Fized Point Theory, 25(2024), No. 1, 435-456
DOI: 10.24193/fpt-ro.2024.1.27
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

SELF-ADAPTIVE-TYPE CQ ALGORITHMS
FOR SPLIT EQUALITY PROBLEMS

ZHENG ZHOU*, BING TAN** AND SONGXIAQO LI***

*College of Mathematics and Statistics, Sichuan University of Science and Engineering,
Zigong 643000, China
E-mail: zhouzheng2272@163.com (Corresponding author)

**School of Mathematics and Statistics, Southwest University, Chongqging 400715, China
E-mail: bingtan72@gmail.com

***Department of Mathematics, Shantou University, Shantou 514015, China
E-mail: jyulsx@163.com
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1. INTRODUCTION

As an extension of the split feasibility problem, in 2013, Moudafi [12, 13] introduced
the following split equality problem (for short, SEP) that is applied to decomposition
for PDEs [1] and intensity-modulated radiation therapy [4]. It is worth noting that the
split equality problem contains many important optimization problems, such as the
split feasibility problem, the fixed point problem, the variational inequality problem,
the split common fixed point problem and the monotone inclusion problem; see, e.g.,
[5, 15, 22, 21, 27]. Let My, Ho and Hg be Hilbert spaces and C C Hi, Q C Hy be
nonempty closed convex subsets. Let A : Hy — H3 and B : Ha — H3 be bounded
linear operators. The split equality problem is to find

z* € C, y* € Q such that Az™ = By™. (1.1)

In particular, when B = [ and Hs = H3, SEP can be considered as well-known
the split feasibility problem (Censor and Elfving introduced in [5]), which is to find
x* € C such that Az* € Q. Naturally, z* is a solution of this problem if and only if
x* is a solution of the equation z* = Po(I — yA*(I — Pg)A)x*, where Po : Hy — C
and Py : He — @ are metric projection operators, A* is the adjoint operator of
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A. By virtue of the fixed point algorithm, Byrne [2] came up with CQ algorithm
to approximate a solution of the split feasibility problem by the recursive procedure
Tpi1 = Po(I—~vAT (I — Pg)A)x,, where AT is the matrix transposition of A, L is the
largest eigenvalue of matrix ATA and v € (0,2/L). Subsequently, Wang [24], Yao,
Liou and Postolache [26] studied the following new iterative algorithm

Tnt1 = &n — Yn|(I — Po) + A*(I — Pg)A)|z,, Vn >0, (1.2)

where {7,} is a self-adaptive stepsize sequence without prior knowledge of operator
norms. It is worth noting that only the weak convergence of the split feasibility
problem was obtained by Byrne’s algorithm and Algorithm (1.2). To fill this gap,
the Halpern algorithms and the viscosity algorithms were often employed to ensure
strong convergence properties of the algorithms.

Based on the idea of Halpern algorithm (Halpern introduced in [9]), Xu [25] pro-
posed the following modified algorithm and obtained strong convergence of the split
feasibility problem

Tntl = QpU + (1 - O‘n)PC(I - VA*(I - PQ)A)xny (1'3)

where 7 is a constant in (0,2/||A]|?) and u is a fixed point. Further, Takahashi [18, 19]
proposed a modified Halpern-type algorithm that uses a sequence {u,} converges
strongly to w, and guaranteed the corresponding strong convergence. Moreover, by
using the property of a contraction mapping, Moudafi [14] introduced the viscosity
algorithm to approximate a solution of the fixed point problem. With the active help
of these methods in [9, 14, 24, 26], many excellent results have been produced in other
mathematical problems, such as the fixed point problem [6, 7, 20], the variational
inequality problem [17, 23] and the split common fixed point problem [16, 27, 28].

On the other hand, to approximate the solutions of SEP, Moudafi [13] presented
the following alternating CQ algorithm (for short, ACQA)

{xn+1 = Po(zy, — A" (Az, — Byy,)),

. 1.4
Yn+1 = PQ(yn + 7B (Axn+1 - Byn))7 ( )

where {v,} is a sequence in (g, min{w, W} —¢) (e is a small enough nonnegative
real number). Further, Byrne and Moudafi [3] came up with the following simultane-
ous CQ algorithm (for short, SCQA) to solve SEP, for ¢ < v, < m — &,

{% = Po(n — A (Az, — Byy)),

; 15
Yn4+1 = PQ(yn + ’YnB (Awn - Byn)) ( )

Consistently, the iterative sequences generated by Algorithms (1.4) and (1.5) converge
weakly to a solution of SEP. In addition, both of these algorithms involve metric pro-
jection operators, which are complicated and time-consuming in practical application.

Due to expensive calculation of the projection operators Pc and Py, Moudafi con-
sidered level sets to solve SEP, in which the level set of convex function is easy to im-
plement, that is, C and @ are replaced with level sets of convex and subdifferentiable
functions f : H; — R and g : Ho — R, respectively, i.e., C = {z € H; | f(z) < 0}
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and Q = {y € Ha | g(y) < 0}. In this situation, Moudafi [12] suggested the relaxed
alternating CQ algorithm (for short, RACQA)

i1 = Pe, (x, — yA*(Az,, — By,)),
Yn+1 = PQn (yn + ’YB*(Axn-i-l - Byn))’

where 7 is a constant in (O,min{W, W})7 Cn={xeH|flzn) + &n,z—xp) <
0}, & € Of(zn), and Qn = {y € Ha | 9(yn) + 10,y — yn) < O}, nn € 09(yn)-
Especially, RACQA still achieved weak convergence property. Inspired and moti-
vated by Moudafi [12, 13, 14] and Takahashi [18, 19], we introduce two modified
self-adaptive-type iterative algorithms to solve the split equality problem (1.1) in
infinite-dimensional Hilbert spaces by the Halpern algorithm and the viscosity algo-
rithm. The corresponding strong convergence theorems are obtained without prior
knowledge of operator norms. Furthermore, some numerical experiments including
signal recovery are used to demonstrate and show the efficiency of our main results.

The rest of this article is built up as follows. Some basic properties and relevant
lemmas will be introduced in Section 2, which will be used in the proof for the con-
vergence of the proposed algorithms. The main results and some corollaries of this
paper are contained in Sections 3 and 4. Moreover, an application to signal recovery
problem is given in Section 5. The last section, in Section 6, some numerical experi-
ments demonstrate the efficiency of our results and compare them with some known
algorithms, i.e., alternating CQ algorithm (ACQA) in Moudafi [13], simultaneous CQ
algorithm (SCQA) in Byrne and Moudafi [3], and self-adaptive viscosity algorithm in
Dong et al. [8].

2. PRELIMINARIES

For the convenience and standard, we use the notations — and — to represent
strong convergence and weak convergence, respectively. The fixed point set of the
mapping T is represented by F(T). Some well-known basic properties are as follows.

(P1) Pc is denoted metric projection from H onto C, that is, Poxr = argmin, ¢ ||z —
yll, Yo € H. It has such an equivalent form (Pcx — z, Pox — y) < 0,Vy € C,
and can also be converted to ||y — Pez|?> + ||z — Poz||? < |lz — y||*

(P2) The mapping T : H — H with F(T) # () and I — T is demiclosed at 0, i.e., for
any sequence {x,} C H, if {x,} weakly converges to x and (I — T)x,, strongly
converges to 0, then x € F(T);

(P3) The mapping f : H — H is a contraction with coefficient A, that is,

1f(@) = FWIl < Mz —yll, Yo,y € H, A€ 0,1);
(P4) 9f is denoted the subdifferential of convex function f: H — R at z, that is,
Of(x) = {w e H | (y) > f(z) + (w,y — x), Vy € H}.
(P5) For any x,y € H, the following properties hold
2+ yl* < llll* + 2(y, = + v);
5z + (1 = w)yl|* = £lle|® + (1 = )yl — 61 = K)|lz - y|*, V& €R.



438 ZHENG ZHOU, BING TAN AND SONGXIAO LI

Lemma 2.1. Let the solution set of SEP be nonempty. For any v > 0, a solution of
SEP is equivalent to a solution of the following equations

x=x—7((I—- Pe)xr+ A*(Az — By)), 2.1)
y=y—v( - Po)y— B"(Az — By)). '

Proof. Obviously, any solution of SEP is the solution of equations (2.1). On the other
hand, put any element (z,y) in the solution set of equations (2.1), we have

0= (I — Pc)x + A*(Az — By),
0= (I — Py)y — B*(Az — By).

For any (z*,y*) in the solution set of SEP, that is, z* € C, y* € Q and Az* = By*,
we have

0= (I - Pc)xr+ A*(Az — By),x — x™)

= (¢ — Pox,x — Pox) + (x — Pox, Pcx — z*) + (Ax — By, Ax — Ax™)

> ||z — Pox||* + (Ax — By, Az — Az*),
and

0=((I - Pg)y — B*(Az — By),y —y*) > |ly — Payl|* — (Az — By, By — By").
Combining the above two formulas, we get
0> [lo — Pox|* + |y — Poyl® + |[ Az — Byl|*.

This implies that © € C, y € Q and Az = By. Hence, (x,y) is also a solution of
SEP. O

Lemma 2.2. [10] Let {6,,} and {n,} be two nonnegative real numbers sequences such
that

0n+1 é (]- - 577,)011 + 5n7_na and 0n+1 S 971 - 7771 + Cn»n Z 07
where {1}, {¢n} and {0,,} are real sequences with 0 < §,, < 1. If >°>° ,é, = 0o and
lim,, 00 ¢ = 0 and limg_yo0 1, = 0 implies limsupy,_, ., 7o, < 0, where {ny} is an
arbitrary subsequence of {n}. The sequence {0,} is convergent to 0 as n — oo.

3. HALPERN-TYPE CQ ALGORITHMS

In what follows, Hy, Ho and Hs are Hilbert spaces, C C H; and Q C Hs are
nonempty closed convex subsets, A : H1 — Hs, B : Ho — H3 are bounded linear op-
erators, A* and B* are the adjoint operators of A and B, respectively. Meanwhile, we
propose two Halpern-type algorithms to approximate a solution of SEP, and assume
that the solution set of SEP is nonempty, i.e.,

Q={(="y") |2 €Cy" € Q and Az* = By*} £ 0.

In addition, the following assumption is presupposed.
(A1) {un} C Hi, {vn} C Ha are two convergence sequences such that

Uy, — U € Hq1 and v,, — v € Ha.
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3.1. Self-adaptive Halpern-type CQ algorithm (SHCQA). Through the afore-
mentioned Halpern-type algorithm in [18, 19], the iterative sequence {(zn,yn)} is
generated by the following recursive procedure

B =t — 3 [T — Po)ra + A*(Az, — By,
Tpp1 = Optn + (1 — 0n) T,

Yn = Yn — n (I — PQ)yn — B*(Ar, — Byn)],
Yn+1 = OpUn + (1 = 65)n,m > 0.

(3.1)

The corresponding parameters satisfy the following restrictions.
(R1) If Ax,, # By,, the self-adaptive stepsize

Y = min{l | Azn = Byn|* }
S "[|A*(Azy — Byn)|? + || B*(Azn — Byn)|?
with {a,,} C (0,1) and inf,, ay, (1 — o) > 0. Otherwise, v, = an;
(R2) {6,} is a real numbers sequence in (0,1) such that lim, .. d, = 0 and
Yo o0 = 0.

Theorem 3.1. Given Assumption (A1) and Conditions (R1)-(R2). For any xg € Hy
and yo € Ha, the sequence {(xn,yn)} generated by Algorithm (3.1) converges strongly
to Pq(u,v) € Q.

Proof. Take (z*,y*) = Pqo(u,v) € Q, that is, * € C, y* € Q and Az* = By*. Using
projection operator Po, we have

”%n _x*HQ
=||z, — x*HQ — 2y, {(I — Pe)xyp + A*(Ax,, — Byyp), xn — x¥)
+ %I = Po)an + A*(Azy, — Byn)|? (3.2)

<lzn = 2*[1* = 29I = Po)zall* = 29m(Azy — Byn, Az, — Az™)
+27; (I = Pe)anll® + 14" (Azn — Bya)|?) -
Similarly, the following inequality is available
150 =17 < llyn = 71> = 29l = Po)ynl® + 2vyn(Awn — Byn, By, — By")
+27; (I = Po)ynll + |1B* (Azy — Byn)|?) -
On the other hand, we have
2(Ax,, — Byn, By, — By*) — 2(Ax,, — By,, Az,, — Az*) = —2||Ax,, — By,|*

(3.3)

Combining (3.2), (3.3) and (R1), we get
1Zn = 2*[* + 150 — "1
<l = 212 + llyn = ¥ 11 = 29 (1 = 7) (I = Pe)aall® + 11 = Po)yall?)
— 27 (HAxn - Byn”2 — Tl A" (Azy, — Byn)”2 — Yl B* (Azy, — Byn)||2)
= llzn =27 + llyn — y*|I* = @n.

(3.4)
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From the definition of ,,, we have v, (1 — v,) > v,(1 — o) > 0 and
Yol Az — Byn* — 72 (| A*(Azn — Byn)|I” + | B*(Azy, — Bya)|?)
>Yn(1 = an)|| Az, — Byn|® > 0.
Thus,
O, = 29, (1 =) (I = Pe)anl® + (1 = Po)ynl®) + 27ulAzn — Bya|?
— 29, (| A" (Azy, — By,)|* + | B*(Azy — Bya)|*) (3.5)
> 29 (1 = an) [I(I = Pe)anl® + (1 = Po)ynl® + [[Azn — Bya*] = 0.
In addition, using the convexity of the squared norm and (3.4), we have
41 = 2*|* + [yns1 — y*|1?
<O (lun = 2|12 + llon = y*I17) + (1 = 8,) (llzn — 2" [1* + llyn — y*[I*) -
Since {u,} and {v,} are convergence sequences, there exists a non-negative constant

G such that sup,,>o{[lun —2*[|?, [Jon —y*[|*} < G/2. Let 0 = [z —2"[*+ |lyn —y|1*.

The above formula can be converted to
Ont1 < 0n (Hun - 33*”2 + ”Un - y*||2) + (1 - 5n)0n (3 6)
<max{G,60,} <--- <max{G,6}. '

This implies that {6,,} is bounded, that is, the sequences {z,} and {y,,} are bounded.
From (P5), we have

[€nt1 = 2*° = [16pun + (1 = 6,)Z, — 2*|?
<A = 6n) @n — 2 |IP + 200 (un — 2%, Tngr — 27)

< (1 - 5n)Hf/E\n - x*”Z + 26n<un - x*azn-i-l - 13*>7

[yn+1 =417 < @ =810 — ¥ + 260 (00 — ¥, Y1 — ¥7)-
Combining the above two inequalities and (3.4), we have
|znsr = 2|2 + a1 =y 11 < (1= 8n) (e — 27 + llyn — y*II*) — (1 = 62)
+ 26, ((Un — 2", Tpg1 — %) + (V0 — Y, Yns1 —¥")) -
For each n > 0, set
M= (1= 0n)Pn, T =2((Un — 2", Tpy1 — ) + (V0 — Y Yns1 — ¥"))
Cn =20 ((up — 2" 21 — ) + (U — Y Ynt1 — ¥7))
Then, the above formula is reduced to the following inequalities:
9n+1 S (1 - 6n)9n + 6n7-n and 0n+1 S en — n + an n Z 0.

By (R2) and the boundedness of {u,}, {vn}, {xn}, {yn}, we see that lim, ¢, =0
and ZZOZO 0, = oo. By virtue of Lemma 2.2, this proof remains to show that
limy s 00mn,, = 0 implies limsup;,_, . 7, < 0 for any subsequence {nj} of {n}. Let
{Nn,.} be a any subsequence of {n,} such that limg_,conn, = 0. This implies that
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limg_yo0 ®,, = 0. Hence, suppose that Az, # By, it follows from (R1) that
limy, 00 Yn (1 — a@y,) # 0. Further, using (3.5), we obtain

it (7 — P | = it e} (= P | = i | A2, — By | = 0. (3.7)
From the boundedness of {x,} and {y,}, there exists two subsequences {xnkj} of
{zp,} and {ynkj} of {yn, } such that Ty, = T, Yy, =0 and '

. * * . * *
limsupy, oo (Un,, — 2%, T, — %) = iMoo (Un,, — 2", Tp,, — 77),

Hmsupy,_, o0 (Vn, — Y2 Uny, —y*) = hmj—><><><vnkj -y, Ynp;, — y).
Since I — Pc and I — Pg are demiclosed at 0, we have € C and § € Q. In addition,
it follows from the bounded linearity of A and B that Axnkj — Bynk_j — Az — Bj.
Using the weak lower semicontinuity of the squared norm, we have ||Az — By||? <
lim infj_>oo||A:17nkj — Byn,, |? = 0, which implies that (Z,%) € Q. On the other hand,
if Ax,, = By,, we can also get the same result as above. Besides, from the property
of projection and the strong convergence property of {u,} and {v,}, it follows that

. « * . * *
lim sup,_, oo (Un,, — %, Tp, — ™) = llmj_mQ(unkj T, Ty, — X )

3.8
=(u—z*,T—a*) <0, (3:8)
lim Supk:ﬁoo(”nk - y*a Yny, — y*> = hm]—)oo<vnkj - y*a ynkj - y*> (3 9)
= -y y-y") <0 '
According to (R1) and (3.7), we have
1Zn, = Zni | < (I = Po)zn, || + Al Az, — Byn, ) = 0,
[9n. = Yl < (I = PQ)yn,. | + | BIl[| Az, — Byn,.[|) — 0.
Further, we have
[ni1 = @ng [l < Ongl[tiny, — @y [l + (1 = G ) [Ty, = Zni ]| = 0, (3.10)

From (3.8), (3.9), (3.10) and (3.11), we have lim sup;,_, . (Un,, —2*, T, +1—2*) < 0 and
lim supy,_, oo (Un, —¥*, Ynp+1—y*) < 0. This implies that lim sup;,_, . 7n, < 0. By virtue
of Lemma 2.2, we obtain lim,,_, .0, = 0, which implies that (z,,y,) — (z*,y*). O

Remark 3.2. In order to get the limits in (3.7), we must require inf,, a,, (1 — ;) > 0
in (R1), which is to ensure that lim, e 7, (1 — ) # 0. In addition, the selection
method of a,, can also refer to the following forms.

{an} C (e,1—¢) C (0,1) for some ¢ > 0, or {a,,} is a fixed constant in (0,1).

Remark 3.3. (I) The sequences {u,} and {v,} in Theorem 3.1 are easily chosen.
For example, (1) the monotonically decreasing sequence u,, = ﬁu; (2) the mono-

(n+1)?
n2

tonically increasing sequence u, = u; (3) the non-monotonically convergent

2n+(—1)"

sequence u, = on

u.



442 ZHENG ZHOU, BING TAN AND SONGXIAO LI

(IT) In particular, when {u,} and {v,} are constant sequences, that is, u, = u and
v, = v, Algorithm (3.1) is equal to the following Halpern algorithm.

Tn = xn — Tn [(I PC)xn + A*(Axn - Byn)] ,
Tnp1 = Optt+ (1 — 6,) %0,

Un =Yn — Tn [(I - PQ)yn - B*(Axn - Byn)] )
Ynt+1 = 0n¥ + (1 = 65)Yn, n > 0.

(3.12)

From Remark 3.3 (II), we have the following important corollary of Theorem 3.1.

Corollary 3.4. Assume that Conditions (R1)-(R2) are satisfied. For any xo,u €
H1 and yo,v € Ha, the sequence {(zn,yn)} generated by Algorithm (3.12) converges
strongly to Po(u,v) € .

3.2. Self-adaptive relaxed Halpern-type CQ algorithm (SRHCQA). Here,
we consider using the level sets of two convex functions §: H; — R and g: He — R
instead of closed convex sets C' and ) in Theorem 3.1, i.e.,

C={reH|f(x) <0}, Q={yecHa|g(y) <0}

For solving SEP, we construct the corresponding closed convex sets as follows.
Cp ={z € Hi | f(xn) + (&n, 2 — 20) <0, & € Of(2n)},

Qn ={y € Ha | 9(yn) + (M, y —yn) <0, 1 € Og(yn)}-

Assume that both § and g are subdifferentiable on H; and Hs, respectively, and that
0f and dg are bounded on bounded sets. It is obvious that C' C (), and Q C Q.
Under the above conditions, using the method of Halpern-type algorithm to promote
the relaxed alternating CQ algorithm, the iterative sequence {(zn,y,)} is generated
by the following recursive procedure

Tp =an — Y [(I — Po,)xn + A" (Ax,, — Byy)],

Yn =Yn — (I — Pq,)yn — B*(Az,, — Byy)],

Tp+1 = 5nun + (1 - 511)5/['\77,,

Ynt+1 = OnVn + (1 — 0,)Yn,n > 0.

(3.13)

Theorem 3.5. Given Assumption (Al) and Conditions (R1)-(R2). For any xo € Hi
and yo € Ha, the sequence {(xn,yn)} generated by Algorithm (3.13) converges strongly
to Po(u,v) € Q.

Proof. Take (z*,y*) = Po(u,v) € Q, that is, z* € C, y* € Q and Az* = By*.
As similar proof in Theorem 3.1, we obtain that the sequences {z,} and {y,} are
bounded. On the other hand,

Vo =290 (1 = %) (I = Pe,)zall* + (I = Po,)ynl®) + 27l Azn — Bya|®
=27, (14" (Az, — By )II? + |B*(Azy — Byn)|?)

> 29 (1 = an) [[I(I = Pe, )znll* + I( = Po,)ynll* + | Azn — Bya|?]
> 0.

(3.14)
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Similarly, we have
17+ lyntr — y* 12

<@ =80) (len — 21 + llyn — y*II7) = (1 = 62) ¥y

+ 26, ((Un — 2%, g1 — %) + (V0 — Y, Ynt1 —¥7)).

For each n > 0, set

On = ll2n = 2*(1” + llyn — y*[l; 7 = (1 = 60) s,

Tn =2 ((Un — 2", g1 — ) + (U0 — ¥, Ynt1 —¥"))

Cn =20 ((un — 2%, Tny1 — %) + (U0 — Y™ Ynt1 — ¥7)) -
Naturally, we have the following inequalities

Oni1 < (1—6,)0p + 6n7n and 0,01 <6, — 1y + Cuyn > 0.

By the boundedness and (R2), we see that lim, o, (, = 0 and fozo 0, = co. By
Lemma 2.2, this proof remains to show that limy_,oo7y,, = 0implies limsup,,_, ., Tn, <
0 for any subsequence {ny} of {n}. Let {n,, } be a any subsequence of {n,} such
that limg_yoo”pn, = 0. This implies that limg oo ¥,, = 0. Hence, suppose that
Ax,, # By, it follows from (R1) that lim,, o 7, (1 — ay,) # 0. Using (3.14), we have

Hanrl -

limp oo | (1 = Pe, )@n, || = limg— oo [[(1 = P, )yn, || = limg— oo [|AZn, — Byn, || = 0.
Using the boundedness of {x,} and {y,}, there exists two sequences {xnkj} of {xy, }
and {ynk7} of {yn, } such that Ty, — T, Yy, — § and

. * * . * *
limsupy,_, o (Un, — 2", &y, — %) = hmj_)oo(unkj -z Ty, — )

lim SUPL— 00 <U7Lk - y*a Ynp — y*> = hmj—>oo<vnkj - y*, ynkj - y*>
Since 0f is bounded on bounded sets, there exists a constant ¥ > 0 such that ||&,, | <
9, Vk > 0. Using the definition of C,,, we get
f(xnk) < <§nkaxnk - PC

By the weak lower semi-continuity of f, we have f(Z) < liminf,_, f(acnkj) < 0. So
we have Z € C. Similarly, we obtain 7 € Q. In addition, it follows from the bounded
linearity of A and B that Aa:nkj — Bynk_j — AZ — By. By virtue of the weak lower

i Tny) S O, — Po, ol = 0, as k — oo.

semicontinuity of the squared norm, we have ||AZ — By||? < liminf; HAxnkj -
Bynkj | = 0, which implies that (Z,%) € €. On the other hand, if Ax,, = By, we can
also get the same result as above. Last, using the proof process in Theorem 3.1 and
Lemma 2.2, we obtain lim,,_,+0, = 0, which implies that (z,,y,) — («*,y*). O

According to Remark 3.3 (II), Algorithm (3.13) can also be degraded to the fol-
lowing Halpern algorithm.
Ty =Tn — Y [(I - PCn)mn + A*(Axn - Byn)] s
n B*

I = = [T = Po.)u (Azn = Byn )], (3.15)
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Corollary 3.6. Assume that Conditions (R1)-(R2) are established. For any xg,u €
H1 and yo,v € Ha, the iterative sequence {(xn,yn)} generated by Algorithm (3.15)
converges strongly to Po(u,v) € Q.

4. VISCOSITY-TYPE C(Q ALGORITHMS

In this section, we propose two viscosity-type algorithms to approximate a solu-
tion of SEP, and assume that the solution set of SEP is nonempty. Meanwhile, the
following assumptions are presupposed.

(V1) f : Hy — Hy and g : Ha — Hs are contraction mappings with coefficient
A1 €[0,1/4/2), A2 € [0,1/1/2), respectively.

4.1. Self-adaptive viscosity-type CQ algorithm (SVCQA). According to the
mentioned viscosity-type algorithm in Moudafi [14], the iterative sequence {(z,,yn)}
is generated by the following recursive procedure

Tn =2n — Y [({ — Pc)zn + A" (Azn — By,
Tnt1 = On f(@n) + (1 — 6n)Tn,

Un =Yn — Tn [(I - PQ)yn - B*(Axn - Byn)] ,
Yn+1 = 0ng(Un) + (1 = 0)¥n,n > 0,

(4.1)

where the corresponding parameters {v,} and {9, } are defined as (R1) and (R2).

Theorem 4.1. Given Assumption (V1) and Conditions (R1)-(R2). For any xog € H,
and yo € Ha, the iterative sequence {(Tn,yn)} generated by Algorithm (4.1) converges
strongly to (z*,y*) = Pa(f(z"),9(y")).
Proof. Take (z*,y*) = Po(f(z*),g(y*)) € Q, that is, 2* € C, y* € Q and Az* = By*.
From the proof of Theorem 3.1, we can get

[Zn = 21 +1[Tn = y"II* = llzn — 2" + llyn — y"1* = @4 (42)
<l =2 + llyn — y*II,

where ®,, is defined as in (3.5).
Set A = max{A1, A\2}. From (4.2), we have
[€nt1 = 2|2+ [[ynt1 — v*|?
< 8 (1f@n) = 211 + 9(Fn) = y* 1) + 1 = 82) (1T — 2" 1> + 7 — v*II7)
< 20, (1f (@n) = f(2)II” + (@) — 21> + 19(Fn) — 9y + lla(y™) — v [I*)
+ (1= 6) (1T — 2" 1> + 17 — v*II?)
< 26, (AT — 2112 + A3 Gn — v I1P) + 26, (I f(2*) — 2*|* + lg(y™) — v %)
+ (1= 6) (1T — 2" 1> + 7 — v*II?)
< (1= 0,(1=2X)) (lzn — ™[I + llyn — 7 [1?) = (1 = 8a(1 = 2X%))@,,
+ 26, (I f (") — 2| + llg(y*) — v*[I*)-
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Let 0, = ||z, — 2*[|* + |lyn — v*||?. Since A1, As € [0,1/+/2) and (R1), we have
Ons1 <(1—8,(1 —221))0,, — (1 —0,(1 —2)\?))®,,
+20, (IF(2) = 27 + llg(y™) = v*I1?)
1f(=*) —2*)1* + llg(y*) — v*|?

<(1 = 8,(1 = 2X%)0,, + 25, (1 — 22%)

1—2)2
*\ % ([2 W2
SHm{emz(llf(ac ) xlll_;rAIIQg(y ) =y )}
<o < max gy, 2 2 x’;ni; A||2g<y*> — v 3

This implies that {6,,} is bounded, that is, {z,,} and {y,} are bounded. On the other
hand, using (P5), we can obtain

41 — 2"
=[10n(f(@n) = f(2")) + 0n(f(@") — %) + (1 = 60) (@n — )|
<[10n (f(@n) = £(2)) + (1 = 00) (@n — ) |* + 200 (F(27) — 2", 2pg1 — 27)
<Onllf @) = f@)P + (1= 0u)|[Zn — 2™[|* + 260 (f () — 2™, g1 — 27)
<(1=0n (1= AT — ™[ + 200 (f (2") — 2", 21 — 27).
Similarly,

[Ynr1 =y 1* < (1= 8L = NDNTn — y* 1> +26,(9(y") = 4" Y1 — ")
According to the above formulas, we have
lznst = 2|1 + lgnrs — y*II?
<(1=8a(1 =A%) (120 — 2™ 1* + 17 — y"11?)
+ 200 ({(f(@") = 2" 2pg1 — ") + (9(¥") = Y™ Unt1 — ¥7))
<(1= 60 (1= 7)) (flon — "2 + lgn — 5"1%) — (1 — 60(1 = A)),,
+ 20, ((f(27) = 2%, 2n1 —27) + (9(y") = ¥" Y1 —¥")).-
For each n > 0, we also set
M = (1= 0n(1 = A)) 2y,
T =2({f(2*) = 2", @1 — ") +(9(y") = 4" Ynr1 — y")) /(1= A?),
G =200 ((f(z") — 2" 2np1 — 2") + (9(y") =¥ ynt1 —¥")) -
Then, the above formula is reduced to the following inequalities

0n+1 < (1 - 5n)0n + 6n7n and 0n+1 <0, — NMn + Cvun > 0.

By the boundedness of {z,} and {y,}, and Condition (R2), we see that lim,,_, ¢, =
0 and > 7 (6, = co. By virtue of Lemma 2.2, this proof remains to show that
limg—y00nn,, = 0 implies limsup,_, . 7, < 0 for any subsequence {n;} of {n}. Let
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{nn,} be a any subsequence of {n,} such that limy_,oo7,, = 0. According to the
proof in Theorem 3.1, if Ax,, # By, we have

limg—o0|| (1 = Po) o, || = hmkHOOH(I_PQ)ynk | = limg o0 || AZp,, — By, || = 0. (4.3)

By the boundedness of {z,} and {y,}, there exists two sequences {xnkj} of {x, }
and {yn, } of {yn,} such that z,, — T, yn, — 7 and

Hm supy oo (F(2%) — 2", @, — &) = limypo (f(2) — 2, 20y, — %),

lim supy, oo (9(y*) = ¥ Yny = ¥") = im0 (9(Y") =¥ Une, —¥7)-
Since I — Pc and I — Py are demiclosed at 0, we have Z € C and § € Q by (4.3). In
addition, it follows from bounded linearity of A and B that Axnkj fonki — Az — By.

Using the weak lower semicontinuity of the squared norm implies ||[AZ — By||? <
Hminf; o0 | A2, — Byn,, |2 = 0, which implies that (Z, ) € Q. On the other hand,
if Az, = By,, we can also get the same result as above. In addition, from the
property of projection, it follows that

lim supy_, o (f(2*) — 2%, @, — 2*) = limj_, o (f(2*) — 2%, Ty, — z*)

=(f(@") —a", 7 —2") <0,

limsupy, oo (9(W") — ¥, Yn, — y™) =1lim;j oo (g(y™) — y*vynkj -y
=(9(y") —y"y—y") <0,
According to (R1) and (4.3), we have
1Zn), — Znp | < W ([( = Po)zn, || + |All[[Azn, — Byn,|l) = 0,k — oo,

1ns = Y| < (I = PQ)yny | + | BI[[| Az, — Byn, [|) = 0,k = oo.

Further, we obtain
Hxnk“l‘l = Tny, ” = 5nk ||f(1'nk) = Tny, ” + (1 - 5nk)||§nk = Tny, H - 07 k— 0,

||ynk+1 - ynk” = (Snng(ynk) - ynkH + (1 - 6nk)||/y\nk - ynk” - ka — 00.

Hence, we have limsup,_, . (f(z*) — 2*,2p, 11 — 2*) < 0 and limsup,_, . (9(y*) —
Y Ynet1 — ¥y < 0, which implies limsup,_,. 7, < 0. By Lemma 2.2, we obtain
lim,, 006, = 0. This implies that (x,,yn) = (x*, y*). g

4.2. Self-adaptive relaxed viscosity-type CQ algorithm (SRVCQA). In this
subsection, we first set the same C, @, C,, and @,, as in Theorem 3.5. In addition,
the combination of the relaxed CQ algorithm and the viscosity-type algorithm has
the following algorithm

Tn =xn = [(I = Po,)wn + A (Azy — Byn)],
Tnt1 = O f(Zn) + (1 = 6,)Th,
Un = Yn = [(I = P, )yn — B*(Azn — Bya)],
Ynt1 = 0ng(Un) + (L = 0n)Yn,n > 0,

where the corresponding parameters {v,} and {9, } are defined as (R1) and (R2).

(4.4)



SELF-ADAPTIVE-TYPE CQ ALGORITHMS 447

Theorem 4.2. Given Assumption (V1) and Conditions (R1)-(R2). For any xg € Hy
and yo € Ha, the iterative sequence {(xn, yn)} generated by Algorithm (4.4) converges

strongly to (z*,y*) = Po(f(z*),g(y")).

Proof. According to the proof of Theorems 3.5 and 4.1, it follows from Lemma 2.2
that the sequence {(x,,y,)} converges strongly to (z*,y*) = Po(f(z*),g(y*)). O

Remark 4.3. Obviously, when the contraction mappings are constant mappings,
that is, f(z) = u, Vo € H; and g(y) = v, Yy € Hay. This shows that the viscosity
algorithm is equivalent to the Halpern algorithm. It follows that the self-adaptive
viscosity-type CQ algorithm (4.1) and the self-adaptive relaxed viscosity-type CQ
algorithm (4.4) are actually Algorithm (3.12) in Corollary 3.4 and Algorithm (3.15)
in Corollary 3.6, respectively.

Remark 4.4. When B = I and Hy = Hs, the split equality problem is equiva-
lent to the split feasibility problem. So, based on the previous conclusion, SHCQA,
SHRCQA, SVCQA and SRVCQA are applied to the split feasibility problems and

their strong convergence are also guaranteed under certain conditions.

5. AN APPLICATION TO SIGNAL RECOVERY

Compressed sensing is a popular and effective method for recovering a clean signal
from a polluted signal. To solve this problem, the following question needs to be
considered:

y=Ax+¢,

where y € RM is the observed noise data, A : RM*Y is a bounded linear observation
operator, x € RY with k (k < N) non-zero elements is the original and clean data
that needs to be restored, and e is the noise observation encountered during data
transmission. An important characteristic of such a problem is that the signal x is
sparse which means that the number of non-zero elements in the signal x is much
smaller than the dimension of the signal x. To overcome this difficulty, a familiar and
practical model of the problem, namely the following model of the convex constraint
minimization problem, is considered to characterize the above problem:

1
in —||ly — Ax||? subject t <t, 5.1
Jmin ofly — Ax||* subject to x|l < (5.1)
where ¢ is a positive constant and || - ||; is £; norm. It should be pointed out that this

problem is related to the least absolute shrinkage and selection operator problem.
Note that the problem (5.1) described above can be regarded as a special case of
the split equality problem when C = {z e RV | ||x[|; <t}, Q@ = {y}, B = I and
Ho = Hs. Hence, the proposed algorithms (SHCQA and SVCQA) can be applied to
the approximation solution of (5.1), for more detail, see [11].

6. NUMERICAL EXPERIMENTS

In this section, all codes were written in Matlab R2018b, and ran on a Lenovo
ideapad 720S with 1.6 GHz Intel Core i5 processor and 8GB of RAM. We consider
some numerical experiments to demonstrate the efficiency of our results and compare
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them with the existing alternating CQ algorithm (ACQA) in Moudafi [13], simulta-
neous CQ algorithm (SCQA) in Byrne and Moudafi [3] and the following Dong et al.
algorithm in [8].

Theorem 6.1. [8] Let Hi, Ho and Hs be Hilbert spaces, C and Q be two nonempty
closed subsets of Hy, Ha, respectively. Let A : Hy — Hz and B : Ho — Hs be
bounded linear operators, A* and B* be the adjoint operators of A, B, respectively.
Let f : H1 — H1 and g : Ho — Ha be two contraction mappings with coefficients
A1 € (0, g), A2 € (0, g), respectively. For any xo € H1 and yo € Ha, the iterative
sequence {(xn,yn)} is generated by the following iterative scheme
Tpt+1 = 6nf(mn) + (1 - 5n)PC(xn - ’YnA*<A-75n - Byn))7
Ynt1 = 0ng(yn) + (1 — 6n)PQ(yn + Y B*(Ar, — Byyn)), Vn >0,
where 8, € (0,1) such that lim,_,o 0, =0, Yo" 8, = oo and the stepsize
| Az, — Bya|? | Az, — By |®
|A*(Azy, — By,)||?” ||B*(Axy — Byy)
Then the iterative sequence {(xn,yn)} converges strongly to (z*,y*) € Q.

(6.1)

'ynoznmin{l ||2},Oén€(€,1€)C(O,1).

Remark 6.2. From the numerical results of Dong et al. algorithm in [8], they
considered a suitable stepsize selection based on Algorithm (6.1), that is,

| A2y, — Byy|? | Azy, — Byy|? }
|A*(Azn, — Byn)|I" | B*(Azn — Byn)|I? |-

Based on the above results, we will carry out the following work and obtain the
corresponding numerical results to characterize the effectiveness and superiority of
our algorithms.

(Test environment) According to the setting conditions of SEP, we choose the
following conditions: H1 = Ha = Hz = R?, C = {(z1, 72, 23)T € Hy | 23+22-1 < 0},

Yn = 0.65 x min{

and Q = {(ylay27y3)T S H? | y% — Y2 + 5 S O}’ in additiOIL A= [\(é)ggg] and
B= [6?8}.
001

By the above matrixes A and B, we can easily get the corresponding adjoint
operators of A and B, that is, A* = AT and B* = BT. Under the above assumption,
it is easy to prove that (x*,y*) is a unique solution of problem (1.1), where z* =
(0,1,0)T, y* = (0,5,0)T. The norm ||Az,, — By,||? as an error estimate and denoted
by E, for all of the following examples. Next, we study and analyze our numerical
experiments in such an environment.

Example 6.3. In the above test environment, we will analyze the convergence be-
havior of Algorithm (4.1) (SVCQA) in Theorem 4.1. Firstly, initial points zq, yo
generated randomly in R3,

| Az — Byn* _9m
|A*(Az, — By,)||? + || B*(Az, — By,)||? 100n + 1’
and take contraction mappings f(x) = 0.5z, g(y) = 0.5y. We consider the following
four cases of the parameter d0,: (a) §, = nil’ (b) 6, = ﬁ, (c) 6, = ﬁ, (d)

Yn = Qp min{l, | } with «, =
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Op = ﬁ. The numerical results of Algorithm (4.1) (SVCQA) for any initial points

Zo, Yo are shown in Figure 1.

0 0
10 10
—*— SVCQA with (a) —»%— SVCQA with (c) —— SVCQA with (a) —w— SVCQA with ()
—#— SVCQA with (b) SVCQA with (d) k1 —%— SVCQA with (b) SVCQA with (d)
10" 10 |
PN 10°
o 3.2 [ 3.2
& 10? 3 & 10? 3
) 28 ! 28
£ )
= 26 = 26
-3 — e -3 OO0
I 10 475 480 485 490 I 10 475 480 485 490
= Number of iterations &= Number of iterations
10 10
10% . . . . 109 . . . .
0 100 200 300 400 500 0 100 200 300 400 500
Number of iterations Number of iterations
(a) Case I (b) Case II
10t 10°
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—#— SVCQA with (b) SVOQA with (d) —%— SVCQA with (b) SVCQA with (d)
0
0 10"1
\ 105
w0t B 5
S S
) 3 3 102
I 3 I
=28 =
£ 107 | g
= =26 = 226
I [ A A A A s I 10 20-0-6-
- 470 475 480 485 490 - 475 480 485 490
=10 Number of iterations o Number of iterations
-4
10
10
10° 10°
0 100 200 300 400 500 0 100 200 300 400 500
Number of iterations Number of iterations
(c) Case III (d) Case IV

FI1GURE 1. The numerical results of four parameter choices of SVCQA

Remark 6.4. In Figure 1, we can easily see that all the results are valid and conver-
gent. Under the same number of iterations, the error accuracy of the fourth setting
(d) is better than all other cases for the different parameters §, in Algorithm (4.1).
In view of this, we choose 6,, = ﬁ in Algorithm (4.1).

Example 6.5. For Algorithm (4.1) (SVCQA) in Theorem 4.1, we further consider
the choice of contraction mappings f and g. Firstly, initial points xq, yo generated
randomly in R3,
1 |Az,, — By, || 99n
= a, min < 1, —_
e [A*(Az, = By + |[B* (Az, — By, 100n +1
we choose directly the parameter 6, = ﬁ and consider different contraction map-

pings f(z) = Mz and g(y) = Aoy, A = A1 = Xy € [0,1//2) for any = € Hy, y € Ho.
The numerical results of Algorithm (4.1) (SVCQA) for any initial points xg, yo are
shown in Figure 2.

} with «, =
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FIGURE 2. The numerical results of the different contraction map-

pings of SVCQA

e In Figure 2, we can see that all the results are valid and conver-

gent. Figure 2 shows that the coefficients A\; and A of contraction mappings
f and g have better convergence results in the range (0.5,0.7) for any initial

points under the parameter 6, =

_1
n450"

e By virtue of the numerical results of Examples 5.1 and 5.2, we have analyzed
the different choices of parameters d,, and contractions mapping in Algorithm
(4.1) (SVCQA) in Theorem 4.1. Further, we have got the best results, when

1

bn = , f(x) = 0.6z, g(y) = 0.6y.

n + 50

Example 6.7. For the four algorithms mentioned in this paper: alternating CQ al-
gorithm (ACQA) in Moudafi [13] (i.e., Algorithm (1.4)), simultaneous CQ algorithm
(SCQA) in Byrne and Moudafi [3] (i.e., Algorithm (1.5)), Dong et al. algorithm in [8]
(i.e., Algorithm (6.1)) and our algorithm (4.1) (SVCQA). We compare the number of
iterations of four algorithms with different initial points at the same iteration error
accuracy. Firstly, we set the corresponding parameters as follows:



SELF-ADAPTIVE-TYPE CQ ALGORITHMS 451

(I) Take ~,, in ACQA and SCQA as 0.9 min(HAl| ) ||Bl||2) and O.QW, respec-

\
tively;
(IT) Take the parameters in Algorithm (6.1) as d,, = ﬁ, f(z) = 0.6z, g(y) = 0.6y
and

= 0.65 min{ | Az — Byl | Az = Byl } .
|A*(Azn — Byn)||*" || B*(Azn — Byn)|?

(I(II)) Take the (Il)arameters in Algorithm (4.1) (SVCQA) as d,, = ﬁ, f(z) = 0.6z,

g(y) = 0.6y an

Tn =« min{l [ Azn — Byn|” }witha :gg—n'
= e e = By |7 + B (A, — By " Toon+ 1

For four different initial values, Figure 3 shows the iteration error F,, of the four
algorithms under the same number of iterations, and Table 1 shows the number of
iterations of the four algorithms at the same iteration error accuracy.

—e— ACQA —— ACQA
——SCQA

s SVCQA

~—— Dong et al.

—w— SCQA
—#— SVCQA
—&— Dong et al

E, = || Az, — By, |

0 500 1000 1500 0 500 1000 1500

Number of iterations Number of iterations

(a) Case I (b) Case II

E, = || Az, — By
B, = || Az, — By

o 500 1000 1500 0 500 1000 1500
Number of iterations Number of iterations

(c) Case III (d) Case IV

FIGURE 3. The numerical results of four algorithms
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TABLE 1. Number of iterations for different error estimates

Number of iterations

Initial point (zo, yo) | Az, — By ||?
SVCQA ACQA SCQA Dong et al.
1072 10 100 52 65
zo = (0.7922,0.9595,0.6557) T 10-3 61 949 129 197
— T
yo = (0.0357,0.8491,0.9340) 10— o7 750 373 627
1072 9 43 21 31
zo = (0.6787,0.7577,0.7431)T 10-3 " 196 100 151
— T
yo = (0.3922,0.6555,0.1712) 104 179 71 349 s64
—2
zo = (0.7060,0.0318,0.2769)T 18,3 487 29421 1421 15992
— T
yo = (0.0462,0.0971, 0.8235) 10~ 180 o 366 621
—2
xo = (0.1190, 0.4984,0.9597) " 18,3 463 14973 12074 14753
— T
yo = (0.3404, 0.5853, 0.2238) 10— 181 636 243 506

Remark 6.8. From Figure 3 and Table 1, we can see that our proposed algorithm
(4.1) (SVCQA) outperforms alternating CQ algorithm (ACQA), simultaneous CQ
algorithm (SCQA), Dong et al. algorithm (6.1) in both error accuracy and number
of iterations.

Example 6.9. Consider H; = Ha = L2([0,27]) with the inner product (x,y) :=
1
3

f027r x(t)y(t)dt and with the associated norm which given by ||z||2 := ( 02Tr \x(t)|2dt) )
Y,y € La(]0,27]). The closed convex subsets are defined by

C— {x € L([0,27]) | /O% 2(t)dt < 1}
and
Q= {y e La(0.2n) | | (o) — sin(0)?d < 16}.

Let us define a linear continuous operator A : Lo ([0, 27]) — Lo([0, 27]) by (Az)(t) :=
x(t). So (A*z)(t) = z(t) and ||A|| = 1. Now, we solve the split equality problem:
find 2* € C, y* € Q and Az* = By*, where B = [ and Hy = Hs3. The projection
operators Pc and Pg on the sets C' and @), respectively, are written as follows:

27
Po(z) = 1_f04w§(t)dt +z, 027r x(t)dt > 1,
x, 0% z(t)dt <1,

PQ (y) - { Sin(t) i \/foz7r |y(t)4*sin(t)\2dt (y a Sin(t))v fozﬂ— |y(t) - Sin(t)|2dt > 167

. JoT ly() — sin(t)|dt < 16.
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E, = |(I = Po)x,|* + || — PQ)Aan2 is used to measure the iteration error. The
stopping criterion is maximum number of iterations which is set to 100. Choose
u, = zg and v, = yo in SHCQA, all the rest of the parameters in SHCQA and
SVCQA are selected as set in Example 6.7. Figure 4 shows the numerical behavior
of SHCQA and SVCQA with four different initial values.

0 1020 30 40 50 60 70 80 90 100 0 102 30 40 50 6 70 80 90 100
Number of iterations Number of iterations

3
(a) mo =212, yo = &5 (b) o =12, yo = 3t

8 6
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 6 70 80 90 100
Number of iterations Number of iterations

(c) o =t2, yo =€t (d) zo =sint, yo = 3t>

F1GURE 4. The numerical results of SHCQA and SVCQA for four
different initial choices

Example 6.10. According to the description of signal recovery problem in Section
5, SHCQA and SVCQA are used to solve the problem (5.1). Therefore, we consider
the following computing environment: The observation y is formed by y = Ax + ¢
with white Gaussian noise € of variance 1074, The matrix A € RM™*N is created
from a standard normal distribution with zero mean and unit variance and then
orthonormalizing the rows. The clean signal x € RY contains k¥ (k < N) randomly
generated +1 spikes. The recovery process starts with the initial signals xo = 0, yg =
0 and ends after 2000 iterations. The mean squared error MSE = (1/N) [|x* — x|?
(x* is an estimated signal of x) to measure the restoration accuracy of our algorithms.
In addition, set M = 256, N = 512 and k£ = 50. The parameters of SHCQA and
SVCQA are set as in Example 6.9. Figure 5 displays the original signal and the
contaminated signal. The recovery results of the suggested algorithms are shown in
Figure 6.
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FIGURE 5. Original signal and contaminated signal

= Original signal
—© Recovered signal

—© Original signal
—6 Recovered signal

Signal values
Signal values
o

0 100 200 300 400 500 0 100 200 300 400 500
Index Index

(a) Recovered by SVCOA (b) Recovered by SHCQA

FI1GURE 6. The original signal and the signal recovered by SVCQA
and SHCQA

7. CONCLUSION

The first conclusion from Sections 3 and 4 is that we propose four self-adaptive CQ
algorithms by using the Halpern algorithm and the viscosity algorithm for solving SEP
under the condition of a self-adaptive stepsize sequence. A point should be stressed
is that such a self-adaptive stepsize sequence does not depend on the prior knowledge
of operator norms. The second conclusion from the numerical results in Section 6
is that the convergence of our algorithm is validity and authenticity. Meanwhile,
our proposed self-adaptive viscosity-type CQ algorithm (4.1) (SVCQA) improves and
extends the existing results.
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