 < [lz2n — 21 = (1 = 1) (Jwznr1 = g2nsaI* + 22042 = y2011]?)
— (1 + az2nt1) (1 = = 202041) (720 — y2ul® + [|22041 — y2n?) -

(IT) limp—soo ||Ton — x*|| exists and {x2,} is bounded.
Proof. The proof is similar to that of Lemma 3.7. g

Lemma 3.12. Assume that Conditions (A1) and (A2') hold and the sequence {x,}
is generated by Algorithm 3.2. Then all weak cluster points of {xa,} are contained
in the solution set VI(C,A).

Proof. By means of Lemma 3.11, there exists a subsequence {za,,} of {2,} that
converges weakly to a point in H, and lim,,_, |22, —y2r|| = 0. Following the exists
proof as in [12, Lemma 3.2]|, we have liminf; o (Axon,,, T — x2,;) > 0, Vo € C.
Combining the uniformly continuity of A and the proofs of Lemma 3.8, we also
assert that all weak cluster points of {x,} are contained in VI(C, A). O

Theorem 3.13. Assume that Conditions (A1), (A2'), and (A3) hold. The sequence
{z,} generated by Algorithm 3.2 converges weakly to a point in VI(C, A).

Proof. Using the method of Theorem 3.9, it follows from Lemmas 3.11 and 3.12 that
{zn} generated by Algorithm 3.2 converges weakly to a point in VI(C, A). This
completes the proof. O

4. ALTERNATED INERTIAL SUBGRADIENT EXTRAGRADIENT METHODS WITH
RELAXED TERMS

Under two different adaptive stepsize rules, two modified subgradient extragradi-
ent algorithms are given by combining the alternated inertial method, and the even
sequence generated by Algorithm 3.1 (or Algorithm 3.2) has Fejér monotonicity.
Theoretically, the weak convergence theorems are proved under the weak constraint
assumption for A. But, the shortcoming is that the coefficient o, in the alternated
inertial is always between 0 and 1_7“, and even approaches 0 due to the value of u.
To solve this problem, we introduce the following relaxed algorithms to weaken the
constraint.

Algorithm 4.1. Give A\ > 0, € (0,1), « € [0,1], 6 € (0, %), and a nonnegative
real numbers sequences {&,} satisfying Y 7 | &, < 400. Choose initial values o,
r1 € H and set n := 1.

Step 1. Compute

w = o n = even,
=
T + ap(xy — Tp—1), n = odd.

Step 2. Compute y, = Po(w, — MAw,). If w, = y, or Ay, = 0, then stop.
Otherwise, go to Step 3.
Step 3. Compute u,, = Pr, (w, — \pAyy,), where T,, := {z € H | (w, — A\ Aw,, —
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Yn, T — yn> < 0}-
Step 4. Compute x,11 = (1 — 0)x,, + Ou,. Update

3 n—_Yyn 2 n_—_Yyn 2 3
Anil = { min {/‘“;?AwZ—HA;ILIj;n_ZJl) y An + gn}a if <Awn — Ayn, upn — yn> >0,

An +En, otherwise,
and set n :=n + 1 and return Step 1.
Algorithm 4.2. Given [, € (0,1), v > 0, « € [0,1], and 0 € (0, %) Choose initial
values zg, 1 € H and set n := 1.
Step 1. Compute

w = 1 n = even,
" Tn + ap(Ty — Tp—1), n =odd.

Step 2. Compute y,, = Po(w, — A\pAwy,), where \,, := 7™ and m,, is the smallest
nonnegative integer m satisfying yI" ||Aw,, — Ayn|| < pl|lwn — ynl| . If wy, = y, or
Ay, = 0, then stop. Otherwise, go to Step 3.

Step 3. Compute u, = Pr, (wy, — \yAyy,), where T,, := {z € H | (w, — A\ Aw,, —
Yn, T — Yn) < 0}

Step 4. Compute x,11 = (1 — 0)x,, + Ou,, and set n:=n + 1 and return Step 1.

Similarly, the corresponding convergence theorems are given below and verified
with the lemmas and proofs in Section 3.

Theorem 4.3. Assume that Conditions (A1), (A2), and (AS3) hold. The sequence
{zn} generated by Algorithm 4.1 converges weakly to a point in VI(C, A).

Proof. Let z* € VI(C, A). From z,41 and (2.1), we have
[2n1 = 21 = (1 = 0) [l — 2™||* + Ol un, — 2*[|> = 0(1 = O)[|2n — up|?

(4.1) 1-6
= (L= O)llzn = 2"[* + Olfun — 27|* = —,

|Znt1 — anQ

Further, it follows from Lemma 3.6 that
An
)\n+1

(42)  llun = I < o = 217 = (1= 5= ) (lwon =yl + un = gall?).

Applying (4.2) to (4.1), we obtain

l2n1 — %[> <(1 = 0)|Jen — 2*|* + Oljw, — 27|
(4.3)

An 1—-6 2
01— i ) = = e

where II,, = [Jwy, — yn|* + ||tn — ynl/?. Setting n := 2n + 1 yields
lz2n+2 = 2*[* <(1 = 0)[lwans1 — || + Ol wans1 — 2|

(4.4) A 1—0
- 9<1 — 2nH>H2n+1 - |w2n+2 — Tant1l|*.
2n+2

In addition, using the definition of w, and setting n := 2n in (4.3), we have

*112
Wwon+1 — T
(4‘5) H n+ ”

=1+ a)|[z2ns1 — 2> = al|w2n — ¥ + (1 + )| 22041 — 22n|?
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and
22041 — 2*)1* <(1 = 0)||wan — 2*(1* + Ol|wan — =*||?
Aon 1-0 9
(4.6) - 0<1 o M)\2n+1>H2n T | T2nt+1 — @2 |
A 1-0
=z — a2 = (1 = p=2 oy = —5— ez = waul
2n+1

So, (4.5) and (4.6) are applied to (4.4) to obtain
242 — 2*|*

<1+ 00)[|lr2ns1 — a7 |* = Oarl|z2n — 27[|* + Oa(1 + a) [ w2n 41 — w20

Xop, 1-6
=01 = P s — == wanre — w2
A2n+42 4
(1-0)(1+6a)

P e —0a(1+ a)) w241 — 220

0
Aon Aop, 1-6
—(1+ 901)0(1 — M)\ 2 )Hgn — 0(1 — M)\2 +1)H2n+1 — T||a:2n+2 - I2n+1”2.
2n+1 2n+2

By Lemma 3.5, a € [0,1], p € (0,1) and 6 € (0, %), we obtain w —Ba(1+
@) > 0, limy o0 (1 — p3252) = 1— > 0, and limy, o0 (1 — p3222-) = 1 — > 0.

In other words, there exists a nonnegative integer Ny such that 1 — “ﬁ > (0 and
1— u% > 0 for all n > Ny. Then, ||zop4+2 — 2*|| < ||z2n — 2*||, n > Ny, which
implies that lim,_, |72, — =*|| exists and {z2,} is bounded. In addition, similar

to the proofs of Lemma 3.8 and Theorem 3.9, it is easy to see that {x,} generated
by Algorithm 4.1 converges weakly to a point in VI(C, A). O

Theorem 4.4. Assume that Conditions (A1), (A2'), and (A3) hold. The sequence
{zn} generated by Algorithm 4.2 converges weakly to a point in VI(C, A).

Proof. Fix z* € VI(C, A). It follows from Lemma 3.10 that
47 un =2 < Jhwe = 27 = (1 = @) (lwn = gall® + = yal®).
Further, (4.7) is merged into (4.1), we have

01 —2*[|?
(4.8) 1-6

SU—QN%rﬂﬂP+ﬂWm—$W2—W1—Mwn—4§ﬂmm4—wﬂa

where U,, = ||wy, — ynl|? + [|un — ynl|?. Let n:=2n + 1 and n := 2n. We obtain

sz — 2" <(1— 0)l|ezsr — o + Owygs — 2”2

(4.9) 1-0
—0(1 — p)Wopy1 — 7 | Z2n+2 — Tont1]?

and

1—-6
(410)  [Jwonsr — 2*||® < Jlwon — 2|* — 0(1 — p) Wy — THx?n—H — @onl|%.
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So, (4.5) and (4.10) are applied to (4.9) to see that
lz2n+2 — ™|
<(1+ 6a)|w2nr1 — 2*|* = fallwan — 2| + Ba(l + a) 22011 — w20
1-40
= 0(1 = ) ¥ani1 — ——llw2ns2 — Zont1 ||
1-0)(1+0c
U=0RE0D a1 + a)) fanar - ol

0
1-46
= (14 00)0(1 — ) U2 — 0(1 = p) V2ns1 — —5—|22n42 — Zoni1|*.

<Jlwan — 2|2~ (

By Lemma 3.5, o € [0,1], € (0,1) and 6 € (0, ), we have (l_e)gﬂ—&y(l—i—a) >
0 and 1 — o > 0. Hence, [|zont2 — 2*|| < ||x2n — 2*|, n > 1, which implies that
limy, 00 ||22n, — ¥ exists and {x9,} is bounded. Naturally, using the proofs as in
Lemma 3.12 and Theorem 3.13, we obtain that {x,} generated by Algorithm 4.2
converges weakly to a point in VI(C, A). O

5. SOME SIGNIFICANT REMARKS

Remark 5.1. In Algorithms 3.1 and 4.1, the adaptive stepsize sequence {\,} has
two remarkable characteristics. First, the selected stepsize in a large number of ex-
isting algorithms is usually a fixed constant or a non-increasing sequence. However,
the stepsize {\,} in our algorithms is generated adaptively and can be increased
with the number of iterations. The other is to insert a summable nonnegative real
numbers sequence {&,} into the calculation of {A,}. In fact, the limit of such a se-
quence {&, } is equal to 0 as n — oo, which means that this sequence is nonincreasing
if n is large enough.

Derived from Remark 5.1, the following cases can be used as a minor modification
or a special case of {\,} in Algorithms 3.1 and 4.1.
Case 1: The adaptive stepsize sequence {\,,} is updated in the following form

ay —  min{ e A6} i Auw # Ay,
An +&ns otherwise.

From Liu and Yang [15], the same conclusion as Lemma 3.5 is obtained, i.e., the
sequence {\,} has the property that lim, .o Ap = X with A € [min{%, A1}, Ay + ¢
and & = > 7, &,. Meanwhile, using the same method in [29], Lemma 3.6 is still
valid for such a stepsize sequence. Further, the conclusions in Theorems 3.9 and 4.3
are still obtained.

Case 2: For {)\,} defined in Algorithm 3.1 and Case 1, if &, = 0, then {\,}
is converted to a non-increasing stepsize sequence with a lower bound min{%, A1},
which directly indicates that the limit of {\,} exists. The sequence {\,} in this
case is also widely used in iterative algorithms to solve VI. For more information,
see the literatures [12,29,30]. Naturally, the same weak convergence is proved when
such stepsize sequence {\,} is added to Algorithms 3.1 and 4.1.

Case 3: In Algorithms 3.1 and 4.1, {\,} is a constant sequence, i.e., A, = A
with A > 0. Inevitably, the Lipschitz constant L of the involved mapping A must
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be known. In this case, our results can be still established under the following
circumstances.

e A€ (0,7) and {ay,} C [0,0] C [0, %) in Algorithm 3.1;
e A€ (0, 1) in Algorithm 4.1.

Remark 5.2. Two different types of stepsize selection in our algorithms have dif-
ferent characteristics. The first one is {\,} in Algorithms 3.1 and 4.1 as described
in Remark 5.1, and the other is the Armijo line-search rule in Algorithms 3.2 and
4.2, which is to find a suitable stepsize in each iteration (for this reason, the pro-
jection value y,, will be repeatedly calculated until \,, is found). It is worth noting
that under the Armijo line-search rule, mapping A only needs to satisfy uniformly
continuity that is a weaker condition of the L-Lipschitz continuous mapping.
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